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PREFACE 


T he new quantum mechanicaas perhaps most noted for its tnumphs 
m the field of spectroscopy, but its less heralded successes m the 
theory of electric and magnetic susceptibilities must be regarded as one 
of its great achievements At the same time the accomplishments of 
classical mechamcs in this field must not be pverlooked, and so the first 
four chapters are devoted to purely classicai theory Most of the com- 
parison with experiment regarding dielectric constants is included m 
one of these (Chap III) This can be done without making the com- 
parison obsolete because the new quantum mechanics has restored the 
validity of many classical theorems violated in the old quantum theory 
On the other hand, the analysis of experimental magnetic suscepti- 
bilities cannot be attempted until the quantum chapters, smce the 
numerical values of magnetic susoeptibihties are inextricably connected 
with the quantization of angular momentum At the outset I intended 
to include only gaseous media, but the number of paramagnetic gases 
IS so very limited that any treatment of magnetism not applicable to 
sohds would be rather unfruitful Therefore, salts of the rare earth and 
iron groups are examined in considerable detail A theory is developed 
to explain why, as conjectured by Stoner, inter-atomic forces obhterate 
the contribution of the orbital angular momentum to the magnetic 
moment in the iron group Chapter XII includes the aspects of ferro- 
magnetism so far amenable to the Heisenberg theory, which has at last 
divested the Weiss molecular field of its mystery This means that here 
the discussion is centred on the thermal behaviour of the saturation, 
rather than on hysteresis and retentivity As far as practicable, I have 
striven throughout the volume to avoid dupheation of the existing 
literature, especially Debye’s Polar Molecules and Stoner’s Magnetism 
and Atomic Structure 

In the preface to a book on theoretical physics it is customary for 
the author to express the laudable but, alas, usually unwarranted hope 
that the volume will prove simultaneously rigorous to mathematical 
readers and intelligible to the non-mathematical, at least provided the 
latter omit the particular sections where the density of equations is 
excessive At any rate this has been the aim of the present volume, and 
I hope that it has not fallen too far short A detailed knowledge of 
quantum mechamcs or of spectroscopic nomenclature has not been pre- 
supposed — only an elementary acquamtance with the SchrOdinger wave 
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PREFACE 

equation' The neoeasaty perturbation theory and theorems of spectro- 
scopic stabihty are developed m Chapter VI Here I have tribd to 
correlate and intermingle the use of wave functions and of matnces, 
rather than relying exclusively on the one or the other, as is too often 
done It IB hoped that this chapter may be helpful as a presentation 
of the perturbation machinery of quantum mechanics, quite irrespective 
of the magnetic apphcations 

I am much indebted to the Guggenheim Memorial Foundation for a 
travelling fellowship which enabled me to visit many European institutes 
for theoretical physics I wish to take this occasion to thank the staffs 
of these institutes for their cordiahty and helpful discussions The list 
IS rather extensive — Cambridge, Leipzig, Mimich, Gottingen, Berlm, 
Zunch, Copenhagen, Leiden, Utrecht, Groningen, Bristol, Pans I am 
also indebted to the University of Wisconsin for extension of leave which 
permitted me to attend the sixth Solvay Congress, devoted to magnet- 
ism, and to Professors W Weaver and J W Williams of this umversity 
for valuable cnticisms on Chapters I and III respectively I also wish 
to thank Miss A Frank and Mr R Berber for assistance in some 
of the computations and in proof-reading 

J H V V 

DEFARKHeNT OF PHYSICS, 

UNIVERSITY OF WISCONSIN, 

June, 1931 
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SYLLABUS OF NOTATION 


Besides symbols which are standard usage, such as e, h, m, SI, H, the following 
notation commonly occurs in the present volume 

a = constant term m the Langevm-Debye formula ^ (a + Usually a 

arises from mduced polarization or diamagnetic induction. 

^ = Bohr magneton — 0 9171x10 em u ( ^ 1 99 Weiss rosgnetons), {The so- 
called ‘molar’ Bohr magneton number is Lfi — 6564 emu) 

= arbitrary charge or mass, whereas e = 4 77 x 10"*®e a u ,m = 9 04x 10‘**gm 
= Hamiltonian function (to be distinguished from the magnetic field H) 

K = ‘molar polarizability' iirLPjSNE 

L = Avogadro number 6 064 x 10“ (Occasionally L is also used for the Lagran- 
gian function or for the azimuthal quantum number ) 
ma (or m,) = component of an individual molecule’s total magnetic moment, 
inclusive of both mduced and permanent parts, in direction of the applied 
field H (or of the z axis) 

M — Nfila = magnetic moment per umt-volume (B = H->rinM ) 

H r- permanent moment of the molecule (On pp 1-17 only, p instead denotes 
the magnetic permeability ) 

— ‘effective Bohr magneton number’, defined in terms of the susceptibility 
by the relation =■ ‘J{3kT)(lNp*) We throughout use Bohr rather than 
Weiss magneton numbers because of the fonner’s more elemental physical 
significance Note that the empirical number has no connexion with 
the permanent moment p except when Curie’s law is obeyed 
N = number of molecules per umt-volume (— 2 706 10’* per i t at 0° C , 
76‘cm ) 

Pa = component of an individual molecule’s total oloctric moment in direction 
of the applied field B 

B -= Np* = electric moment per unit-volume (D B-)-47r/’ ) 

S' — spin quantum number foi entire trystal (used in Chap XII) to be distin- 
guished from spin S of a single atom 
= susceptibility per unit-volume (electric or magnetic) Xinol — 
oeptibility jier gramme mol 

Expreseione m bold-foce typo are vectore Single bars denote time average for 
a smgle molecule Double bars denote statistical average over a very large number 
of molecules Equations mvolving entire matrices are numbered in angular 
parentheses, c g Eq <;12> A dotted equality such as -- »i,b/2ir moans that 
IB a diagonal matrix whoso characteristic values are m, 7i I2ir, i o 
P^(»i»') = 8(n, »')«!, 7i/27r 

For explanation of spectroscopic nomenclature and quantum numbors see § 40 
(atoms) and § 63 (moloculos) 
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CLASSICAL FOUNDATIONS 


1. The Macroscopic versus Microscopic Field Equations 

The conventional Maxwell equations are 

together with div D = 4jrp, div B = 0 (2) 

We shall term these the ‘macroscopic field equations’ as they do not 
aim to take direct cogmzance of the atomicity of matter or electncity 
Throughout the volume ah expressions prmted m bold-face type are 
vectors Between the four field vectors there exist the so-called con- 
stitutive relations q g 

g=«. H = 

which may be regarded as defining the dielectnc constant e and the 
permeability p ^ The ratios e and p are, except for ferromagnetic media, 

^ The logically minded will immediately object that Eqs (3) do not really define e 
and fi, inaainuoh as the solutions of Kqs (1) and (2) and hence the left sides of (3) are 
not per se unique, because (1), (2) mvolre four tmimown vectors E, H,D, B rather than 
two as «n vacuo The solutions of ( i ), (2) become unique as soon as we know sometlung 
about the nature of the ratios (3), but this ib clearly arguing m a circle, and (3) cannot 
serve simultaneously as on auxiliary relation and as a dofimtion This inability to give 
a simple and rigorous definition of c and p is inherent m the macroscopic field equations, 
but is a purely academic difficulty, as from a practical standpomt there never seems to 
have been any porticuliff ambiguity ui knowmg in simple cases what is meant by a 
dielectric constant or magnetic permeability Two ways of avoiding the looseiioss m 
dofimtion immediately suggest themselves One is to assume, as one always does, that 
€ and are indopondont of position m homogeneous media, and also of tune in static or 
in monochromatic phenomena For electromagnetic waves of giv en frequency the ex- 
pressions c and fi arc them constants of the homogeneous body, which are not calculable 
from (1), (2) but which can be determined once for all by observing once through expen- 
mont which particular values of tho constants are true expermientally — i e venfymg 
which values of the otherwise indetomunate ratios B/H and D/£ are actually realized 
We then regard c and p at a given point in a non-homogenoous body to be the some as they 
would m a homogeneous body of the same density and material throughout as at the 
given pomt If the electromagnetic wavM are not monochromatic we would have to make 
a harmonic analysis into the venous Fourier components, and knowmg tho c and fi for 
each component, find the total solution by the principle of superposition The other way 
of avoiding the looseness is to appeal to the microscopic point of view and define e and 
fi by means of (8), (11), and (12) Although tins is more rigorous from a postulational 
standpoint, it does not scorn as desirable to follow, smee most physicists have felt in the 
past, and still feel, that tho task of the microscopic theory is to explain dielectnc con- 
stants and magnetic pormeabilitiea already measured macroscopically rather than to 
define something not already known Wo therefore aim in tho present chapter to analyse 
or dissect the macrosoopio equations from the microscopic standpomt, rather than to 
synthesize from microscopic to macroscopic phenomena 

asw s n 
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independent of the field strength for sufSoiently small fields, and in 
general we must have suoh an independence, or at least a known 
dependence on the field sbength, before Eqs (1 ), ( 2) become nnambiguous 
enough to be useful. We suppose throughout the volume that the 
medium is isotropic, m ciystaJlme media directional effects make it 
necessary to use six dieleotno constants or permeabilities instead of 
one, and D, B cease m general to be parallel to E, H respectively as 
presupposed by (3) 

Of course e and /j, depend on many factors, notably on the tempera- 
ture, density, chemical constitution, and frequency, as well as on the 
field strength if great The theoretical description of their modes of 
dependence is the mam aim of the present volume. This desoription is 
accomplished by means of the molecular theory of matter, and especially 
by means of the d 3 inamics governing the electrons withm each atom or 
molecule The dawn of the twentieth century brought to hght the 
eleotriool ongm of matter, unknown to Maxwell when he developed his 
macroscopic equations in 1861-73 This electrical ongm unphed that 
by probing down to sub-atomic distances it should be possible to 
formulate the equations of electrodynamics m terms of charges t» uocuo 
without the mtroduction of ponderable dielectno and magnetic media 
H A Loientz^ therefore proposed and studied what we shall term the 
‘microscopic field equations’ 

dive = 47rp', divh = 0, (5) 

which are sinular in structure to the macroscopic equations %n vamo 
(where, of course, B = H, D = E), except that instead of the ponderable 
current density i Lorentz introduced the convection current density 
p'y due to motion of the charge density p' with the vector velocity v 
The microscopic fields e, h and charge />' are not the same as the macro- 
Boopio fields or charge, and have therefore been pnnted m small letters 
or else designated by a prime Eqs (4), (5) are more fundamental than 
(1), (2), (3), as (4), (6) are supposed to hold at every pomt either mside or 
outside the molecule, whereas (1), (2), (3) are essentially statistical in 
nature, and the expressions E, D, H, B, p which they involve must be 
correlated in some way with avenges of microscopic fields and charges 
over a large number of molecules. How this correlation is achieved will 
be discussed m the two following sections 

* Cf » for instance, H. A Lorentz, The Theory of Electrons (I^eipzig, 1916) Hib ongmol 
papers were published oonsiderablj earlier in the Proceedings of the Amsterdam Aeademy 
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2. Correlation of the Microscopic and Macroscopic Equations. 
■ The Fundamental Lemma on the Significance of Molecular 
Moments 

Let e and E denote the averages of e and h over a ‘physically small’ 
element of volume; i e. an element too small to be accessible to ordinary 
methods of measurement but nevertheless large enough to contain a 
very great number of molecules Throughout the volume we shall use 
double bars to designate statistical averages involving a large number 
of molecules, to avoid confusion with time averages for a single mole- 
cule, for which a single bar is used It turns out (see § 3) that E and B 
are identical with the microscopic fields averaged over such a volume 
element, so that ^ = g g 

It IS to be noted that the electnc and magnetic cases are not entirely 
parallel, as by analogy with the electnc one we should expect H rather 
than B to enter in (6) * 

In order to describe the statistical significance of D and H or of the 
constitutive relations (3) m terms of the microscopic theory, let us, as 
customary, wnte D_E-H 47 rP, B = H-h 47 rM (7) 

The expressions P and M so defined are called respectively the electric 
and magnetic polarizations (or intensity of magnetization), while the 
quotients p M ^-1 

E"" 4ir H 4v 

are the electnc and magnetic susceptibihties Xe Xm 
the expressions ^ 


( 8 ) 

Let us form 

(9) 


and p = |JJp'r<fv, ni= ^ JJJp'[rxvJdii, (10) 

IM 11/ 

in which the mtegration is to mclude only the charge which belongs to 
a single molecule, as mdicated by the subscript ^ In general molecules 
may overlap each other, but we are to suppose that the charges per- 
tauung to individual molecules can stdl be identified as sueh The origin 
for the radius vector r is to be taken at the centre of gravity of the 


* The appearance of B rather than H m (6) shows that B rather than H is the funda* 
mental field vootor, so that it would seem preferable to write the microscopic equations 
with the notation b instead, of h, and to retain B rather than. H to denote the common 
value of B and H tn vacuo However, we do not make these changes, m order to conform 
more closely to most of the eyiatmg literature, which regards H as the fundamental 
magnetic field vector 
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molecule, whose velocity we shall suppose negligible. If the molecule 
IS electrically neutral, the mtegral m (0) vanishes and the origm tca*r is 
then, as a matter of fact, immaterial in the first integral of (10) The 
expressions p and m defined by (10) are called the electric and magnetic 
moments of the molecule. The integrands of (0), (10), of course, vanish 
except where the element of integration falls inside an electron or 
nucleus of the molecule In the conventional electron theory it is 
customary to t hink of the dimensions of the electrons and nuclei as 
negligible Then the mtegrations may be replaced by a summation over 
all the discrete charges e^ constituting the molecule, making 


Throughout the volume is used to denote a discrete charge of undeter- 
mined sign and magmtude, while f without a subscript is used for the 
numerical magmtude 4-770 X 10““ e s u of the charge of an electron 
Thus e^ IS equal either to — e or +Ze according as the discrete particle 
18 an electron or a nucleus of atomic number Z The contribution of 
a particle to the magnetic moment is seen to differ from its angular 
momentum m,[r, X vj only by a factor e,/2ni,c equal to half the ratio 
of its charge e< to the product of its mass m, and the velocity of light c 
We shall later sec (end of § 33) that m many respects the time average 
of the electronic distribution in the new quantum mechanics can be 
treated like a classical ‘smeared out’ or continuously distributed charge 
pervading all space Consequently the use of the mtegration (9), ( 10) m 
place of the summation (11) no longer seems an abstract academic 
refinement, as it did pnor to Schrodmger’s work 
It will be proved in § 3 that the expressions P and M defined in (7) 
are equal respectively to the average electric and magnetic moments 
p and m per molecule multiplied by the number N of molecules per 


c c , so that 


P = JV'p, M = Win 


( 12 ) 


This immediately furmshes the desired correlation formulae for D and 
H, as by (6), (7), and (12), 


D = e-t-47rWp, h--47rl\rni 


By the term average moment pei molecule we mean the molecular 
moment averaged over all the molecules in a ‘physically small’ element 
of volume This is equivalent to the time average moment for an 
individual molecule if all the molecules are ahke except for phase If 
they are of several different classes, i e form a chemical mixture, the 
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average denoted by the bars m (12) can be regarded as the mean of 
the 'tune averages for single molecules of the various classes, weighted 
according to their relative abundance In non-homogeneous media the 
term ‘number of molecules per o c ’ is to be understood to mean the 
‘number-density’, i.e the number of molecules which there would be 
in umt volume if they were distributed throughout a umt volume with 
the same density as that with which they actually are distributed in the 
immediate vicimty of the point at which the polanzation is being com- 
puted The information conveyed by Eqs (12) must be regarded as 
a very important lemma on the physical or macroscopic sigmficance of 
the mean molecular moments, as it interprets the distinction between 
D and £ or between B and H in terms of simple properties (10) of the 
molecules Because of their simple connexion (12) with the average 
moments of mdividual molecules, the polarizations P and M are often 
called the specific moments per unit volume 

Eqs (12) underlie all theories of dielectric or mo/gnetic media, and hence 
are fundamental to the rest of the book This concept of the polariza- 
tion of the molecule as the cause of the departures of e and /i from 
umty 18 by no means a purely twentieth-century concept, and was 
mtimated by Faraday In 183(5 Mossotti* pictured the molecule as a 
conducting sphere of radius a, on which the charge would, of course, 
readjust or ‘polarize’ itself under the mfluence of an appbed field, thus 
making the molecular moment different from zero If the electric 
susceptibihty x« “ small compared to umty, he thereby showed that 
= Na^ It seems almost too hackneyed to mention that the values 
of a obtained from this simple equation (together with the observed N 
and Xe) are comparable in magmtude with the molecular radu in kmetic 
theory 'rhis is illustrated by the followmg table, taken from Jeans’s 
Eleclncity and Magnetism 

Molecule Ho H, O, Ar N, CO CO, N,0 CjH, 

a (Moaeotti) 0 60 0 92 1 17 1 18 1 20 1 26 1 40 1 46 1 00 x 10-” cm 

a (Kmetic Theory) 1 12 1 30 1 82 1 83 1 91 1 90 2 30 2 31 2 78 X 10-* cm 

The agreement is remarkably good m new of the crude nature of both 
values of a, but some similarity m orders of magmtude is perhaps not 
so startling after all because a freely circulating swarm of electrons 
probably readjust themselves somewhat hke the chaige on a conductor, 
and the rigorous quantum theory formula to be developed later proves 
to mvolve the atomic diameter dimensionally m the same way as 

‘ O.F Mosaotti, SurlM/orcMgutr^TUMnt 2ac(»uMut«ontn<«nieducarfw(TuTm 1836) 
An account of hia theory is given m Jeaiu's EUclnaty and Magnetism, p 127 
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MoBBOtti’s formula. PaBsuig now to magnetism, Ampdie’s picture of 
a magnetic molecule as containing a continuous cuxiulating current 
(instead of the more modem electron oircumnaTigating the nucleus) is 
well known, and Weber in 1364 was able to elaborate this Amp^rian 
concept to give the beginnutga of a molecular theory of magnetic media 
just as did Mossotti for the electric case We, however, shall prove 
Eqs. (12) with the aid of the more modem Lorentz electron theory, 
even though these relations were suspected and to a certain extent 
established at earher dates. 

To complete the correlation of the macroscopic and microscopic equa- 
tions we must state how the macri^opic and microscopic currents and 
charges are connected We assume that the velocity of the centre of 
gravity of a molecule is negligible. The convection current then arises 
entirely from the migration of conduction electrons, rather than of 
molecular ions, and the current and charge densities are given by the 


expressions 


-JV,,ev„, p = Nl^„i—N^e, 


where is the number of conduction electrons per c o , and is their 
velocity Similarly N denotes the number of molecules per c c , and 
inioi “ the mean value of their net charge (9) The term 
of course, be written equally well as if now JV,„„ denote the 

number of ions (exclusive of free electrons) jier o c , and be their 
average charge, which is much larger than the average molecular charge 
as most molecules are neutral We thus regard the conduction electrons 
as distinct entities from the molecules There is actually probably no 
such sharp cleavage between free and bound electrons, and the con- 
duction electrons may m reahty be itinerant valence electrons which 
migrate from atom to atom, makmg transient stops at each The use of 
such idealizations as perfectly free conduction electrons and stationary 
molecular ions does no harm as far as our investigations of dielectric 
and magnetic media are concerned As a matter of fact it is possible 
to establish a statistical connexion between the macroscopic and micro- 
scopic equations even when the centres of the molecules are m motion 
This has, mdeed, been done by Lorentz ‘ It is, however, then necessary 
to compheate the macroscopic equations by the addition of 'convection 
terms’ arising from the mass motion of the ponderable magnetic or 
dielectric media, and such considerations of the electrodynamics of 
moving media are unnecessary for our purposes 


* H A Lorentz, Eneyklopedte der mathtmaitechm Wttietuolutftm, Band y2. Heft 1, 
p. 200 il. 
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3. Proof of the Preceding Correlation Formulae 
This proof is probably most easily given by using the macroscopic scalar 
and vector potentials, O and A respectivdy, together -with the analogous 
microscopic potentials ^ and a From these potentials the electric and 
magnetic vectors are derivable by means of the formulae 


„ ISA 

E=-grad<6--— . 


B = curlA; 
h = curl a 

The differential equations for determmmg the potentials ore 


, , 18 a 

e=-grad^---. 


(14) 


□ ® divP], 

O ^ 


□ A 




c L 


i+ — +ccurlM 


dt 


]■ 


4w , 

□ a = p'v, 

c 


(15) 


together with the auxibary concbtions that 

divA+i^ = 0, diva+- — = 0 (16) 

c dt c ^ 

The symbol □ denotes the d’Alembertian operator 
8a:*'^8y*'^ez* 

To prove (16) one substitutes (14) mthe field equations (1), (2) or (4), (5) 
One finds that the first set of equations in (1) or (4) is identically 
satisfied by the substitution (14), while the second set and (2) or (5) 
yield (15) by a well-known procedure (viz. taking the curl of the equa- 
tions and using (16) and the identity curl curl A = graddiv A— V“A) 

* Hie formulation and proof of the statistical cori'olation of the macroscopic and 

microscopic equations is due originally to l^orentz See, for instance, the precedmg 
reference Our method of proof is, liowever, somewhat different from his, although both 
mvoke the aid of the scalar and vector potentials m tho fashion (21) We use tho Taylor’s 
exjiaiiBion (24) rather than a somewhat artificial comparison of positive and negative 
charge elements at the same pomt In this particular respect our treatment resembles 
that in Mason and Weaver, The Blectromagneiic Field, though obtamed independently 
For still other proofs of the correlation see Abraham, Theone der EUktmUat, 4th ed , 
vol 11 , pp BwesmtElectrodynamucs of Movmg Media, "pp 44-64, Frenkel, XcAr- 

buck ier Elektrodynamxk, ii, p 10 

* Throughout the present section in considermg tiie macroscopic equations we do not 
indtide surface phenomena suoh as surfaces of disoontmuity between two media, con- 
ducting surfaces, surface chargee, Ac The surface terms could, of course, be added, 
but would only make the equations more cumbersome, and their omission mvolves no 
loss of generelity, as surface disoontmuities can always be regarded as limiting cases of 
oontmuoua volume nbAwgaft. 
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The solutions of (16) are 


•=JJJ 


(A) 

cR 


( 17 ) 


where the brackets ( } enclose functions that are to be evaluated at the 
retarded tune t—Rjc, and where R denotes the distance from the ele- 
ment of mtegration dv to the pomt at which the potentials are being 
calculated 


Proof of the Soluitotu (17) The scalar equations and scalar components of tlie 
vector equations in (15) are all of the tyiie form HJi/i = ~4ng(x,}t,z,t) Now an 
equation of this typo form is identically satisfied by 0 = S!S{9)/B dv Without 
giving a ngocouB proof of this solution, we may note with Jeans' that it becomes 
quite evident when we observe that iji — Q(t—S/e)IR is a solution of IZIi^ = 0, 
and corresponds to a pomt charge q(t) at the origin, as 0 becomes m6nite there 
like Q(t)IR, the retardation effects disappearing on account of N == 0 Similarly 
the solution currespondmg to a series of charges Qi at various points distant Rt 
from the pomt of observation is S Qi(t—Rilc)IRi, and passage from discrete pomt 
singularities to a contmuous charge distnbution yields the desired mtegral 
formula 

It remains to show that the solutions (17) fulfil ttie auxiliary conditions (16) 
We shall consider only the microscopic case, as the macroscopic is analogous 
We must prove that 

where Uie sulssciipt P moanfi that the differentiatioiiB involved in taking the 
divergence are with respect to the cuoi^inates of the terminal point of tlio vector 
R drawn from Q at dvUy Pt the point of observation Similarly, the subscript Q 
will denote differentiation at the initied point Now at P the expression {p'y}R} 
involves the coordinates of the terminal pomt P only through tlie denommator R 
and implicitly through R in the retarded time t—Rfc On the other hand, this 
expression involves the coordinates x, y, z of the mitiol pomt Q through py' as 
well as through R m the two fashions just described Hence 



where the brackets outside the div mean that the retarded value of the time is 
to be substituted after, rather than before, the difierentiation Now the equation 
of coutmuity or mdestructibihty of char^ is 

{div,p'v}+|^} =0 (20) 

When we substitute (16) m (18) and use (20) all terms cancel except that commg 
from the fust nght-hond member of (16), and this integrates to zero, since by 
Green’s theorem the volume integral over all space vanishes if the integrand is 
the divergence of a vector which vanishes properly at mhiiity 

* J H Jeans, Eleclnctty and Magnetum, 4th ed , pp 671-2 
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The desired statistical correlation of the microscopic and macroscopic 
theories is obtained by assuming that the macroscopic potentials equal 
the microscopic ones averaged over a ‘physicaUy small’ (cf p 3) element 
of volume. This moans that 

0 = 1, A = S (21) 

Formulae (6) are direct consequences of (21) and (14)} as it is easily 
established that the order of averaging and of space or time differentia- 
tion IS mterchangeable 


The interchangeability of the averaging and time differentiation is obvious 
smoe tile space and time coordmat^ an) independent To proved the mter- 
changeability with space differentiation take the ^physically smair region over 
which the avere^ la evaluated aa a sphere of volume B with centre at y^t 
Let x\ y\ z' be coordinates with ongm at this centre and let be any 

function (mcludmg the components of a vector) which we are mterested m averag- 
ing Now the macroscopic differentiations, i e differentiations after averagmg, 
involve small virtual displacements of the centre of the sphere without changing 
the range of values of the coordinates x\ y\ z* relative to the centre Hence 


f Jl J ^ = 5 III ^'**W*' I - i JIJ §,^’dy'd.' 

The identity of the two expi-eamons is now an immediate consequence of the fact 
that the function /is of the fonn/(a,q-x',y,+y', 2 o-| z',t) 

It remains to show that (12) and (13) also follow from (21) The first 
step m domg this is to transform the formulae for the macroscopic 
potentials by means of the two following vector identities 


JJJ( 

mi 


P gradl+idivP 


curlM— M X 


gradi) 


dv 


dv 


-JJI 

m 




nxM 

-R 


m which n denotes a umt vector along the exterior normal to the 
surface element dS The surface integrals disappear, as we may sup- 
pose the magnetic and dielectric matter bounded m extent, so that 
P — M = 0 on the surface of a sufiiciently great sphere Thus the first 
part of (17) becomes 




* Thu proof u tideen from Froukel, Lehi^ntch der EUktrodynamikt ii, p 4 

For proof of the second identity of (22), which u not a particularly common one, 
see Abraham, Theone der Ehktrtzttat, 4th ed , vol i, p 76 

All tiie differentiations in £q (22) ei eeq are to be taken at the element of mtegra- 
tion dv, but for brevity we no longer write m the subscript Q used m (19), (20) 
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We must now throw the mioroscopio formulae for ^ and a into a form 
somewhat analogous to (23). Let us consider the portion of the micro- 
scopic potentials which results from integration over a sin^ molecule, 
indicat^ by the subscnpt uf. The radius vector R from Q, the position 
of an element (of integration) of the molecule to the point of observa- 
tion P, 18 the vector-difference of the radius vector Rg from the centre 
of gravity of the molecule to P and the radius vector r = ix+Jff+kg 
from this centre to the given element As r/P is small, we may develop 
1/B m a, Taylor’s senes 


-f 


LJLa. 

B Bo'^VSxB'^^ai/B'^^SzBjs. 

Thus by (17) rCC (p 1 1 


= 4+r grad-^-f- 




(24) 

(25) 


Using the definitions (9) and (10), and the fact that ilg is constant with 
respect to the integration, we now see that 


A oonvemont formula for a analogous to (26) is obtained only after 
a certain amount of juggling mvolved m using the relations 

2c[mxgrad^J-=JJJp-[v(r grad^)-r(v.grad^J]de. (27c) 

where k .= J J J p'r • grad dv, (28) 

and where p and m are defined as in (10) The velocity v m (10), to 
be sure, was defined as relative to the centre of gravity of the molecule 
rather than relative to a fixed system of reference as m (17), but this 
distmction is of no consequence, as we have supposed the velocities of 
the centres of gravity of the molecules to be negligible The inter- 
mediate forms of (27 a, b) follow from the equation of contmuity (20), 
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and the final forma bj partial integration.^ Eq (27 o) is obtained from 
the second expresdon of (10) by using the vector identity 
Ax[BxC] = B(A*C)-C(A-B) 

After use of (27 a,b, c), the second equation of (26) may be written 


(ci„l) + {”^SradJ-j+l{|j (29) 

We have so far considered only the contribution of one molecule. 
Actually we desire the total contribution of all molecules m a ‘physically 
small’ volume element dv This total contribution is the average con- 
tnbution of one molecule multiphed by the number Ndv of molecules 
m dv The term ‘average’ as here used means the space average over 
the different molecules m dv, but if the various molecules differ only 
m phase, it is the time average for a single molecule over a very long 
time mterval If there are several classes of molecules it may be con- 
sidered the weighted mean of the time averages for the different mole- 
cules When such an average is made, the last term m (29) becomes 
negligible, for dk73< = [k]^/(<j— <i), and this is exceedingly small if 
tj— tj IS made very large and if k remains bounded in magnitude, as it 
will m virtue of the defimtion (2g) (certainly at least m periodic or 
multiply penodic phenomena) Similar considerations would also per- 
mit the omission of the first term of (29), but this is unnecessary for 
the establishment of the correlation, and if the assumption of haphazard 
phases is not fulfilled the omission of the first term of (29) would be 
a more senous offence than that of the thud, as it is of lower order in 
1/JJ Having found the contribution from dv, we must next sum over 
all the ‘physically small’ volume elements dv Without appreciable 
error this summation may be replaced by a macroscopic integration, 
to be carefully distingmshed from the previous microscopic integration 


The formulae obtained by partial integration seem to be most easily verified by 
wntmg out the components of the integrand m scalax notation rather than by manipula- 
tmg the mtegrond by the appropriate vector identities, which would bo rather compli- 
cated The Bunplicity m the acalar method reaults from the fact that the components of 
r are merely x, y, z The mtegrond of the x component of (27 a) before the partial mtegra- 

tion for instance, a—x form is obtamed by m tegrating 


the first, second, and third terms of this mtogrand partially with respect to x, y, z 
respectively The surface mtograls in the partial mtegration of course disappear for the 
some reason os m (22) The necessity for the partial mtegrations m (27a, b) and also 
m (18) can be avoided if one uses pomt smgularities rather than continuous distributions, 
1 e (11) rather than (9), (10) If this is done, it is convenient in performing the tune 
differentiation to travel with a particle rather than remom at a fixed element dv, so that 
the charge is to be regarded as mdopendent of (, whereas li is to be considered as varying 
with t m the fashion V"=dR/dt 
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over one molecule In this new mtegiation, expressions such as R„, p, m 
may be considered to vary continuously with the macroscopic co- 
ordinates fixing dv, even though these expressions were previously 
defined in a discrete fashion As all parts of molecules in dv are, from 
a macroscopic standpomt, located at virtually the same distance from 
the pomt of observation P, the subscript may be omitted from iJg. At 
the same time that we perform this macroscopic mtegration we must 
add in the contribution of the conduction electrons, for which the 
Taylor’s expansion is unnecessary, as their dimensions, and hence their 
moments,** may be considered negligible In this way we find that 


0 = jiVPgradijdn, 


The desired results (12) and (13) now follow on using (21) and comparmg 
the structure of (23) and (30) 

The reader has perhaps noticed that all the foregoing correlation of 
the imcroscopic and macroscopic electromagnetic theories is only 
approximate, due to neglect of terms beyond 1/jB* m the Taylor’s 
expansion Such terms arc usually unimportant** because molecular 
radu are small compared to distances of observation Otherwise the 
ordmary macroscopic equations would presumably not be found to be 
valid experimentally The omitted terms are sometimes characterized 
as representing ‘multipoles’ The omitted term m ^ of lowest order, 
for mstance, is readily shown to bo NqjR^, where q is the ‘quadrupole 


moment’ 


JJJ pV*(|cos*e— i) dv. 


One IS perhaps a bit solicitous about the oiror incurred m treating p» m, &c 
08 continuous functions in view of tlie foot that molecules are discretely and irregularly 
distributed, especially in a gas Statistical theory shows that the root mean square 
deviation of the number of molecules m dv from its mean value Ndv is The 

r^tive error involved in ironing out the ductuations and substituting a contmuum is 
thus at most of the order {llNdv)K and requires that dv be not too small or the medium 
too rarefied For this reason dv cannot well be reduced beyond a certam value dvo, but 
then there is a relative error of the order {dv^)i jit in substituting on mtegral for the sum 
As IS of the order 10'* m gases, and os ,R is 1 cm or greater m most macroscopio 
problems of interest, botli {llNdv)i and {dv)ilR may be made small by takmg dv about 
10“'* For further discussion of the legitimacy of the substitution of macroscopic mtegra- 
tions for summations see Mason and Weaver, Thv Blectrotnagntt%c F%eld, Chap I, Fart III 
^ We do not introduce the spinnmg electron, with its finite magnetic moment, until 
the quantum chapters 

'* Retention of these higher order terms is, however, vital m molecular theories of 
the equation of state 
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0 being the angle between r and R The terms of highest order m l/£ 
which have been retained are of order and are the ‘dipole’ ones, 
as the potential due to a discrete dipole of vector moment P is 

P-gradi (31) 

Instead of tracing through the details of the connexion with the micro- 
scopic theory, it is seen by direct comparison of (23) and (31) that the 
term m <I> which is the correction for dielectnc action can be interpreted 
as due to a continuous space distribution of dipoles of specific moment 
P per unit volume This explams why the existence of molecular 
dipoles m dielectrics could be inferred in the nmeteenth century before 
the advent of the Lorentz electron theory Similar remarks apply to 
the magnetic case, as the vector potential of a discrete magnetic dipole 
of moment M is Mxgrad(l/J2). 


4. Relation between Index of Refiraction and Dielectric Constant 


It IS a matter of common knowledge that the index of refraction n is 
connected with the dielectric constant e and magnetic permeabdity p 
according to the relation 

provided we use the term dielectnc constant, as we already tacitly have 
throughout the chapter, in a generahzed sense to mean the ratio of 
D to E in periodic fields rather than m the restricted sense to denote 
]UBt this ratio m static phenomena Now gases of a high refractivity 
usually show very little magnetic polarization, so that without much 
error we may take — 1 In other words, in gases the magnetic sus- 
ceptibility IS usually small compared to the electric, and then (32) 

becomes « ^ \ 

n* = € (33) 


Discussion of tho expeninental confirmation of (33) will be deferred until 
Chapter III Tlie tlieoretical validity of (32) can be seen as follows Let us sup- 
pose that the radiation is monochromatic, and that the medium is homogeneous 
and inimite in extent This is somewhat of an idealization, as a dielectric or 
magnetic medium never extends to mfinity, but m a sufficiently large homogeneous 
medium the velocity of propagation of disturbances is virtually tho same as though 
the medium extended indefinitely In such an ideal medium e and /i may be 
regarded as constants independent of x, y, z, t, so tliat 

dD/dt — cdE/dt, curl B — /X curl H, &c 
If we make the substitutions E' = «1E, H' = fx* H, p' — p/s*, i' = i/e*, which may 
be regarded as oliangmg the scale of measurement of unit magnetic and electric 
poles, the field equations (1, 2) reduce to 


curl E' = — p , curl H' — ~ |47ri'-|- ^ j , div E' = iirp', di v H' = 0, 



U CLASSICAL FOUXDATIOHS 1, { 4 

provided e' = These are equations of the same type form as for a vaouuin 

except for the change of scale just noted, and for the fact tllat the effective 
vdoaty of propagation is Now the index of refraction n is defined as the 

quotdent of the velocity of propagation c tn voeuc to that o' m the material 
medium — hence Eq (32), 

5. The Local Field 

It IS desirable to know the effective average field to which a molecule 
18 subjected when a macroscopic field £ is apphed This effective field 
18 not the same, even m the mean, as the macroscopic E despite the 
fact that by (6) the vector £ is the space average of the microsoopio 
field e over a ‘physically small’ volume element The explanation of 
this paradox is that the effective field m which we are mterested is that 
m the mtenor of a molecule, whereas the space averaging presupposed 
in the relation £ — e is over regions both exterior and interior to 
molecules The effective field wi thin a molecule may be resolved mto 
two parts first, the mtemal field exerted by other charges within the 
same molecule, and second, the remamder due not only to the applied 
electric field but also to the attractions and repulsions by other mole- 
cules, usually polarized under the influence of the external field The 
first part is not our present concern, and could, of course, be calculated 
from the Coulomb law immediately we knew the configurations of the 
charges m the molecule The second part we shall term the local field 
Under certain simphfymg assumptions the local field can be shown to be 

eioo = E-f^|*’ (34) 

The expression (34) is sometimes called the Clausius-Mossotti formula 
for the local field We shall not prove (34), as this is tedious and is 
frequently done m the literature The usual denvations assume that 
the molecule m question can be considered to be located at the centre 
of a spherical cavity in the dielectric, and that further the diameter of 
the cavity is large compared to the size of a molecule The reader will 
recall that the field within a cavity is a function of the shape of the 
cavity It has the value (34) at the centre of a sphencal cavity, whereas 
it equals E within a needle-shaped cavity whose axis is parallel to £, 
and D = E-j-4n-P withm a slab-shaped cavity whose surfaces are per- 
pendicular to £ The term 4n’P/3 m (34) is sometimes spoken of as the 
‘mter-moleoular field’, and is a correction for the fact that the other 
molecules of the dielectric exert an average force on the given molecule 
when the dielectric is subject to an electric field. This is due, of course, 
’* Cf , for instanoo, H A Lorentz, T/ie Thwry of Eltctroru, section 117 and note 64, 
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to their acquisition of an electric polarity, so that the resultant field 
which they exert at the centre of a ^hencal cavity no longer vanishes 
on the average as it would by symmetry (at least in isotropic media) 
without an external field to create a preferred direction We here, as 
elsewhere m the book, assume that there is no residual polarization 
when the applied field vanishes Otherwise it would be necessaiy to 
add a constant term to the right side of (34) Residual or permanent 
polarization of a dielectnc, which would be the electric analogue of 
‘hard magnetism’, is not an unknown phenomenon, but is usually feeble 
and found only m comphcated sobds, a discussion of which is beyond 
the scope of the present volume 

An important and simple experimental confirmation of (34) is furn- 
ished by the variation of the index of refraction with density m gases. 
At ordinary field strengths the average electncal moment may be taken 
proportional to the local field 

(35) 

where at is a constant independent of the density On elimination of 
p, P by means of (8), (12) and use of (33) the relation (36) becomes 


The number N of molecules per e c is proportional to the density p 
Hence j 

P 


*-l _ AnNa. 
*+2~ 3p 


, a constant independent of density (36) 


This 18 the so-called Lorenz-Lorentz formula, as it was proposed m- 
dependently by L Loi'enzandH A Lorentz, both m 1880” The most 
thorough expenmental test of (38) has perhaps been made by Magn,'* 
who varied the density by using pressures of from 1 to 200 atmospheres 
Accordmg to Magn’s data, the left side of (36) has the following values 
at different densities 

Density 1 14 84 42 13 60 24 9616 123 04 149 53 176 27 

1953 1947 1969 1961 1981 1966 1956 1963 

^^^XlO’ (1963) (19,53) (1976) (1988) (1098) (2005) (2015) (2023) 

” H A Lorentz, Ann Phys Chem 9, 641 (1880), L Lorenz, ib%d 11, 70 (1880) 

L Magn, Phya ZeUe 6, 629 (1905) The' various meaauroments given in the 
above table were all made at 14^-16*’ C except that the reading at unit density is at 0^ C 
Thus praotioally all the change m density is from vaiying the pressure rather than 
temperature 
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The unit of dsnsitj' is the density of air under standard oonditians. The 
values in parentheses are those which would be obtained by taking 
the local field to be identical with the macroscopic field E, thereby 
making the denominator 3 instead of It is seen that the rigorous 

or first formula yields values which are much more nearly constant than 
with the second formula, thus confirming the correction term ivP/S for 
the mter-molecular field m (35) Formula (36) as apphed to dielectnc 
constants (i e with replaced by e) has also been verified for several 
gases up to 100 atmospheres by Tangl and others 

A much more severe, m fact unreasonably hard, test of (36) is 
obtained by exammation of whether its left side has the same value in 
the liquid and vapour states The agreement m the two states is sur- 
pnsmgly good in view of the fact that (36) cannot be expected to hold 
accurately m liquids because of association effects and the hke In 
water, for instance, it is found that at optical wave-lengths the left side 
of (36) changes by only about 10 per cent in passmg from the liquid 
to the vapour state, whereas the density changes by a factor over '1,000 
In the static case of mfinite wave-lengths, however, all traces of agree- 
ment between the two states are lost in polar matenals like water For 
non-polar substances the change m (36) between the two states is 
practically negligible (see p 59 for numencal data) 

Our primary concern is gaseous media, and at any ordmary pressures 
(up to 10 atmospheres oi more) the term n*-|-2 in the denommator of 
(36) can be equated to 3 m gases, thereby making the left side of (36) 
become 4^Xe/^P E<1 (**) ) Consequently we shall, for simphcity, hence- 

forth make this approximation throughout the volume, unless otherwise 
stated If, however, one should wish at any time to make the above 
‘Clausius-Mossotti’ correction resulting from the difference lietween the 
macroscopic and local fields, one has only to substitute 3(e— l)/4w(«-f 2) 
for the susceptibility Xc ™ the formulae for susceptibihties given 
throughout the book This remark applies to all formulae except those 
which relate to saturation effects and which thus do not take the 
polarization as proportional to field strength In the study of hquids 
the correction for the difference between the local and macroscopic 
fields IS important In some mstances a formula such as (36) seems to 
be applicable to liquids, but our feehngs must not be hurt when we 
discover that (36) fails completely, at least m the static case, m the 

» Tangl, Ann thr Phynk, 10, 748 (1903), 23. 669 (1907) , 26, 69 (1908) , also Ooohia- 
Imi, Zeito 6, 669 (1905)* Waibel, ^nn cfer 72, 160(1923)g Occhialmi and 

Bodareu, Ann der Phyatk, 42, 67 (1913), K Wolf, Phys Zea$ 27, 688 and 830 (1926) 
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80 -oalled polar liquids where agglomeration or association effects are 
important. The formula (34), on which £q (36) is based, is denved 
on the assumption that the arrangement of molecules is haphazard and 
that the inter-molecular distances are large compared to molecular 
diameters. These assumptions are clearly not legitimate in such polar 
hqmds 

We have so far considered only the local electnc fields Under 
the same assumptions as are made m the usual derivation of (34), the 
local magnetic field can be shown to be hiocai = H-|-(4irM/3) The 
expression (ji—l)lp(p,+2) should then be independent of the density 
However, m gases the permeabihty is so nearly umty, and magnetic 
measurements are so difficult that there is no experimental material 
adequate to test whether /x-(-2 should occur in place of 3 m the de- 
nominator On the other hand, m sohd magnetic bodies local fields are 
apparently encountered which are tremendously larger than H-f- (4n'M/3), 
otherwise we would never have ferromagnetism, and the cause for this 
will be discussed m Chapter XII Thus in the magnetic case a correction 
of the type considered above in the electnc case is cither neghgible or 
mapplicable Consequently we shall not go to the refinement of makmg 
this correction and writing 3(^—1 )/4w(/i -J- 2) in place of Xm formulae 

for the paramagnetic and diamagnetic susceptibihties given later m 
the book 

6. The Force Equation 

To formulate a dynamics governing the motion of the charges withm 
the molecule it is first necessary to have an expression for the forces 
exerted upon them This is furnished by the fundamental ‘force 
equation’ 

F, = e.e-fi‘[v<xh], (37) 

postulated by the electron theory as the vector force Fj exerted on 
a charge (electron or nucleus) movmg with the velocity v, and subject 
to electnc and magnetic fields e and h respectively We here and for 
the balance of the chapter regard the dimensions of the electrons and 
nuclei as neghgible, so that they can be treated as point charges The 
total fields e and h may be resolved into two parts, viz the mtemal or 
‘mtra-molecular’ portions exerted by other charges m the same mole- 
cule, and the remaining or external parts exerted by the rest of the 
umverse 

If we neglect retarded time effects, the mtemal fields at the pomt 
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occupied by the charge can be derived m the usual faeihion (14) from 
the scalar and vector potentials 


^<“=2r' 


i^int 


^ era 


(of. Eq (17) ), where r^j denotes the distance between the charges and 
Cj It IS seen from Eqs. (14) and (37) that the terms in the force which 
arise from the mtemal vector potential are of order 1/e* m the velocity 
of hght c, even though the vector potentul itself is of order 1/e. Terms 
of this order are usually very small, and, m fact, are comparable with 
the relativity corrections and retardation effects m the scalar potential 
so that for our purposes we are fully warranted in dropping them, 
and it would be deceptive to include them without including the other 
effects of the same order With their neglect the internal forces become 
entirely electrical in nature and can be expressed m the simple fashion 


F< = -grad^F 

m terms of the electrostatic potential energy function 


(38) 


= (39) 

as grad = gfad^ F Here the subscript m grad^ mdicates that the 
differentiation m the gradient operator is with respect to the coordinates 
*<i Vtt of the charge e^ Use of F mstead of the has the great 
advantage that it is necessary to use only one potential function for 
the whole molecule rather than one for each charge 

The external part of the field will fluctuate with the approach and 
recession of other molecules, especially at the time of the so-called 
coUiBions of kmetic theory However, we have mentioned in the pre- 
ceding section that m gases the average values of the external fields 
are equal to the expressions for the local fields given m (34) (and an 
analogous magnetic expression) As gases usually have small polariza- 
tions, we agreed to neglect the differences between the local fields and 
the macroscopic fields The combined internal and external force can 
therefore be considered to be 

Ft = — grad<F— e<grad<I)(-i< ^-(-^[v^XcurlAJ, 
c c* c 

where A^ are the macroscopic scalar and vector potentials evaluated 
at the point Xf, yf, Zf, at which the charge is located. If we equate 
force to mass times acceleration, the explicit formula m scalar notation 
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for the X oomponent of motion la, for instance, 
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■i/i 

(40) 


7. The Lagranglan and Hamiltonian Functions 

The differential equations of motion (40), together with the analogous 

y and z equations, are equivalent to the Lagranglan system of equations 


di Bq^ dq„ 

provided we take the Lagranglan function to be 


(41) 


(41a) 

1 it 


The number of coordinates is, of course, three times the number iq of 
particles constitutmg the atom or molecule The identity of (40) and 
(41) can be estabhshed immediately by specializing the q^^ to be Car- 
tesian coordinates x^, , x^, y„ , y^, Zj, , z,, then 


0 , • . 04 ,, , 04 ,, , 04 , 

— (vA) = 


8x, 


dXi 


dxj 






(42) 


With these relations Eqs (41) follow directly from (40) The last part 
of (42) expresses the fact that in the total differentiation with respect 
to (, the vector potential A. must be supposed to mvolve the time not 
only exphcitly through t but also through the position x, y, z As the 
Lagranglan form of the equations of motion is preserved under any 
pomt transformation, Eqs (41) will also be vahd in any system of 
generalized coordinates smeo they are vahd for Cartesian coordinates 
If we introduce the generahzed momenta 


and if we express the function 



(43) 


m terms of the q^^ and rather than the q^ and q^, then Jt is called 
the Hamiltonian function To avoid confusion with the magnetic field 
H, we throughout print the Hamiltonian function m script type It 

02 
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IB immediately Been that m Cartesian coordinates 

+ + ( 44 ) 

as in the Cartesian system by (41 a), (43) 

= ( 45 ) 

Greneral d3mamical theory*® tells us that the 3ij second-order equations 
(41) are equivalent to the 6i] first-order Hamiltonian equations 

^Pk / 4 ^\ 

dt dpt dt dq^' ' ' 

Without appeahng to the general theorems of djmamics, the identity 
of (46) with (40) or (41) can immediately bo established by writing out 
the equations (46) exphcitly m Cartesian coordmates, where has the 
form (44) The first set of the Eqs (46) then give us the defimtions 
(43) of the momenta When these defimtions are substituted m the 
second set of Eqs (46), we immediately obtam (41) if in the term 
dp^dt = m^heJdt^+efdAjJcdt wc remember to introduce the total t 
derivative after the fashion (42) 

The precedmg equations are rather more general than needed for 
most of our work, as they apply to varioblc and non-homogeneous 
impressed fields, which can be simultaneously electric and magnetic, 
whereas our mam mterest is in constant fields If we assume that the 
apphed electric and magnetic fields both have the z direction and have 
constant magmtudes E and U mdependent both of time and position, 
then *1 

<f>=—Ez, A^=— \Hy, Ay=\H£, = 0 , ( 47 ) 

and (44) becomes 

** £. T. Whittaker, ,^no^tico^ DynamiGa^ Chap ac 

^ The choice of potentials in (47) n not the only one wluch will yield the desired con* 
stant fields B, M, We could, for instance, take A, — % A^^ Hx^ Ag = 0 The latter 
choice would, however, make the Hamiltonian function have a more complicated 
less illuminating form, although it woidd still equal the energy (51) The ^oioe (47) is 
tile simplest, probably because it makes the scalar magmti^e of A independent a 
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That (47) gives the potentials appropriate to this special case can im- 
mediately be verified by substitution m (14). Even the case of parallel 
coexistent constant electnc and magnetic fields is more general than 
usually needed, as we usually deal with entirely electnc or entirely 
magnetic applied fields It is, however, convenient to include both 
cases in a smgle equation The Hamiltoman function appropriate to 
a purely magnetic constant field H can, of course, be obtamed by 
setting E = 0 in (48), and vice versa 

Our mam mterest throughout the book is m the electnc and magnetic 
moments p, m defined in Eqs (11), and especially in their components 
Pe< direction of the applied field Eortunately these are 

obtainable from the Hamiltonian function by simple differentiations, as 



«'h= - 


dll 


(49) 


The first of these relations is immediately obvious from (48), as by (11) 
Pe~^ The second is only a tnfle more difficult to estabhsh, as 
in Cartesian coordinates 

= = (50) 

by (45), (47), (11) The relations (49) will apply not merely in Cartesian 
coorduiates, but also in any set of ‘canonical coordmates’ that preserve 
the Hamiltonian form (46), provided the formulae of transformation 
from the Cartesian to the new coordinates and momenta do not mvolve 
the fields E or H This proviso is necessary m order that holding fast 
the Cartesian coordinates and momenta in the differentiation be 
equivalent to holding fast the new ones It is met in the case of the 
usual ‘positional coordinates’ and momenta defined by an ‘extended 

rotation around the z axis The lack of uniquonoss in the definition of A, O, and so of 
the Hamiltonian function in electric and magnotio fields occasions no real difficulty, as 
the different choices merely yield diffoiont fully equivalent canomcal forms which can 
bo obtamed from each other by a contact transformation (and m some cases a shift of the 
origin for the energy) 

** We use the notation pg, rather than p„ for the components of the moments 
pf m in the direction of the apphed fields m order to avoid confusion with the Cartesian 
momenta In writing our Hamiltonian functions we use a scalar rather than vector 
notation for the electric and magnetic fields This is something of a change from the 
vector notation used in the preceding sections, but the vonoos vector relations are usually 
of no particular interest m our use of the Hamiltonian techmque, and so it seems simpler 
to restnot E and H to directions along the z axis rather than to compheate our Hamil- 
tonian functions with scalar and vector products 
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point transformation’ 

as such a transformation obviously does not depend on the fields E or 
H in any way 

The numerical value of the Hamiltonian function (44) or (48) is the 
same as that of the ordinary total, i e kinetic plus scalar potential 

energy 3’+7+ 2 = i 2 »»<v?+T^+ 2 (51) 

as can be verified by substitution of (45) in (44) The reason why the 
energy formula (61) has no terms containing the magnetic field H is, 
of course, that magnetic forces do no work, so that the constancy of 
energy can be secured without the addition of such terms This may 
at first seem contrary to the fact that the Zeeman effect shows that 
the energy of an atom is not the same m a magnetic field as m its 
absence, but the solution of the paradox is that during the creation of 
the field, when dHjdt ^ 0, the field equations (1) demand that there be 
a concomitant electric field, which does work just sufficient to account 
for the energy displacements m the field It may also seem strange that 
the field H is mvolved in (48) but not m (61) This difference is due to 
the fact that in a magnetic field the canonical momenta necessary to 
preserve the Hamiltonian form are SLjdq^ and not dTjBq^, i e in Car- 
tesian coordinates are mtif+e^A^lc and not nifXf (cf Eq (46) ) This 
distinction is nicely illustrated in Lormor’s theorem 

8. Larmor’s Theorem^ 

This theorem states that for a monatomic molecule m a magnetic field 
the motion of the electrons is, to a first approximation m H, the same 
as a motion m the absence of H except for superposition of a common 
precession of frequency HejA^nmc This may be proved as follows Let 
us specify the Z electrons of the atom by cylmdnoal coordinates p^, z^, 
whose axis is the direction of H and whose ongm is at the centre of 
gravity We suppose the nucleus to have such a large mass that it con 
be regarded as coinciding with the centre of gravity The Lagrongian 
function IS by (41 a) and (47), supposing E = 0, 

1=1 

In place of the let ns introduce new coordinates 
** J Larmor, Atihvr and Matter, p 341 


( 52 ) 
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Xhe Hamiltonian function is then 

4^41 4 * 1 

smoe all the electrons have the same value —ejm of ejm^, and since 

= = Pp, = m{pt. p^==mtZi, 

Py. = miPl (yi+^,) +!;«</>? = i (^<-£c) 

(54) 

Now the potential energy F(pi, .Zj, .yj, ) does not mvolve yj, as it 
depends only on the relative positions of the coordinates Thus SJ^ISyi 
vanishes, making y^ an ‘ignorable coordmate’, and y^ hence has a con- 
stant value independent of t (cf Eq (46) ) If we disregard terms m 
then with any given value of the equations of motion for the other 
3^—1 pairs of canonical variables are precisely the same as m the 
absence of the field Hence, neglecting quadratic terms in H, there 
exists a solution m which p^, ,z„ ,y^, are the same functions of the 
time as in the absence of the field However, the angular velocity 

y- = dJifldp^ is now — i-r, (p^ — ^ + — • The addition of the term 

miPtV^ ^7 2mc 

involving H means that with a given value of p^ and a given solution 
for the other 3Z— 1 pairs of canomcal variables, the value of the angular 
velocity of electron 1 is augmented by an amount He/2mc As the 
angular displacements y„ of the other electrons are measured relative 
to an apse Ime contaimng electron 1, it follows that the entire system 
precesses about the axis of the field with an angular velocity He/2inc 
The corresponding frequency of precession is, of course, Hejirmc Thus 
Larmor’s tiieorem has been estabbshed, but it has been necessary to 
(a) disregard squares of the field H, (6) neglect the motion of the nucleus, 
and (c) suppose the molecule to be monatomic, as it was assumed in 
(53) that all particles not on the coordinate axis have a common value 
—ejm of ej/iWj It is seen that the Larmor precession is essentially a 
correction for the different sigmficance of the canonical momenta m 
terms of velocities with and without the field It can be shown ^ that 
if the magnetic field is applied slowly and uniformly, then does not 
“PAM Dirae, Pm Cambr Phil Soc 33, 69 (1926) 
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change, i e is an ‘adiabatic invariant’ during the creation of the field, 
whereas the ordinary angular momentum ^ which differs from 

(54), is not When the field is thus adiabatically apphed, the motion in 
the field can be proved"'” the same (neglectmg as the actual 
motion before the existence of the field, except for the superposition 
of the Larmor precession We proved above merely that it resembled, 
except for this precession, some dynamically permissible motion for 
H = 0, not necessarily the actual original motion 

9. The Fundamental Theorem of Statistical Mechanics 

The theoretical formulae for the electric or magnetic susceptibihties, 
which result from substitution of (12) m (8), involve the average 
moments p or m of a large numlier of molecules not necessarily all m 
a similar condition Such averages can be calculated if we know the 
statistical ‘distribution function’ or probabihty that the molecule have 
any particular configuration To determine such a distribution function 
IS a problem m statistical mechanics. A probe mto the foundations of 
classical statistical mechanics" is beyond our scope, and we shall be 
content to give the fundamental result without proof Let Ji, , j/, 
Pi, , Pi be any set of ‘canonical’ coordinates and momenta, i e a set 
which satisfies Hamilton’s equations (46) and which suffices to determine 
the positions and velocities of the various particles composing the mole- 
cule Then the probability that a molecule be in the configuration 

(?i.?i+d?,) (Pi,Pi+dp,) 

IS Ce dq/dpi dpj, (55) 

where (Ji, q^+dq^) means that falls between q^ and q^-k-dq^, &c , and 
where A* is the Hamiltonian function This is the so-called Boltzmann 
distribution formula The value of the constant C is determined by the 
requirement that the total probability be unity, and hence 

g = J J dp, (56) 

An immediate corollary of (55) is that the average value of any function 
/ of the p’s and q's is 

jf^~*"‘’^dqi dq,dpi dp, (57) 

Most often we shall want the function / to be either the electric or 
magnetic moment defined in Eq (11) Thus by (8), (12), and (49) the 

J H Van Vlock, Qttanium Principles and Line Spet^rat p 303 
** See, for mstanoe, R H Fowler, Statistical Mechanicst Chap II 
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electric susceptibility is 

IS'-*"'*'' 

with an analogous formula for the magnetic susoeptibihty This result 
may also be written 

•^= J j dqi. dpj. ( 59 ) 

The expression Z is called by Darwm and Fowler the ‘partition func- 
tion’, and IB also sometimes termed the ‘sum of states’, as a translation 
of the name ‘Zuatandssumme’ which it is given by German writers 
A feature particularly to be emphasized in connexion with Eqs (66)- 
(58) IB that it is immaterial how we choose the coordmates and momenta 
5 ,, ,pf as long as they be a ‘canomcal set’ satisfying Hamilton’s equa- 
tions (46) They might, for example, be Cartesian, polar, or parabolic 
coordinates and momenta, or the more general ‘action and angle 
variables’ used in perturbation theory This indifference of (55)-(58) to 
the choice of coordinates is due to the well-known fact that any contact 
transformation,®’ i e any transformation which preserves the vahdity 
of the Hamiltoman form (46), has unit functional determinant Hence 
dg, dpf^dQ, dP,, ( 60 ) 

where p, q and P, Q are respectively the old and new vanables 
It can be objected that the derivations of the Boltzmann distnbution 
formula (55) given m statistical mechanics are not without loopholes 
if one looks hard enough for them The fundamental assumption made 
to obtain (65) is that the ‘picking out’ of numerical values for co- 
ordinates and momenta for any particular molecule is a lottery or 
random proposition, subject only to the requirement that the total 
energy of an assembly of molecules (e g box of gas) has a given value 
On this basis it can be shown that the Boltzmann distnbution is not 
merely the most probable, but that it is mfimtely the most probable, 
and hence is what Jeans terms a ‘normal property’ of the system®* 
Many of the common bnef treatments of statistical mechames, to be 
sure, merely calculate the most probable configuration without de- 
monstratmg its overwhelming probabihty or normal property, but 

•' W Oibbg, Elementary Pnnctplee »n Staiieftcal Meehantai, Chap I (extended point 
trsnsfoimstiona only), A Szatvaeai, Ann dcr Phynl, 60, 501 (1919) 

According to the so called ‘ergodic hypotheeis*, which suppoees that all aaeembliea 
having the same energy have the same life history, the Bolttmami formula would be 
inescapable Unfortunately, Plancherel and also Rosenthal have demonstrated the 
impossibility of ergodic systems (Aren der Phyetk, 42, 196 and 1081, 1913) 
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recent very complete and elegant work of Darwin and Fowler** shows 
very oonvmoingly that the Boltzmann distnbution is always a normal 
property Thus this distnbution is inescapable unless we assume that 
nature has a pecuhar preference for configurations which would be 
abnormally improbable m the lottery descnbed above ** As long as we 
retain a classical theory with continuous distnbutions rather than use 
a discrete quantum mechanics, we can therefore feel reasonably safe m 
resting our calculations of the susceptibihty on (69) 

** C G DarwmandR H Fowler, Mag 44, 450 and 823 (1922) and aeveral later 
papers, especially by Fowler A detailed account u given m Fowler’s book SM%$Hoal 
Meehantes 

*0 The Pauli exclusion principle and Fermi-Dirac statistics in the new quantum 
mechamcs do mdeed show that only configurations oorreqxmdmg to antisymmetno wave 
functions aro roalixod physically despite the fact that they oftentimes represent but 
a small fraction of the classical phase space This restriction, however, is usually un- 
important for our purposos, as we shall deal mamly with media sufficiently rarefied to 
make the Fernii*Dtrac interference effects unimportant, and so we use Boltzmann 
statistics throughout except m §§ 80-1 
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CLASSICAL THEORY OF THE LANGEVIN-DEBYE FORMULA 
10. Polar versus Non-Polar Molecules 

In the study of dielectric phenomena, molecules are commonly divided 
mto two categories called ‘polar’ and ‘non-polor’, also sometimes 
termed ‘homopolar’ and ‘heteropolar’ A molecule may be defined as 
polar if it has a permanent electrical moment, i e an electrical moment 
which IB on the time average different from zero even m the absence 
of external fields. A molecule without such a permanent moment is 
termed non-polar To find the permanent moment one must retain out 
of the total moment ^ e^r^ only the constant port which remains on 
averaging over the ‘internal’ motions of the electrons relative to the 
nuclei ^ All atoms and molecules contain instantaneous moments which 
fluctuate with the positions of the electrons Hence the mean square 
of the electric moment is never zero, but on the other hand the square 
of the mean may vanish, and if it does the molecule is non-polar 

As a simple example of this classification, we may mention that all 
diatomic molecules composed of two identical atoms, such as N,, Oj, 
&c , are non-polar This is qmte obvious from symmetry considerations 
Diatomic molecules composed of unhke atoms, e g HCl, are in general 
polar, as the charge therem will not distribute itself symmetrically with 
respect to the two ends of the molecule Tnatomio molecules are 
ordinarily polar A few exceptions such as CO^ will be discussed in § 20 
Molecules with more than three atoms may be non-polar if highly 
symmetrical, os m e g CC1(, CH 4 (see §§ 19-20) Monatomic molecules 
arc always non-polar, as on the average the electrons are symmetrically 
located with respect to any plane contaimng the single nucleus 

We have not yet mentioned how to decide expenmentally whether 
or not a molecule is polar, instead of appealmg to our preconceived ideas 
of a molecular model There ore many experiments, both physical and 
chemical, which furmsh tests for the existence of permanent moments, 
but probably the best of these consists m the measurement of dielectnc 
constants If the field is not so extremely strong that it requires con- 
sideration of ‘saturation effects’, le if we can treat the dielectnc 
constant as independent of field strength, then it will be shown that 

^ This permanent moment is to be measured relative to axes fixed m the moleoules 
for the * external* rotations of a molecule as a whole make the axis of moleculm’ polarity 
oontmually pomt m a difierent direction relative to aims fixed in space 
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the electric ausceptibilitj Xt ~ — 1)/^ given by the expression 

X, = Nl^+£^'j. ( 1 ) 

which we shall call the Langevin-Debye formula Here N is the number 
of molecules per c c , T is the absolute temperature, and a is a constant 
The permanent electrical moment will throughout be denoted by fi, and 
hence the existence of a non-vamshing second term m (1) is a criterion 
for a polar molecule We shall henceforth omit the subscript e or m 
from X, as ordinanly it will be clear from the context whether we are 
studymg an electnc or magnetic susceptibihty Eq (1) assumes that 
X IS small compared to unity, as it ordinarily is m gases, otherwise x 
should be replaced by 3(e— 1 )/4w(«+2) in accordance with the correction 
for the local field given in § 6. 

The second term of (1) disappears if the molecule has no permanent 
moment Hence the dielectnc constant of a non-polar gas should be 
mdependent of temperature provided the density is mamtamed con- 
stant It IS often convenient to work at constant pressure rather than 
constant density when T is varied, and then the number N of molecules 
per c c IS a function of T The part of the temperature variation of the 
dielectnc constant due merely to changes m density may be eliminated 
by using the quotient xl^^ which is the ‘susceptibility per molecule’, 
or else the expression LxjN, which is the ‘susceptibility per gram moT 
or ‘molar susceptibihty’ Here L has been used to denote the Avogadro 
number One therefore has the foUowmg fundamental result in a non- 
polar gas the molar susceptibilily should be independent of T, while in 
a polar gas it should be a linear function a-\-b{ljT) of 1 jT This agrees 
well with experiment From the experimental values of the coefficient 
h together with the relation h = following from (1), it is possible 

to deduce quantitatively the permanent electrical moment of the mole- 
cule The numenoal values of the moments so obtained will be con- 
sidered in § 19 

Before proceeding to the mathematical derivation of (1) it is perhaps 
illuminating first to discuss qualitatively the physical nature of the 
phenomena responsible for each of the two terms of (1) The existence 
of a susceptibility requires that the molecules have an average electnoal 
moment in the direction of the apphed field This does not require an 
average or permanent moment before the field is apphed, as the mtro- 
duction of the field may distort or ‘polanze’ the molecule, since the 
positive charges are attracted m the direction of the field, and the 
negative ones repelled The electncal centres of gravity of the positive 
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and negatiYe charges will then no longer coincide, as they did before 
the field was applied if the molecule is non-polar Due to this deforma- 
tion effect, the molecule thus acquires what is termed an ‘induced 
moment’ or ‘elastic polarization’. In addition there will be a contnbu- 
tion to the susceptibility resulting from the permanent moment of the 
molecule, if it is polar Even the mean electrical moment of an assembly 
of polar molecules is zero m the absence of external fields, smce in the 
absence of orientmg influences the molecular axes will have a random 
spaoial distribution To a given number of molecules onented m one 
direction there will be an equal number onented m the diametncally 
opposite direction Hence, on averaging over a very large number of 
molecules the net moment is zero Not so after the field is apphed 
Each polar molecule will be subject to a torque which tends to alme 
its axis of polanty parallel to the field All the permanent molecular 
momenta would alme themselves perfectly parallel to the field, were 
they not prevented by the centrifugal or gyroscopic forces due to mole- 
cular rotation, and also perhaps by the disturbmg influences of molecular 
colhsions Both these influences which prevent perfect ahnement be- 
come more potent with mcreasing temperature, and will usually be 
referred to as ‘temperature agitation’ Fortunately, an exact examina- 
tion of the forces arising from the temperature agitation is unnecessary, 
as the great beauty of the method of statistical mechanics is that it 
yields the state of equihbnum between the onentmg influence of the 
field and the temperature agitation without specializing the mechanism 
by which the equilibrium is secured Although there is perfect ahne- 
ment only at T — 0, at any other temperature there is a predommance of 
the parallel over the anti-parallel almements of the axes of polarity with 
respect to the field, as the former have a lower potential energy and hence 
a larger Boltzmann probability factor Thus the orientation effect always 
enhances the susceptibility if the molecule has a permanent moment 
From the foregomg discussion one immediately suspects that the first 
term of (1), which is mdependent of the temperature and which is found 
m both polar and non-polar molecules, is due to the mduced polariza- 
tion, and that the second term, which disappears at T = oo and which 
IS found only m polar molecules, is due to the orientation of the per- 
manent dipoles. This mdeed turns out to be the case Incidently, 
Eq. (1) would make it appear that the susceptibihty became mfimte m 
polar molecules at the absolute zero, but this is not really the case, as 
at low temperatures higher powers of the field and the resultmg satura- 
tion effects not mcluded m (1) must be considered. 
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The idea of induced polarization is an old one, as it was even used, 
for instance, in Mossotti’s theory discussed in § 2. The suggestion that 
part of the electno susceptibility might be due to ahnement of per- 
manent moments, resisted by temperature agitation, does not appear 
to have been made until 1912, by Debye ' A magnetic susceptibihty 
due entirely to orientation of permanent moments was suggested some 
time previously, m 1906, by Langevm,* and the second term of (1) is 
thus an adaptation to the electno case of Langevm’s magnetic formula 
Hence we term (1) the Langevm-Defaye formula (In the eleotnc case, 
a formula such as (1) is commonly called just the Debye formula, but 
we use the compound title Langevm-Debye m order to emphasize that 
the mathematical methods which we use to denve the second term of 
(1) apply equally well to magnetic or electric dipoles ) Despite the 
earher appearance of the orientation theory in the magnetic case, we 
nevertheless first present this theory m the present chapter on electnc 
polarization We do this in order to defer until a later chapter certain 
rather dehcate points in the classical theory of magnetic susceptibihties 

11. Rudimentary Proof of the Langevin -Debye Formula 

We shall first give the conventional, rather crude derivation of (1) To 
obtain the first term of ( 1 ) we may follow the usual Ime of least resistance 
m classical theory and regard each charge m the atom or molecule as 
having a position of static equihbnum and subject to an isotropic linear 
restormg force when displaced therefrom This naive depicture of an 
atom or molecule as a collection of haimomc oscillators is not m agree- 
ment with modem views of atomic structure as exemplified in the 
Rutherford atom, but yields surprisingly fruitful results The restormg 
force on a harmomcally bound charge e^ is — a,(r,— r^,), where is 
a constant and r^— r^g is its vector displacement from the eqmhbnum 
position The force on the charge in an electric field £ is e,E Hence 
for static equilibrium between the mtemal restoring and external 
eleotnc forces, r^— r^g equals e,E/a<, and the induced electncal moment 
ej(r{— Fjg) IS Ee^/Uj The total induced moment m the molecule is then 
£ ^ C{/Ui, where the summation extends over all the charges m the 
molecule capable of displacement from equihbnum positions Smce the 
susceptibihty is the total moment per c.c divided by field strength 
(Eqs (8) and (12), Chap I) the susceptibihty ansmg from the induced 
polarization of the elastically bound charges is No., where a is an 
■ P. Debye, Phy ZeOt 13, 97 (1912) 

• F Langevin, J Phyngue, 4 , S78 (1905), Annalet it Ohvtmt et Phyngut, 5, 70 
(1905) 



n, 1 11 CLASSICAli THEORY OF THE LANGEYIN’-DEBYE FORMULA 31 
abbreviation for ^ el/Oj, a oonstant which is obviously independent of 
temperature. We have thus obtained an expression of the same form 
as the first term of (1). 

To obtam the second term we suppose that the molecule has also 
a permanent moment n, or in other words an electrical polarity even 
when the charges are at their equibbrium positions If 9 be the angle 
between the axis of polarity (i e direction of the permanent moment) 
and the apphed field, then the part of the susceptibihty arising from 
the permanent moment is clearly 

j/ioos?, (2) 


where the double bar means an average over all the molecules in a 
physically small element of volume (cf Chap I) In the absence of the 
field, positive and negative values of cos 9 are equally probable, as 
already mentioned, and the expression (2) vanishes Let us boldly omit 
the kmetic energy of the molecule and regard the Hamiltonian function 
as consistmg merely of the potential energy —fiE cos 8 of the permanent 
moment of the molecule in the apphed field E Then by a rather loose 
apphcation of the Boltzmann distribution formula (65), Chap I, the 
probabihty that a dipole axis fall within an element of sohd angle 
dil = ^6ddd^ IS proportional to and (2) becomes (of 

Eqs (56) and (67), Chap I) 

Nii jj cob 6 dQ _Nn (oob 6 + nEcoB^8lkT+ )dil 

FJJ «/*«««» £JJ(1+ )dSl ’ 

Here on the nght side we have developed the exponents as power senes 
m E, and have earned the expansion only far enough to include the 
first term which does not vanish on integration As the average value 
of cos 0 over a sphere is zero, the quotient of the two integrals on the 
right Bide of (3) is, except for a factor nEjkT, merely the average of 
coa‘9 over a sphere. This average is 1/3, and hence the approximate 
value of (3) is Nfi^/SkT, which is the second term of (1), thus finislung 
the proof 

As a matter of fact, the integrals m (3) are readily evaluated m closed 
form without resorting to a senes development H we make the sub- 
stitution q = (lEoosBjkT and cancel the tnvial mtegral over <j> from 
numerator and denominator, the left side of (3) becomes 


ExJeUdq ^ 


cothx 




AT/a 

E 


L{x), 


( 4 ) 
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where cothr = (e®+e'*)/(e®— e“*) and where x is an abbreviation for 
the dimensionless ratio fiEjkT The expression enclosed in square 
brackets is often called a Langevin function and commonly denoted by 
L{x) The senes expansion of L{x) for small values of x is Jx— ^+ 
and hence (4) agrees with the second part of (1) when we keep only the 
first term m this development On the other hand, for very large values 
of X, the asymptotic value of cothx, and hence of L{x), is unity It 
thus follows that the polarization due to onentation, viz Ex = NilL(x), 
becomes Ny, if the field strength is enormously great or if the tempera- 
ture IS excecdmgly low This limiting or ‘saturation’ value Ny is what 
wc should expect, as under such extreme conditions the dipole axes all 

aline themselves parallel to the field, 
making the cosme factor umty in (2) 
A graph of tlie Langevm function is 
shown m Fig 1 Near the origin the 
curve IS a straight hne, so that the 
polarization is hnear m the field 
strength if not too great This is the 
portion of the curve in which only the first term in the expansion need 
be considered, and in which (4) can be replaced by the second part of 
(1) On the other hand, the fact that for large x the eurve is asymptotic 
to a horizontal line shows that the i>olanzation by orientation cannot 
exceed the saturation value Ny. 

12. More Complete Derivation of the Langevin -Debye Formula* 

The preceding proof of the Langevm-Debye formula cannot be regarded 
os satisfactory, smee in forming the Boltzmann distribution factor 
g-jfikr kinetic energies of rotation and vibration were entirely 
omitted from the Hamiltoman function In dealing with the induced 
polarization, the charges were supjiosed in static equihbrium between 
the forces of restitution and the applied field On the other hand, m 
order to make possible the Boltzmann distnbution in the onentation, 
it was necessary to suppose a ‘kmotic statistical equihbnum’ between 
the impressed electneal forces and the forces of temperature agitation 
The only position of static equilibrium for the permanent dipoles would 
be when they are all parallel to the applied field, hence the assumption 

* In tho present section the writer has been aided by the diecuasion of distnba- 

tion functions and Qans*B thoonea of magnetism given by Wills in Theonei of Magnehom 
(BuUetui No 18 of the Natioiml Roeearcli Council) Qans*s mathematical transformations 
and use of momontoids show considerable resemblance to the devices which we employ* 
but he treated rather different problems and assumed more symmetry m the molecule 
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of static eqmhbnum would 3 ueld the saturation moment Nfi even for 
infinitesimal fields, an absurdity It is clearly illogical to include the 
temperature agitation m the rotational problem connected with the 
permanent dipoles, as one must of necessity, but to neglect this agita- 
tion m the vibrational problem connected with the mduced polarization 
Furthermore, although the temperature agitation was implicitly recog- 
mzed m the onentation or rotational problem, it was exphcitly neglected 
m omittmg the kmetic energy of molecular rotation from the Hamil- 
toman function This omission is made m much of the literature, 
mcludmg Langevm’s original paper, and it is fortunate that the 
Langevin-Debye formula (1) is obtainable regardless of whether one is 
painstaking enough to include the kmetic energy terms in the Hamil- 
tonian function 

We shall therefore liegin afresh and re-denve (1), taking cognizance 
of the kinetic energy Also we shall free ourselves from the restriction 
that the forces binding the ehaiges to their equilibrium configurations 
be isotropic This restriction was a bad one, as few, if any, molecules 
have such perfect symmetry that displacements m all directions can be 
regarded as equivalent Ijet the small vibrations of the charges about 
their equilibrium configurations be specified by a set of normal co- 
ordinates li, fj, , f,, equal 111 number, of course, to the number of 
degrees of freedom of the elastic vibrations We may suppose the 
electrical moments p^., p^, along the principal axes of mertia y', z‘ 
to be linear functions of the normal coordmntes, so that 

Vr =-Pr+ (5) 

I- I 

With analogous formulae for the moments along the y' and z' directions 
Here which are the terms remaining when the displacements 

vanish, arc, of course, the components of the permanent moment 
along the three principal axes The other terms, which arc inside the 
summation sign, represent polarization acquired in virtue of the elastic 
vibrations 

Let 9, ^ be a set of ICulerian angles specifying the position of the 

principal axes of inertia r', y', z' which are fixed in the molecule, relative 
to another set of axes r, y, z which are fixed m space Here 9 is the 
angle between the z and z' axes, while ij>, tp are respectively the angles 
between the nodal line (i c mtorsection of the ry and x'y' planes) and 
the X and x' axes respectively We suppose the field in the z direction 
The coordinate z is connected with x', y', z' according to the relation 
z = sin5sm0x'-|-8m5co8 0y'-|-oosOz' (6) 

D 


3601 3 
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The kinetic eneigy of rotation of the molecule regarded as a rigid body is 

(7) 

where A^, Ay; A^ are the prmcipal moments of inertia, and Clj,, Sly-, 
are the af, y', *' components of angular velocity The expressionB for 
these components of angular velocity in terms of the Eulerian angles 
and related velocities are as follows ‘ 

D^ = tfcos0 + ^8in flaunt, fl^ = ^oos0smfl — tfsm^, Qy = i^+^co8d 

( 8 ) 

The Hamiltoman function is 


— 2;ci'ifi)8inflsin^+0iy+ 2c,<f<)smecO80 + 

+(/!,+ 2 

wlici^ 

P = cos ijipg + sm ^coseo 6(p^ — cos 6p^), ^ j 

Q= — 8m^Pa + co80ooaecff(p^ — cosSp^), 

The first term of (9) is the kinetic energy of rotation of the molecule 
regarded as a rigid body, sometimes dubbed the ‘asymmetrical top’ 
It 18 obtained in the usual way by first expressing (7) in terms of 6, <fi, iji, 
0, ^ by means of (8), and then passmg from 0, <f>, tjiio the canomcal 

momenta pg, p^, p^ defined by the relations pg = dTr„Jd6, &c The 
next two terms are the kinetic and potential energies of the small 
vibrations, and of course consist entirely of the sum of squares The 
remainder of (9) is the potential energy 

— A’[Pj coa(j:',r)+p, C 08 (y',z)+Pj oo8(z',z)] (11) 

due to the apphed electrical field In wnting this electrical potential 
energy in (9) we have utilized (5) and have expressed the direction 
cosines involved in (11) m terms of the Eulenan angles by means of (6) 


Even the rather formidable expression (9) is not a rigorous Uarailtoman func- 
tion, as It assumes that the vibrational and rotational kmetio energies enter m 
a strictly additive fashion, which is not true Actually the molecular distortion 
accompanying the small vibrations will constantly cause shght variations m 
the moments of mertia A,, A,, A,, so that they are not really constants of 
the molecule Also, reciprocally, the centrifugal forces from molecular rotation 
ought really to be added to the hnoar restoring forces acting on the coordinates 
ii, f,, .. A rigorous Hamiltoman would, among other things, mvolve ‘cross 
products ’ m the momenta of the form where p„ denotes any of the rota- 

tional momentap^ p^, p^, and where the coe^cients dy, are functions of the various 
positional coordinates However, all these corrections for the mutual mteraction 
* Of , for instance. Bom, AtcmmecAoniik, p 30, or Webster, jPynamtes, p 2Tfi The 
notation of these wnters differs from ours m an mterohange of the angles denoted by 0. 
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of the rotation, and vibration are small if the stiffness coefficients a, for the normal 
vibrations ore so huge that the amplitudes of these vibrations are small. Hence 
(Q) involves no senous error if the elastic vibrations are supposed small, and with- 
out such a supposition the dynamical problem would, of course, be unmanageable 

Eq (59) of the preceding chapter shows that the susocptibility is 
determined as soon as we evaluate the ‘partition funetion’ 


Z = jj dpgip^dp^^d4^ dOd^ (12) 


It IS convenient to change three of the variables of mtegration from 
Pe> P^’ Pill to new variables P, Q, R, which are given in terms of po, p^, 
p^ in ( 10) The expressions P, Q, R are sometimes called ‘momentoids’ ® 
They are not canomcally conjugate to 8, ij>, i/i, but equal the instanta- 
neous angular momenta about the three principal axes of the molecule 
For this reason the rotational kinetic energy takes the exceodmgly 
Biinjile form given m the first term of (9) when expressed in terms of 
P, Q, R, whereas (10) shows that it would be exceedingly cumbersome 
if expressed explicitly in terms of the true canonical momenta The 
functional determinant of the transformation to the momentoids is 
most easily evaluated by calculating its reciprocal ’’ 

cos i/i sin ^ cosec 8 — sm ^ cot 8 

— sin^ cosijiooBoc8 — cos^cotfl 

0 0 1 


1 d(P.Q,R) 
A' 


<>(PeiP4.iP,l,) 


1 

' Bm 8 


The expression (9) for the energy is of the form 

nP,Q,R,Pl^, )H{8,<I>,<P,1„ iE) (13) 

It IS this separability into two jiarts, dcjxuiding resjicctively on the 
momentoids together with the vibrational momenta, and on the co- 
ordinates, which makes the momentoids so useful If the true momenta 
PBi P^ii Pit were mtiodueed as variables in place of P, Q, R, this separation 
would not be possible, as (9) shows that then 8, ifi would be involved 
m the kmctic energy The partition function now factors as follows 

Z = ZiZ^, Z, j’ [e . 


Z^ = j J '■sin 8 


* Cf Joans, The Dynamteal Theory of Quttoty Jrcl uii , p 97 

’ The transformation oquatioiiH (10) involvo tliu variables 0 as ^«ell ns 

PB* Pi^r Qt but it 18 iminCKliatoly vorifiod that the complete sixth order 
Jacobian d(p„, Qt -/f* 9^ 0) is the saiue as the third order one 

d(Pj» p^t P>ii)M{P»Q»^) in viow of the fact that the old and new 6, 0 are identical 

This mokes a third order under^determinont m one comer of the sixth order one equal 
to zero, and the sixth order determinant factors mto two third oider ones equal 
respectively to unity and sm 6 
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The important thing is that the factor is independent of E, and so 
makes no contnbution to the susceptibihty, for Eq (S9), Chap I, is 

NkTBlogZ jyrjl3’8(logZi4-logEj) .j.. 

sis' ' 'E d'E ^ 


The factor Zj can henceforth be omitted entirely The physical mean- 
ing of this result is that the susceptibility is the same as though the 
lunotic energy wore omitted entirely, provided we retain the ‘weight 
function’ sinfl in the integrand of Z^ In the present problem this 
weight function anscs from transformation of the kmetic part of the 
problem, as m the original system of canomcal variables the volume 
element was dpgdpj/lp^p(^ , whereas after the transforma- 

tion it becomes amd dPdQdRdpf^ dddi^dtjid^i In the conventional 
lAingevin theory (§11) this weight function is inserted because an 
element of solid angle is of the form dQ — sin 6 dddif> (cf Eq (3) ) How- 
ever, rigorous statiBtic,il mechanics do not allow us to proceed in such 
a fashion without justihcation, as the statistical theory tells us that the 
weight function is unity (oi some other constant) in the complete 
macroscojiic phase space involving both the position and momentum 
variables, but tells us nothing about distributions in a space of half as 
many dimensions involving only the coordinates of position There is 
thus quite an amusing and illuminatmg contrast between the way the 
factor Rind makes its appearance in the present section and m the 
preceding one (§11) 

In ordei to ev.iluate the term in the moment which is proi>ortional 
to E, we must expand Z^ to terms in To this .ipproximation we have 


p r ] 1 Pr Pi, +^= P.- ) , 

L kT 

' (15) 

by (9) and (IJ) Here we have used A„, A,, as abbreviations for the 
thnx! direction cosines in ( 1 1 ) The mtegr.ition over the Eulerian angles 
d, Ip IS readily jierfornied, either by substituting the explicit formulae 
for Aj., Ay, A. in terms of d, <p, ip by means of (6) or without doing this 
by observing that the mean square of any direction cosine is 1 /3, while 
the mean of the first power of a diicction cosine or of the product of 
two different direction cosines is zero Furthermore, 





— » 


= 0 , 


1 W +00 

2)3 J Ste J 

— 90 —Ob 


( 16 ) 
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The first of these relations is obvious from the fact that its integrand 
IS an odd function of while the second is obtained by partial integra- 
tion On takmg jS — a^j2kT, fonnulao (16) show that the integral over 
the U of PJ- = [f‘x'+ 2 18 identical with the integral of 


Hence (15) becomes 





5kh£L±£Ljjx 

-«ifi/a*'7' sin 6 dddtfxl^Ki(i 


(17) 


It IB unnecessary to evaluate the integrals m (17), as they are mdepen- 
dent of E and hence make no contribution to (14) The disappearance 
of the linear terms m E from (17) could have been predicted, as the 
susceptibility and hence by (14) the partition function must depend on 
the magnitude but not on the sign of E, so that can mvolve only 
even powers of E From (14) and (17) it follows that the susceptibihty 
is'lyNkTjiX \ yjB“),wheie l-j-yF* is an abbreviation for the factor outside 
the integral sign in (17) We may neglect yE^ m comparison with 1 m 
the denominator, as we have agreed to retain only the part of the 
susceiitibility which is indcjicndent of held strength, and have already 
made apiiio'ciinations of this onler Henct' 


y v ^ i I i . 'I ) fl81 

^ ^ -m, ' -ikT ' ’ 

*-l * 

This IS the desired result, the same as (1), since p; -(-pj--|-p;. is the 
square of the magmtude of the permanent moment /x of the molecule, 
and smeo the summation in the first part of (18) consists solely of terms 
independent of T, and so is a constant, say c«, indciiendent of tem- 
peratun- If m particular the oscillations arc due to isotropically bound 
charges then Cj, i -- '"j / 1 = ‘i » = “■ud the expression for Na is 
N 2 the same as given m the first paragraph of § 11 


13. Derivation of a Generalized Langevin-Debye Formula^ 

We shall now deduce a very geneial form of the Langevm-Debye 
formula This proof is intended, and should be very easy, for readers 
familiar with the use of ‘action and angle variables’ m dynamics and 
perturbation theory “ Suppose that we have a multiply periodic dyna- 

■ J H VanAnock, FA{(< S<a> 30, ca <1927) 

* For detailB on the dynamical technique involved m tho uso of angle and action 
variables see Bom’s Atommechan%k or Chap XI of tlie author's Quantum Fnnetplea and 
Inne Spectra 
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mical Bystem with / degrees of freedom, specified by 2/ canomcal 
variables loj, , J[, , We assume further that the io®’s and J®’s 

are respectively true angle and action variables for the system m the 
absence of the field E When E = 0 the lej's are thus linear functions 
of the time I, while the J^’b are constants (which incidentally 
in the old quantum theory would be equated to integral multiples of h) 
The 3-romponent of electrical moment will be a Fourier senes 

f>r- (19) 

T 

We use the same notation as in Bom’s Atommeclumik (i, p 86, &c ) 
Thus (rw) 18 an abbreviation for -{-t/W/, and the subscript 

TjTj Tf IS abbreviated to t The summation is /-fold, and extends over 
all [Kisitive and negative values of the integers tj t/ The complex 
amplitudes are, of course, functions of the ■/“’s as well us the t’s, 
and IB the conjugate of Classical statistical mechanics (eg 

Kq (57) or (58), Chap 1) shows that if an electnc field E is appbed 
along the z directum, the susceptibihty is*' 

^ ■ 'Ej S ^ 

where rf J®d«'® denotes an element of volume dJ} dJfdu 5 dw’® of the 
‘phase space’ Also A* denotes the Hamiltonian function in the field 
E, and equals J^„—Ejt. (if Kq ( 48 ), C'haji 1), where is given by 
(16), and is the Hniiiiltonian for E - 0 The ‘unperturbed’ Hamil- 
tonian IS a function only of the J^'s, whereas uV involves also the 
M)®’s through Pj It is to lie clearly understood that we are keeping the 
original canonical variables v'j, , v^, JJ, , defined in the same way 
as for E - (t Since the transformation from a Cartesian to the lo®, J“ 

\V o hont cfoi th use oi <hruir\ italic t>|w p for tlio c omponoiit s of clei tnc inojnoiit 
In tho preceding MHtioii 12) n Hpec-inl t >|)0 p wus (ni]>lu>LHl to a\oid confusion with 
the gi'noializcd momontH 

LimxtuoJIrUograttontnKqs (20),(21) If wo integrated over the ontiro phase spaoo in 
tho s>Btom the limits of inlogratiou for om^h of tho in (20) or (21) would be 

fiom —00 to ) 00 , as all of the •u>9’h may jiicreaBo wiUiout limit However, since the 
syrttom iH cyclic in c ach of the g with unit period, it m clear that wo will obtaui tho 
Lorrrot statist loal average if wo take tho lumta of integration for each of tho os zero 
and unity Another way of Ha> ing tho samo thing is that Cartesian variables arc) multiple 
valued in tho no that tlie ontiro Cartosian phase spaco correnponda to only one 
period for tho te®’8 

Tlie lunit>n of integratjon for tho can usually be token as 0 and + ^ hy proper 
choice of the fundamental petiods (Tlie limits, however, are — oo and -f oo for J^'b 
associated with both left- and right-handed rotations, an, for instance, m tho case of 
a associated witli an axial component of angular momentum ) The precise form of 
the limits lor the J® n is immaterial for us, an the bars m (22) automatically denote an 
average over the entire J® space 
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system is thus not modified to take account of the field E, the t<;*’’s and 
Jo’s will cease to be true angle and action variables, i e cease to be 
respectively hnear m t and constant, after the field E is apphed. The 
vfi’a and will, however, remam oanomcaUy conjugate, and we can 
apply (20) because it is a fundamental theorem m statistical mechanics 
that the a pnon probabihty is proportional to the volume occupied m 
the phase space, regardless of what 2/ variables we choose as con- 
stituting the coordinates of this space provided only they are canomcal, 
this IS because aU ‘contact transformations’ have umt functional deter- 
minant, as already explained m § 0 
Now = = ), and hence, if 

we keep only the part of the susceptibility which is independent of E, 
Eq (20) becomes 

X = 

Here we have assumed that the polarization vanishes when E = 0, i e 
that the numerator of (20) vanishes when is replaced by .^i, Other- 
wise the body would exhibit a ‘permanent’ or ‘hard’ polarization, a 
phenomenon not usually encountered in dielectrics, at least not to an 
appreciable degree, although it is quite common m ferromagnetism 
Ordmardy this assumption of no residual polarization is fulfiUed by 
reason of sjrmmetry, as in a gaseous medium there is no preferred 
direction in the absence of external fields 
Now smee the square of two multiple Fourier senes is itself such 
a senes, may be expressed as a multiple Fourier senes in the vfi’a 
On mtegratmg over the w* part of the phase space, the contnbutions 
of all terms m this multiple Founer development of vanish except 
the constant term (p|)oi for integrals of the penodio terms m the ic**’s 
taken over a penod are zero By the rules for multiplying together two 
Founer series term by term, (pf), equals which is, of course, 

T 

a function only of the ./®’s Eq (21) now becomes 

i J(p|)oe-*'"'**'dJ» 
kfl J ~kT' 

where ^ denotes the statistical mean square of p| in the absence of 
the field E, i c the average over only the J” part of the phase space, 
weighted accordmg to the Boltzmann factor, of the tune-average value 
of p| for a molecule having given values of the J^’b Now if the apphed 
electnc field E is the only external field, all spacial onentations will be 
equally probable when £ — 0, and the mean squares of the x, y, and z 


dJ^dvfi 

kTf j djodvfi 
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components of moment will be equal This will also be true even when 
there are other external fields (e g a magnetic field) besides the given 
electric field provided, as is usually the case, these other fields d^not 
greatly affect the spacial distribution We may hence replace ^ by 
one-third the statistical mean square of the vector moment p of the 
molecule Thus we have 


which IS a sort of generalized Langevm-Debye formula It is much more 
comprehensive than the ordmaiy Eq (1), since the statistical mean 
square moment in (22) must not be confused with the time average for 
an individual molecule, and is m general a function of the temperature 
Eq (22) gives the same temperature dependence as the ordmary 
Langevm-I)ebyc formula (1) only if we make certain ajK-ciabzing 
assumptions conoermng the nature of the nmltiply periodic dynamical 
system, such that the mean square moment ^ becomes a bnear function 
AT+Ji of the temperature Such a speciaUzation can be achieved by 
assuming, os m § 12, that the molecule can be represented by a model 
consisting of harmonic oscillators moimted on a rigid, freely rotatmg 
frainewoik of moments of inertia A^, A i,, Then the instantaneous 
moment p is a linear function of the normal cooidmates so that the 
components of p along the princi|ial axes of the molecule arc given by 
expressions of the fonn (.5) With the model of § 12 the molecule is 
supposed to have a ]ieiinauent moment of invariant magnitude p, so 
that there is no distinction between and p“ Furthermore, 

ir=0. 07=0, \aM = \lT (23) 

The first two of these relations are obvious since positive and negative 
values of the displacements of the oscillators from their equihbrium 
positions are equally probable The third relation of (23) is the well- 
known classical equipartition theorem that the mean of the potential 
energy^ ]a, of each normal vibration is H'T Eqs (5) and (23) show 
that pj =p* -t-tir &c , and so (22) becomes identical with 

(18), the desired result It is seen that the present method, although 
requiring more dynamical background, furnishes a much briefer means 
of deriving (18) than that given in the preceding section (§ 12) The 
present method is equally ngorous, as the kinetic energy terms are 
included in the Hamiltonian function, although it is not even necessary 
to write out their explicit form The rotational part NiJi^jSkT follows 
particularly easily from (22), as the calculation is not a bit more com- 
plicated for the most unsymmetrical molecule, with three unequal 
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moments of mertia, than for symmetrical ones We have seen fit to 
include both methods of denvmg (18), partly because they furnish an 
interesting contrast, and partly because some readers may not be 
familiar with action and angle variables The method of these variables 
is exceedingly compact and general, but for this very reason perhaps 
does not furnish as much physical insight as the more exphcit and 
longer representation by means of the ordinary Eulenan and normal 
‘positional’ coordinates and momenta used m § 12 
A model such as we have used, m which the electronic motions are 
represented by harmomc oscillators, is not compatible with modem 
knowledge of atomic structure We know that actually the electrons 
are subject to inverse square rather than bncar restoring forces, and 
move 111 approximately Keplenan orbits instead of executing simple 
harmonic vibrations about positions of static equilibrium In fact Eam- 
sliaw’s theorem m electrostatics tells us that there are no such positions 
for all the charges In actual molecules, to be sure, the motions of the 
nuclei, in distmction from electrons, can be regarded as approximately 
simple harmomc motions about eqmlibnum, as the nuclei are sluggish 
because of their large masses, but for this very reason the amphtudes 
of thoir vibrations are so small that the contribution of these oscillations 
to the susceptibility is usually small, though not always negligible This 
will lie shown in § 15 Hence the part of the moleuulai motion which 
IS really simple haimoiiic is of secondary impoitance for susceptibilities 
Inasmuch as we have deduced a generalized Langevin-Debye formula 
for any multiply periodic system, the question naturally arises whether 
Eq (22) cannot be specialized in a fashion appropriate to a real Ruther- 
ford atom instead of to a fictitious system of oscillators mounted on 
a rigid rotating fiamework This, however, is not possible The reason 
IS that in classical statistics the energy ordinarily ranges from 0 to oo, 
whereas in a Rutherford atom it ranges from 0 (the value for mflmtely 
loosely bound electrons) to — oo (the value for infinitely tight binding) 
The numerical value of the energy is the same as that of the Hamil- 
tonian function M, and hence the Boltzmann probability factor Ce, 
increases without hmit as the eneigy approaches — oo, so that the total 
mtegrated probability C j J dvfidJ^ cannot equal unity, as 
required by (56), Chap I, unless C' = 0 Thus, although (22) sum- 
marizes rather elegantly all the results of classical statistics apphed to 
suBceptibihties, the practical advantages of the mcrcased generality of 
(22) as compared to (1) or (18) are somewhat restricted because of the 
inherent limitations in classical theory 
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DIELECJTRIC CONSTANTS, REFRACTION, AND THE 
MEASUREMENT OP ELECTRIC MOMENTS 


14. Relation of Polarity to the Extrapolated Refractive Index 

In the present chapter we shall examine the experimental confirmation 
of the Langevin-Debye formula derived m Chapter II, but it will first 
be necessary in §§ 14-18 to discuss some related topies m the theory of 
refra<‘tivc indices 

In § 4 we saw that the static dielectric constant should equal the 
extrapolation of r?, the square of the index of refraction, to infimte 
wave-length That n is really a function of frequency or wave-length 
can be seen from the following very elementary form of the Drude 
dispersion theory ^ Suppose that a particle of charge e^ and mass is 
harmonically and isotropically bound to a position of equihbrium If 
a, and r,— rj denote resjiectively the coefficient of restitution and the 
vector displacement fiom equihbrium, the particle’s equation of motion 
when subject to an incident electromagnetic wave of frequency v# is 

Wi‘^^^'+«.(r.-r») = e,E„cos2Trv„i, (1) 


whcri' Eq is the vector amplitude of the electric field of the wave 
Eq (I ) IS meiely that of a forced harmomc vibrator, and as the natural 
oscillation frequency of the particle is v< — a}/2imij, the solution of (1) 
may be written „ o , 

r -r« 

’ 4nhH,{v(—vl)' 

The total mduced polanzation of the molecule isp = 2 ej{r,— rj), where 
the summation extends over all its charges Hence the index of refrac- 
tion IS given by 

,.2 1 e; 

,1 - 


■.4nN 




B) 


£gCUB2w,i 47r*m((v’“— Vg) 

Eq (2) yields a dispersion curve of the familiar Selhneier form charac- 
teristic of classical theory It is well known that by proper adjustment 
of the natural frequencies v, and of the effective charges and masses 
e„ m„ Eq (2) can be made to represent quite well the observed variation 
of refraction with frequency There is, however, the difficulty that the 
values of e^ and which must be assumed are not the true values of 
either electronic or nuclear charges and masses We shall see m § 82 

‘ Ct , for instance, Drude, Theory of Ophee, Chaps V-VII 
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that the quantum mechamcs also yields a dispersion curve of the 
Sellmeier type, but without this difficulty m the interpretation of the 
constants Eq (2) might be generahzed by assuming that the restoring 
forces are non-isotropic, somewhat along the hnes of the model used m 
§12 This generalization has commonly been made m the hteraturc,^ 
and IS, of course, necessary for optically anisotropic media It will, 
however, be omitted here to avoid devotion of too much space to 
antique models based on positions of static equdibnum for the electrons 

We are mterested especially m the behaviour of Eq (2) m the region 
of infinitely long incident waves Here vp = 0, and (2) becomes 

— 1 = AttW 2 

On comparing with the value of a. derived for the isotropic model in 
the first paragraph of § 1 1 , wo see that — 1 — ^-nNa. Hence, according 
to (2) the square of the index of refraction extrapolates for infinite 
wave-lengths to the part of the dielectric constant arising 

from the induced polarization rather than to the complete dielectric 
constant The reason is, of course, that in the pre- 

ceding paragraph we have neglected entirely all polanzation by onenta- 
tion We ought therefore to add to the nght side of (2) a term 0(p., vp, T) 
representmg the orientation effect, and reducing to inNu^jikT when 
v„ — 0 We shall not give the explicit calculation of O as this is more 
difficult in the penodie as distinct from the static case owing to the 
necessity of having a statistical tlieoiy of non-conseivative svstwns 
Even without such a calculation it is quite apparent that the term O 
must be negligible at ordinary optical frequencies, since the electro- 
magnetic forces associated with visible light oscillate so rapidly in sign 
that they do not act m any direction long enough to orient the molecules 
111 that direction “ The orientation term O would farst liecome significant 

^ Sunplo (limcnRioiial ronsidorations show timt the onenting effert of the held on the 
pennanoiit djpoloH iicgligiblo at optical wave leiigtlis Optical frequencies ore very 
large compared to the frequencies of collisions oi of iiiolceulai rotations Hence the 
temperature cannot cutor into tho ooiit ribution of the onentation to the optical index 
of refraction In other words the forces resting tho orientation of dipoles by fields of 
high frequency are inertial rather than statistical If I and fi denote respectively tho 
moment of uiertia and electiical moment of the molecule, the part n^— 1 of the refraction 
due to the orientation effect will involve the arguinoiits I, fi, N, As the dimensions 
of these expressions are respectively I'*, t ^ and os 1 is dimensionless 

and IS linear in Nt it must be given by an expression of tho fonn const This 

is also quite evident by oomparison with (2), as fi, / are tlie rotational analogues of the 
oiqirosBionB e, m found in rectilinear problems The contribution of the permanent 
dipoles to the static dielectric constant is of tho order Nfi^jkT The orientation effect 
IS therefore smaller in the periodic than m the static ease by a ratio of the order kTlXv\, 
or 10-« as v«-10“ 



44 DIELECTRIC COXSTANTS, REFRACTION, AND THE HI, § 14 
in gases when the incident frequency is comparable with the rotation 
frequencies of the molecule This requures a frequency far m the infra- 
red (10 to 100 microns) Hence a senes of measurements of mdices of 
refraction made at optical frequencies will reveal practically no trace 
of the onentation term, and so the extrapolation of such data to infinite 
wave-length will yield only the part of the dielectric constant exclusive 
of the onentation effect 



W(' ha\ e attempted to illiisti aU* this graphieally in Jfig 2 The curves I 
and 1 1 repri'sent ivsjiei'tivelv the values of ifi— 1 exclusive and inclusive 
of the orientation effect 'I’he theoretical values of the intei section of 
these two curves with the axis of zero frequency arc respectively Na 
and N(a+fi‘j3I.T) If the molecule is ])olar the curve II will he con- 
siderably above curv'e I m the region of very small frequencies, as it 
contams a hirgc contribution from onentation This contribution is, 
however, rapidly blotted out when the frequency is mcreased, so that 
the two curves are wnaibly the same when the incident frequency 
exceeds the natural molecular rotation frequencies The actual disper- 
sion of the material is given by curve II rather than curve I, but any 
one attempting to extrapolate to zero frequency a senes of measure- 
ments made in the optical region, represented by crosses in the figure, 
would naturally follow curve I, since the measurements do not sensibly 
reveal the nse in the actual curve near the origin =- 0 In drawing 
curves I and II of Fig 2 we have supposed that the molecule’s natural 
frequencies all he in the ultra-violet, m order not to complicate the 
curve with ‘resonance catastrophes’ m which some of the denominators 
in (2) liecome zero 
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The fact that the natural extrapolation of optical refractivities follows 
curve I rather than curve II furnishes a second method of experi- 
mentally determining electrical moments which is an alternative to the 
first method, that of temperature variation of the dielectnc constant 
already mentioned m § 10 Let be the extrapolation of the square 
of the index of refraction to zero frequency, exclusive of the orientation 
term which is undetectable m the optical region Let e be the measured 
static dielectnc constant, which of course mcludes the polarization 
arising from onentation of permanent dipoles os well as the induced 


polarization Then 



( 3 ) 


as the Langevm-Debye formula (1), Chap II, shows that iTtNfi^jZkT 
IS the part of e ansing from the onentation effect Hence, knowing 
E and the temperature and density, the electric moment can be 
determined without the necessity of varymg the temperature I'he 
numerical values of the electric moments obtained by the two methods 
will lie compared in § 1 9 


IS. Effect of Infra-red Vibration Bands. The ‘Atomic Polariza- 
tion’. 

There is sometimes considerable discrepancy Ix'tween the values of the 
electric moments deduced by the two methods, or, what is the same 
thmg, the value of n*, — 1 deduced by extrapolation does not agree with 
the value of ATtNa deduced from the temiieratuie variation of the 
dielectric constant To account for such disagreements it has oftim lieen 
suggested® that the dielectnc constant is appreciably influenced by 
infra-red absorption bands associated with vibrations of the nuclei and 
revealed in the oidmary ‘vibration spectrum’ of molecules such as Hf'l 
Suppose, for instance, that tlie molecule is diatomic Let be the 
effective mass of the nuclei, Vyn, lie the frequency of 

vibration of the nuclei along their Imc of centres, and bo the corre- 
sponding effective ch.irge, which is defined as the rate of change dfijdr 
of the magnitude of the electrical moment p. with the intcr-nuclear 
distance r The contribution of this vibration to w® is 

(4) 

^ Cf t for iijsta/ice, Dobyo, JJandbueft der Jiadtohf/^, vj 620, JiloIoLtdoff \ p 43 , 

L Ebert, Die Naturvnasenschaften, 14, 919 (1020), H A Stuart, Zetts f Physik, 51, 
400 (1028), Stoger and Steiger, Hel Phy9 AcUt 2, 144 (1920) 
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This can be seen from Eq (2), the factor -J, however, must be inserted 
because the vibration under consideration has only one degree of free- 
dom rather than three as does the isotropic oscillator assumed in 
Eqs (1), (2) The result (4), mcidently, remains valid with quantum 
mechamcB, as the classical and quantum theories yield identical results 
for the harmonic oscillator, and as there is no need of improving our 
model of the nuclear oscillations in the new theory inasmuch as the 
nuclei, m distinction from electrons, really do have positions of static 
equilibrium * By (4) the contribution of the infra-red vibration to the 
static dielectric constant, corresponding to = 0, is NelglSTmig,^^ 
Because of their large masses, the nuclei vibrate slowly, so that the 
frequency Vy,,, is in the infra-red, and very small compared to the 
incident frequency Vg if is in the visible region By (4) the contribu- 
tion of the niicleai vibration to ti- in the latter region is approximately 
— and hence negligible in conipaiisori with its contribution 

to the static dieleitric constant ITiiis the appaicnt extrapolation of 
measured optical refi activities to zero frequency will not include the 
effect of the lufra-red vibration liand, besides also, of course, omitting 
the polarization by orientation of permanent dipoles, as previously 
mentioned This is illustrated by curve III of Fig 2, p 44 This curve 
18 drawn inclusive of the contribution of this band, while the other 
curves are exclusive Optical measurements indicated by crosses would 
clearly not reveal the difference between curve 111 and I or 11 The 
curve 111, of course, shows a discontinuity at the resonance iKiint 
'i 'he pait of the polanration ansmg from the difference lx‘- 
tween curves III and TI is sometimes termed ‘the atomic polarization’, 
as it IS due to oscillations in the jiositions of the atomic masses (or more 
accurately nuclei) within the molecule, m contiast to the ‘electronic 
jiolarizatioii’ due to changes in the clectnmic positions without appre- 
ciable motion of the nuclei 

The fori'going shows that because of the mfra-rcd nuclear vibration, 
the ttTin 4irNct in the static dielectiic constant should exceed /i^— 1 by 


an amount 




37rwi.,„v- 


( 5 ) 


The predicted sign of this difference is that found experimentally in the 


majonty of cases In HCl, for instance, Zahn® finds 4i7^t« = 0 001040 


* Strictly fipoakiiig this Htettemont is not truo, as tbero aro always rapidly varyuig 
instantaiveouB foreca o\\ the ivuclei due to the continual ebangoa in the positions of the 
electrons Sucli forces, however, vanish on averaging over the eleotronic periods of 
motion, which are v ery short, and hence are mconsequontial 

» C T Zahn, Phys Bev 24, 400 (1924) ^ 
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at 0° C , 76 cm , whereas extrapolation of C and M Cuthbertson’s* 
diapersion data gives the smaller value n®, — 1 = 0'000871 

DetermiTtatum of e^from Absorption Intensities In order to evaluate 
(5) it is necessary to know the magmtude of which need not be at 
all like the charge of an electron or nucleus, as it is by definition not 
the charge of a single particle, but rather the differential coefficient 
dpldr of the total molecular moment by mter-nuclear distance For 
a non-polar diatomic molecule, for instance, e„g is zero One method 
of determination of is by measurement of the absolute intensities of 
infra-red vibration bands, usually studied in absorption rather than 
emission The absorption coefficient is proportional to (/x— /io)*, and 
hence very approximatel3' to e^{r— rj|) The most accurate infra-red 
intensity measurements are probably those of Bourgin’ for HO], who 
finds that here 86 X J 0“^® e s u Tntrt>clucing this value of and 

the values 1 62x10“®*, 8 82x 10^® of the effective mass 

and vibrational frequency of HCl, we find that the right side of (5) is 
only 1 5x 10“®, whereas wo have seen that the experimental value of 
the left side is 1 7 x 10 * Values of the effective charge have also been 
calculated by Dennison® for HBr, CO, COg, NHg, CH4 from various 
intensity measurements These values arc all less than one-hfth the 
charge 4*77x10-^® of an electron, correspondingly, the expression (5) 
should be of the order 10“®, and hence negligible “ Of course, absolute 
intensities and hence values of the effective charge are hard to measure 
with precision, but to account for a discrepancy between 47r/Va and 

— 1 as large as that 1 7x10“* m HOJ, for instance, the effective 
charge would have to bo about 8 7X instead of 0 86 X 10 ’® o s u 
Since the absorption coefficient vanes as p®jj, the measurement of the 
absorption coefficient would have to lie in error by a factor 100 

As an instance of the difliculty of making hc curate absolute, as distinct fiom 
relative, intensity ineoHurements, wo may eito tho inability to doduco reliable 
values of tho cloctnc moment from the absolute mtensities of 'pure lotation’ 
absorption lines 111 ttie far infra-red (not to bo confuseil with tlio vil)iation lines 

* C and M Cuthbeitsoii, i'Ad Trarut Rvy Soc 213a, I (1U13) 

^ D G Bourgin, P/iys Rev 29, 794fl927) J^loiinisoadcducesfromButugin'sabHUip- 
tion data the efieotivo charge 0 U4U liri* e B u {Fhys Rev 31,501,1928) Ho claiiiiH 
this to be more accurate tlian Bourgm’s original value 0 828 X 10 Still lator Bourgin 
raised slightly his own eatimate to 0 86 X 10 {Phytf Rev 32, 237, 1028) For our pur- 
poses it makes no appreciable difference which value is used 

* D M Dennison, Phil Mcig 1, 195 (1926) 

* This quantitative calculation of the contribution of the uifia-red vibrations to the 
dielectno constant by means of the effective charges yielded by absorption measurements 
was first made by the writer, Phya Rev 30, 43 (1927) Tho diffioulty of tho negligible 
eontnbutions thus gbtained appears to be too commonly overlooked in tho literature 
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in tho nearer infra-red) The amount of absorption or emission m the pure rota- 
tional spectrum is proportional to the square of the electnc moment fi, (rath^ 
than of f,s) and so should yield the numerical value of /i. if absolute absorption 
measurements can be made An attempt to determine fi in this fashion was first 
made by Tolrnan and Badger,^ mmg Cremy's absorption data on 
(Explicitly they calculated the intensity from the moment rather than the 
moment from the intensity, but the t^o calculations are simple converses ) 
Tho value thus found for the oWtncal moment of the HCl molecule is less than 
unc-third the standard value 1 03 X 10 obtained fmm Zahn's measurements of 
tho tomperaturo variation of tlie dielectnc constant. Subsequently Badger^* 
refieatod (Vomy's experiments m the hope of removing this discrepancy, but 
instead increosed it, as ho found an absorption only one-half as great as Czerny’s 
Thus the absoluUi mMisuremonts of absorption intensities in the pure rotation 
spectrum are apparently in error by a factor about 10 to 20 The determinations 
of absorption in the vibration spoctnim which are used in calculating the effective 
charge arc presumably much more reliablo, os they are in a much easier spectral 
region less far out in the iiifra-red Even the vibration intensities, however, are 
dillu ult to rncfU4ure us ('xoinplihod by the fact that Balim’ and Burmoister’s early 
intensity data on HC'I yi4'Id<*daccor<ling to Dennison’s calr illations^ an alisoiption 
(oetticicnt only one sixth as gioat iis that fiimishod by Bmirgin's i‘ocent work 
'riio latter jh presumably mudi more ocdimto, and Boiirgin himself explicitly 
statoH" that li<* (loos not think that there can lie anything hko enough error to 
iwiinit an appKxiablo vibrational (ontiibution to tin dioloctnc constant in HCl 

Thus the measurements on absorption intensities, if at all accurate, 
show that in molecules such as the hydrogen halides, the polarization 
due to mfra-rod vibration is too small to have any bcanrig on the 
discrepancy between the extiapolated square of the refractive index 
and the part of the dielectric constant duo to induced polarization 
J)e(n nnwiUmi of e, „from Infra-Jted Dmpersjon A senes of dispersion 
nicasurcineiits in the infia-red should dehnitelv si-ttlo whether the 
iitoniic polarization diK's rcallj give an appreciable contribution to the 
dielectric eoriatants That is to say, such mensui’cments would enable 
one to calculate the ‘effective chaige’ by means of formula (4) and the 
values of thus obtained would presumably be much more reliable 
than those deduced from absorption coefficients Unfortunately the 
available deb-rminations of refraction sufficiently far in the mfia-red are 
rather limited in number Koeh“ measured tho refractive indices of 
0^, Hj, ('(), ('Oj, and ('H 4 at f>709/i and at H 07Sfi, while Statescu*® 

Tolmoii and Badg(>r, /Vfv^ ffci- 27, 383 (1026) Iii ruadmg thiR paper, also ref 12, 
t ho cUfi tri( al inomont Hhould bo calculated by moauK of £q ( 1 ), Chapter II, rather than 
))y a formula of tho old ipiantum thooi'y winch they give. 
eVornv, f Physikf 34, 227 (1626) 

Badgor, i^f(7c Not Acad 13, 408 (]920} 

D G Bourgin, Phya Rev 32, 240 (1028) 

J Koch, A"ova Acta Soe Upaala, 2, No 5 (1009) 

» J Stateacu, PM Matj 30,737(1016) 
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even Buooeeded m measuring 00, at a wave-length as long as 13’19/i, 
and m addition supplemented Koch’s data for CO, by various measure- 
ments between 1 and 11^ The data are thus much more complete for 
C0| than for any other gas 

Koch’s work on H, and O, failed to reveal any anomalies m the 
infra-red, as was undoubtedly to be expected smce non-polar diatomic 
molecules have no pure vibration spectra. The value 1-000332 which 
he found for the mdex of refraction n of CO at both 6 7/i and 8 7/i 
was slightly lower than that m the optical region (eg 1-000336 at 
0 589/i) and agreed qmte weU with the value 1-000327 which would be 
obtained by extrapolation of optical data with neglect of vibrational 
resonance pomts This is particularly significant smce the fundamental 
band of CO is at 4 65/i, so that Koch’s measurements extended beyond 
the vibrational singularity The shght discrepancy between 1 000332 
and 1 000327 may be merely experimental error or perhaps indicate 
that there is a very small contnbution 0 000005 of the atomic polariza- 
tion to n—l or 0 00001 to ra® — 1. Such a contnbution is of no con- 
sequence for our studies of dipole moments, as it is smaller than the 
precision with which dielectnc constants can be measured expen- 
mcntally Even such a veiy small contnbution, if real, would demand 
an effective charge of the order 0-9e, whereas Denmson* estimated 
0 13e from the absorption data of Burmeister^* and of Coblentz 

A more stnkmg result is obtamed m carbon dioxide The foUowmg 
values of the index of refraction are found by Koch or by Statescu at 
vanous wave-lengths 

A==10 20 30 40 60 67 87 11 13 19 ft 

(n-l)xl0<^ 4 41 4 34 4 18 2 89 6 32 4 84 4 68 4 47 4 00 

The behaviour is thus different from that given by an ordinary optical 
dispersion formula which takes no cogmzance of infra-red resonance 
XKnnts, and which predicts a steady and very gradual decrease of n from 
its value 1 000449 at optical wave-lengths (Na D hues) to a value 
1-000441 at infimte wave-lengths “ The anomahes shown by the table 
at 4-0 and 6 Op are due to the influence of the vibration band at 4-3p 
The abnormally low value 1-000400 of n at the longest wave-length 

B Burmeister, Verh d D Phys Qes 15, 689 (1913) 

W W GoblentK, Itweat%gatt<ma of hyfra^red Spectra, Fart I, Carnegie Institute of 
Washington, 1906 

Here, and also in the preceding disoussion of CO, we make the extrapdlations by 
means of the dispersion formulae given for COg and for CO by C and M Cuthbertson, 
Proe Soy 8oc 97a, 162 (1920) These formulae are typical of those based only on 
measurements in the visible and ultra* violet regions 
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13*19/1 is undoubtedly because of another knovn vibration band at 
14*9/1 Reference to curve III, p 44, shows that the index of refraction 
should be abnormally low on the short wave-length or high-frequency 
side of a resonance pomt, but high on the long wave-length side. Hence 
if measurements were available beyond 14 9/i, they would record a 
value of n considerably larger than the value 1 00044 given by an 
ordmary optical dispersion formula Fuchs'* has made a very careful 
companson of the existing dispersion data for COj, and has proposed 
a dispersion formula which represents the experimental pomts m the 
infra-red as well as optical region The characteristic feature of his 
formula is that, besides the ordinary terms due to resonance with visible 
or ultra-violet frequencies, it eontams two terms of the form (4) m which 
the resonance wave-lengths are taken as respectively 4 31/1 and 14*91/i, 
and m which the effective charges are taken to be 2 28e and 0*61e, 
where e = 4 77 X 10-“ e a u Dennison* deduced an effective charge of 
only 0 09e for the 14 9/i vibration from the measurements of absorption 
intensities by Coblentz, " and by Rubens and Aschkinass *“ Since deter- 
minations of absorption coefficients are probably much more difficult 
to put on a quantitative basis than those on dispersion, and since the 
absorption coefficient vanes os the square of the effective charge it thus 
appears that existing measurements on absorption coefficients for the 
14 9 band in CO 2 are too small by a factor no less than (0 61/0 09)* or 
almost fifty, despite the fact that the data of Coblentz " and of Rubens 
and Aschkinass,** according to Denmson,* agree with each other to withm 
20 per cent Evidence that Fuchs’s larger values of the effective charge 
are correct is furnished by the behaviour of the dispersion formulae 
at mfinite wave-lengths An ordinary dispersion formula such as 
that of Cuthbertson, which includes no atomic polamation, yields 
M* —1 =1 000882, whereas Fuchs’s formula with the two infra-red 
resonance points yields n* —1 = 1 000975 The value which Zahn*' 
finds for the dielectric constant of COg under standard conditions is 
1 000968, while Stuart** finds 1*000987 Hence, according to the Cuth- 
bertson formula, the expression (3) is appreciably different from zero, 

’* O Fuchs, 7Mts f Phynk, 46, 619 (1927) We interpret Fuchs’s formula m terms 
of an effective charge differont from e rather than in terms of an * effective number of 
dispersion electrons’ Pi per vibration, which has no real physical significance, as pt is 
not an mtogor Our effective charge is connected with his number pf according to the 
relation (eag/c)* = Zpi The factor 3 appears in this relation because ho assumed the 
vibrations have throo dogroos of freedom rather than one 

Rubens and Aschkmoas, Ann der Phynk u Chtm 64, 664 (1898) 

C T Zohii, Phys Mev 27, 466 (1926) 

H A Stuart, Zata f Phys%U, 47, 467 (1928) 
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and yields an electnc moment O-lSx e s u for the COg molecule, 
whereas, according to the Fuchs formula, the expression (3) is zero 
withm the expemnental error and then COg has no electric moment 
This pomt was first noted by Wolf ^ It is the consensus of opmion that 
the carbon dioxide molecule is without an electnc moment, as this is 
shown, for one thmg, by Stuart’s*® mvestigation of the temperature 
vanation of the dielectnc constant The large effective chaige assumed 
by Fuchs is, as we have seen, in nice quantitative agreement with 
this view. 

It may be noted that the Fuchs's dispersion formula has only two infra-red 
resonance points. It is well known that the CO, molecule luis numerous other 
mfra-red vibration bends besides those at 4 Spend 14 9p The fact that thedisper- 
sion measurements can be fitt<id quite well witli only two resoiiaiico points must 
moan that these otlier vibiutioiis hnvo very low effective cliarges, or, much more 
probably, have low amplitudes on account of being ‘combinations* or ‘harmonics' 
rather than fundamentals It is particularly noteworthy tliat the measurements 
at 2p and 3p can be fitted without including any term duo to resonance with the 
quite pronounced absorption band at 2 

In his dissertation (Upsala, 1924), not available to the writer, Torsten Wetter- 
blatt IS reported to have explored the dispersion m the vicinity of 2 72p, and to 
find only a veiy shght anomaly when very close to this band, thus mdicatmg pretty 
clearly that it is a harmonic or combmation rather than a fundamental In general 
a tnatomic molecule has three fundamental modes of vibration, but the third 
fundamental may not show up in dispersion because it is an ‘inactive’ or ‘sym- 
metrical ' mode of vibration which gives rise to no oscillatuig electric moment 
As mentioned by Wolf, the absence of a third mtense rosoniince pomt m the 
infra-red distiersion lends considerable weight to Eiicken’s suggestion** that CO, 
has on 'moctivo' fundamental vibration at about 9p Inactive fundamentals 
are still allowed as Raman Imes, and this 8p vibiation does indeed play a lead- 
ing part in the Raman effect of CO,, although the behaviour is irregular because 
of a complicated ‘perturbation’ by the hormoiuc of another vibration 

The tremendous discrepancy between the effective charges deduced 
from absorption and from dispersion measurements for the 14 9 band 
of COg makes one sceptical whether any information about the order of 
magmtude of the atomic polarization can be deduced from existmg 
absorption data Perhaps the best appraisal is that the effect of the 
atomic polarization on the dielectric constant is negligible in stable 
diatomic molecules, but not necessarily m molecules with more than 
two atoms Our grounds for suggesting a smaller atomic polarization 
for diatonuc than for polyatomic molecules are that (a) there are no 

■> K L Wolf, Zeits J Phya Cham 131, 90 (1927) 

** See, for matanoe, the analyeia by A Euckeii, Zeita f Phyatk^ 37, 714 (1926) , based 
on absorption curves by Schaefer and Phillips, i&fd 36, 041 (1920) 

" See E. Femu, Zeita /. Phyatk, 71, 260 (1931) 

E2 
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very glaring discrepancies for diatomic molecules between the electric 
moments deduced from (3) and from the temperature variation of the 
dielectric constant (see table, § 19), (6) Bourgm’s recent determinationB 
of absorption intensities m HCl are probably more accurate than the 
early work of other investigators on COj, (c) the dispersion measure- 
ments reveal a considerably smaller effective charge for CO than for 
the 4 3fi vibration of COj, (d) one of the various fundamental vibrations 
in a polyatomic molecule usually has a longer wave-length and hence 
gives a smaller denominator m (5) than the sole vibration in a diatomic 
molecule For the latter reason the 14 vibration makes almost as 
large a contribution to the atomic polarization of COg m the Fuchs 
formula at infinite wave-lengths as docs the 4 3p. vibration, despite the 
fact that the latter has a considerably larger effective charge 

Evidence that the atomic polarization is appreciable in polyatomic molecules 
IS nut conimed to COg, but is also revealed by tlio limited number of infra-red 
dispersion measurements available for metliane (CH4), viz n 1 000419 at 
6 S67/iandn -■= 1 000460at8 678/1. These measurements are, of course, insufhoieint 
to disclose the proper dispersion formula, but if the anomahes which tliey exhibit 
are attributed to the influence of the vibration band at 7 7/i, the effective charge 
must be roughly 0 20e,** again larger than the effective diaige 0 095e deduced by 
Dennison' from the absorption measurements by Coblentz An effective cliarge 
0 20e for this vibration, will remove about one-tenth of the discrepancy between 
Bangor's value" 0 00096 fore— 1 and the value 0 00086 for (n'— !),„ obtained 
by oxtra/Kilatiun of optical dispersion data without considering the atomic 
polarization As Sanger’s investigation of the temperature variation of the dielec- 
tric constant of CII4 sliows that it has no electric moment, the discrepancy should 
disappear completely when proper corrections are made, and the other rune- 
tenths of the discrepancy may bo eitliei experimental onor or due to additional 
infra-red resonance points besides that at 7 7/x 

It may be noted that m diatomic molecules such as HCl, often the discrepancy 
between nj, — 1 and ivNa is only a fi action of inNa and tliat a itself is often small 
compared to fi,*/3kT Then either a small experimental error m the absolute 
value of the total dielectric constant or else m the electnc moment, 1 o in the 
temperature coefficient of e, will suffice to explaui awoy the discrepancy between 
4irNa and n^ — 1 In HCl, for instance, an mcreaso in the moment from Zatin’s 
value' 1 034 to 106xl0‘'e8u (which corresponds to an error of 6 per cent m 
the temperature coefficient of t/N) will mcrease tlie contribution of the permanent 
dipoles to the dielectric constant enough so that the remamder inNa to be ascribed 
to the mducod polarization is decreased to a value 0 00087 1 m accord with optical 
data The discrepancy is also removed if, instead of changmg /x, we assume that 
tlie correct value of e at 273°, 76cm is 1 00399 rather than 1 00416 In ammonia 
the polarization due to the permanent moments so far overshadows the mduoed 

" To generalize the vibration formula (4) to molecules with more than two atoms, in 
particular CHj, it is necessaiy to replsce m, by where F, and jF,/p, are 

dissymmotiy and statistical weight factors explomed m Dennison’s paper,* 

*' R SOn^, Phyt Zat» 27, 666 (1926) 
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polanzatian that an increase of only 0 3 per cent, in the moment, a change clearly 
withm the expenznental error, will diminish Zahn’s*^ value 0 000768 for AirNoi to 
a value 0 000729 in accord with the Cuthbertoon* dispersicm data 
Often improvement m experimental techmque m the temperature variation 
method has mcreased the values of the electncal moment and hence decreased 
the apparent excess of ^nNa over 1 A rather extreme example is the case 
of ethyl ether From a study of ol<l data by various experimenters on the tempera- 
ture variation of its dielectnc constant, Debye concluded in the Handhuch der 
Badtologte (vi, p 626) that its electric moment was — 0 84 x 10 and that its 
value of 47rLoilZ was 38 cm'^ In order to make closer connexion with the usage 
in the literature, we here give the v^ue of where L is the Avogadro 

number, instead of inNa The expression iTrLoc/Z is called by Debyo the induced 
molar polarization, or better, polarizabihty, and will be denoted by the letter Xq ^ 
It differs from i-nNa only fay a factor LjZN depending solely on density, and has 
the advantage of bomg a molar quantity not requiring the specification of pressure 
or temperature The value of (n‘^ -- 1 )LfZN obtained by extrapolation of disper- 
sion data IS about 22 (Debye originally g^ve 22 8, but Stuart suggests that a more 
accurate value is 22 0 The disorop^cy between 22 and 38 was so great that 
elsewhere the writer considered it too gmat to attribute to experimental error * 
The possibility of sufficient expenmontal error seemed particularly unlikely 
because in ethyl other the polarization by orientation is only a little over half the 
total |K)larization, so that a should he relatively msensitive to an error m the 
electric moment fx However, careful recent oxpenmente on tlie temperature 
variation of the dielectric constant of ethyl other have recently been ma«le by 
Stuart*® and by Sanger and Steiger*' Stuart finds fi= 114-^0 03x10''*, 
Xo ~ 25 9, while SAnger fmds fi— 1 15 f 0 01 X 10 xq — 2b 1 tn close agreement 
witVi him If one uses those results the diHcrepancy between the values of x 
obtaineil from dielectric constants tuid from extrapolation of dispersion data is 
only 3 9 or 4 1 as compared to 16 with the old data Both Sanger and Stuart 
consider that oven a iliHcreponcy 3 9 m larger than the experimental error in xor 
which they consider to lie about 1 5 They therefoi'e make the traditional sugges- 
tion that the n^fnictive extrapolation is ui error liecause of infra-red absoiption 
Imnds One caiuiot, nevertheieHS, help but wonder whether still furtliei improve- 
ments in c\]xirirneiita1 refinenierit might remove all the discrepancy between the 
static and optical values of Xq This is unlikely in view of the excellent agreement 
between Stuart and Sanger, especially as thoir uppaiatus represents a high degree 
of expenmontal refinement, in marked contrast to the earlier work 

** Wo use the letters k, Hq in place of Debye’s Bq to dciioto rospoctivoly the total 
and uiducod tnolar polan/abilities, os we reserve the letter 2’ for the elec'trodynunical 
polarization vector dofinod by the relation D — E -f 4irP We shall refer to k, itq as 
’molar polarizabilities’ rather than ’molar polarizations’ This change from Dobyo’s 
usage seems advisable since these quantities measure the specific ability of the material 
to acquire polarization, rather than the total polarization, which depends on field 
strength 

** Recent measurements of the dispersion of ethyl other by H Lowery (Proc Lond 
Phys 8oc 40, 23, 1928} give a value of — 1 about 1 per cent lower even than that 
used by Stuart 

H A Stuart, Zetts f Phyatk^ 51, 490 (1828) 

R. B&nger and O Steiger, Sdv Phya Acta 2, 136 (1920), also especially revision 
given by SAnger m Phya Zetta 31 , 306 (1930) 
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16. Independence of Temperature of the Index of Refraction 

Since we have seen that at vifiible frequencies the refraction results 
practically entirely from mduced rather than permanent molecular 
moments, the optical index of refraction should not vary with the 
temperature except through the density Such invanance is demanded 
by Eq (2) and is also obviously to be expected by analogy to the 
temperature behaviour of the static dielectnc constants of molecules 
devoid of permanent dipole moments, as in the optical region the per- 
manent polanty of a molecule is ineffective The most thorough 
examination of the temperature variation of the mdex of refraction 
appears to have been made by Cheney He measured the refractive 
indices of air, Ng, NHj, COg, and SOg over a temperature range 0-300® C 
and found that over this range the temperature coefBcient of — 1 
(or of M— 1, as 71®— 1 IS approximately 2 ( 71 — 1) ) did not differ from the 
temperature coefficient of the density within the expenmental error of 
1 or 2 per cent in 7i — 1 In other words, if v denotes the specific volume, 
the product «(7i— 1) remained constant with respect to temperature 
The constancy of this product is sometimes spoken of as the Dale- 
Gladstone law 

Slight departures from the Dale-Gladstone law are to be expected if the etnic- 
turo of the molecule ohangea eomewhat with temperature, aa, for instance, due 
to dissociation, centrifugal expansion, Ac Meggere and Peters’^ find, for instance, 
that in the wave-lengtii region 7000-8700 A, the temperature coefficient of n— 1 
for air is exactly the same as tliat —0 000367 of the density, but that the former 
coefficient uicreoses in numerical magnitude to — 0 000387 when the wave-length 
IS diminished to 2000 A These measurements tire probably very accurate, though 
made over the very liiniled temperature range 0 30" O The doiwrtijres from the 
Dale-Gladstone law which they find at 2000 A nro peiliajis because air has an 
absorption band in the ultra-violet (lianges in temperature will alter the distribu- 
tion of nioloLiiles among different quantized rotational speeds, and hence shift 
slightly the jioBitiun of the maximum mtensity m on absorption band, os the small 
molecular rotation frequencies are superposed on the electronic frequencies 
A voiy small change in the location of such a maximum will, of course, materially 
affect the dispersion near resonance On this view anomalies such as found by 
Meggers and Petors would have boon absent il they hail worked on monatomic 
vapours, devoid of the molecular rotation 

17. Dispersion at Radio Frequencies 

We have treated only the two limiting cases of fields which arc either 
static or else too rapid fur orientation effects, without considering the 
gradual transition between the two cases As already mentioned, the 

•• E W Cheney, PAy» Jlev 29, 292 (1927) 

** Me gg ers and Peters, Bureau of StandardSf 14, 736 (1917) 
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transition takes place in gases in the region of the natural molecular 
rotation frequencies, located in the far infra-red Formulae for disper- 
sion in this region, based on the Kramers theory (§ 82) and quantum 
mechamcs, have been given by Debye,** but unfortunately there is not 
yet any experimental data adequate to test them The most interesting 
feature is that the refractive mdex should display abrupt discontmuities 
when the mcident frequency is resonant to any of the molecular rotation 
frequencies, which, because of the quantization, assume a discrete rather 
than continuous range of values These discontmmties have, for sim- 
plicity, been ironed out in drawmg curve III of Fig 2 

More stimulating and frmtful m expenmental confirmation is the 
dispersion of liqmds and solids at low frequencies A classic theory of 
this has been developed by Debye ** (not to be confused with his work 
on gases just mentioned) He assumes that the resistance to the orienta- 
tion of molecules by impressed fields anses primarily from a viscous 
force which, it is to be especially noted, is taken proportional to the 
angular velocity rather than angular acceleration, and which is probably 
a convement approximate mathematical embodiment of the resistmg 
effect of collisions This viscous force is supposed more important than 
the inertial or acceleration reactions of the individual molecules, such 
as centrifugal force, which would be present even without collision 
phenomena Because of this viscous retardmg force, there is a defimte 
upper limit to the rate at which a field can orient a molecule, just as 
in mobihty theory there is a maximum velocity of migration of ions, 
since the resistance is proportional to velocity rather than acceleration 
Because of the large amount of viscous resistance, JX-Iiye finds that an 
incident field would not have an appreciable onentmg influence on 
molecules in a liquid unless the incident wave-length were so very long 
as to be m the short radio rather than fur infra-red region His theory 
IS very elegant, but would take us too far afield into liquids for the 
present volume, and also would require us to enter into the statistical 
theory of the Browman movement, or its equivalent Debye’s theory 
accounts nicely for the critical maxima of the absorption and of the 
dispersion dnjdX in a certam frequency region, and especially for the 
variation of the maxima with temperature These phenomena permit 
the calculation of the ‘relaxation time’ in which the molecules would 
de-onent themselves if a static field were suddenly removed Debye 

** F Debye, Polar Moleculeat Chap X , also further unpublisliod work by Manneback 

** P Debye, Verh d D Phya Oea 15, 777 (1D13), Polar MolecuhSf Chap V , J H 
Tammers, Dtaaerlatton, Utoecht, 1914 
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also has extended lus fnotional theory to apply to solids, thereby 
explaining some of Errera’s ** interesting experiments on the anomaloas 
dispersion of sohds for waves of very long radio frequencies Although 
many of the dielectric phenomena are explicable by treatmg the sohd 
as a liqmd of very high inner fnction and viscosity, such a picture of 
a sohd does not seem consonant with modem views of crystalline 
structure, and so Debye” modifies his fnctional theory to allow the 
molecules to take up only certain particular orientations m sohds On 
the latter view the electric polarization of ice, for instance, is due to the 
fact that one H,0 molecule in five miUion m the ice crystal ‘turns over’ 
when an electric field of one volt/cm is apphed 
It is rather stnkmg to compare the orders of magnitude of the regions 
of anomalous dispersion due to interaction with molecular rotations m 
gases, hquids, and sohds The critical wave-lengths m the three cases 
are measured respectively in microns, centimetres, and kUometres The 
corresponding values of the relaxation tunes for the hqmds and sohds 
are of the order 10“*“ and 10“® sec respectively It is clearly to be 
understood that we are here discussing only the effect of the molecular 
rotation The anomalies m dispersion due to resonance with nuclear 
vibrations and electronic motions are, of course, m the near infra-red 
and ultra-violet 

18. The Dielectric Constants of Solutions 

A pure polar liquid cannot m general be treated by the standard 
Langevm-Debye theory One reason for this is that in sueh a hqmd 
the local field eio^ai not at all the same as the macroscopic field E 
or even the Clausius-Mossotti expression E-|-47rP/3. Liquids have such 
high densities that the polanzation P may be much larger than E, and 
hence the difference between and E is very great Thus, until 
an adequate theoretical expression is available for the local field m 
dense media in which the inter-molecular distances are comparable with 
the molecular diameters, any attempts to determine quantitatively the 
intrmsic molecular polarity by mcMurements on pure hqmds will be 
deceptive An attempt, to be sure, to derive a theoretical expression 
for the local field in liquids has been made by Gans,““ somewhat by 
analogy with the Weiss-Gans theory of magnetization The faultmess 
of the underlymg assumptions is evidenced by the fact that the electric 

** J Errera, J dt Phynqwt 304 (1924) , Polart^ion JHilectnquet pp 127-30 
F Debye, Polar MoUouleo, p 102 

" R. QanB,i4nn derPAynJb, 50, 163(1916), R Gans and H Isnardi, Zetta 22, 
230 (1921), H lenardi, ZeUa f Phya%k, 9, 153 (1922) 
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moments deduced by various expenments from pure bqmds with the 
aid of the Gans theoiy ate very frequently at variance with the values 
deduced by other more reliable methods, and hence should be guarded 
against m appraismg the hterature A particular comphcation in polar 
hquids is the probable existence of association or clustermg, whereby 
several molecules combme to form a temporary umt very likely having 
a resultant moment quite different from that of a single molecule. 

Much valuable information on electric moments can, however, be 
denved by studying dilute solutions of polar molecules in non-polar 
solvents, as first suggested by Debye Such a solvent is assumed not 
to contribute to aggregation effects, and to influence the local field only 
by adding a term 47rPi/3, m accordance with the Clausius-Mossotti 
relation (Eq (34), Chap I) We shall suppose the solute so dilutely 
dissolved that its contnbution to the local field is also given by this 
relation The total local field is then 

( 6 ) 


Here the subscripts 1 and 2 refer to the solvent and solute respectively 
Smee the solvent is supposed non-polar and the solute polar, the 
Langevm-Debye theory gives for the total polarization 

P = P,+P,- (7) 

provided we neglect saturation terms If we mtroducc the ‘mol frac- 
tions’ /i =. NJ(Ni+N^), ft = NJ{Ni-\-Nt), then 


V _ ftJ-'P fj 


(8) 


where L is the Avogadro number, p is the density, and M^, are the 
molecular weights of the two constituents On using (fi), (8) and the 
definitive relation P/E = (t— l)/4w, we find that (7) becomes 


e-f 2 p 


— /I'^i 


with the abbreviations 


( 9 ) 


4iriai 


AnL I 


“’“ + 3W’) 


. 2 54X 6 18x 10™^. 


T 

( 10 ) 


** For instance, the very full compendium on electric luonientB given by 0 Bluh in 
Phy9 Ze%t9 27f 226 (1026) does not empbaBizc which values of the moments tabulated 
therem are unreliable on account of being deduced from measurements on pure liquids 
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The left side of (9) is termed the molar polarizabihty of the mixture, 
and will be denoted by As/i= 1— /j, Eq (9) demands that 

be a linear function of the concentration of the solute when the latter 
is vaned Actually this is usually not the case, as shown, for instance, 
by the following graphs taken from Debye’s Pokir Molecvlea " In each 
mstance benzene is u tiliz ed as the non-polar solvent In only one of 
the three cases, viz ethyl ether, is the experimental curve the streiight 
line demanded by (9) The reason for the departures from hneanty is, 
of course, simply because with high concentrations of the polar solute 
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the contnbution of the latter to the local field cannot be calculated by 
the Clausius-Mossotti relation 

From the various polarizability-concentration curves for the different 
materials valuable information can be obtained on the processes of 
association present in a polar liquid Any discussion of this subject 
IS clearly beyond the scoiie of the present volume The eases in which 
the curves are concave upwanls and concave downwards evidently indi- 
cate quite different types of association If one imputes all the curva- 
ture to the solute rathei than the solvent, then the graphs will enable 
one to determine the molar susceptibibty of the solute as a function 
of the concentration Instead of being independent of the concentra- 
tion, as the simple theory would demand, it is found m some cases to 
increase, some to decrease, and in some instances to increase and then 
decrease as the concentration of the solute is gradually increased from 
zero to unity The theoretical interpretation of such differences is at 
present a little obscure, but they should be valuable clues to future 
theoretical investigation 

It IS interesting to note that for non-polar substances the molar 

*" P. Dobye, Polar Molecuks, pp 46 7 

n Cf , for further details, P Debye in Marx's Handhuch der RadwlogWt in 663 , 
L Ebert, ZeUo f Phys Chem 113, 1 , 114, 430 (1034) 
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polarizability (c— l)Jf/(c-|-2)f> is almost identical m the hquid and 
vapour states, whereas for polar materials it has widely different values 
in the two states, presumably because of association in the hquid 
Zahn, for instance, finds that it equals 3 869 and 4*395 respectively 
for Og and Ng gas, while the conespondmg values in the liquid state 
are 3 878 and 4 396, respectively determined by Werner and Keesom 
and by Gerold " As an example of the great difference between the 
molar polanzabihties m the two states m the case of polar materials, 
we may cite that («— l)Jlf/(e+2)/) equals 4 and 18 respectively for water 
in the vapour and hquid states The thscrepancy between the values 
of («*— l)Jf/(»*+2)/j for water m the two states is, nevertheless, only 
about 10 per cent at sodium wave-lengths, as already mentioned m 
§ 5, which clearly shows that association effects are unimportant at 
optical frequencies 

If the departures from linearity m Fig 3 are attributed solely to 
characteristic polarity effects, the curves should be straight bnes m two 
oases (a) bmary mixtures of two non-polar matenals, (6) binary 
mixtures of either polar or non-poiar materials m which the optical 
refractivity rather than static dielectric constant is mvestigated, and 
at sufficiently short wave-lengths to suppress orientation effects In 
this latter case a formula analogous to (9) should be applicable, except 
that € IS replaced by n*, and that the theoretical expressions for the 
k's are no longer (10) but arc mstead proportional to the expressions 
(2) The predicted linearity for case (a) is wcU confirmed experimentally, 
as, for instance, in Krchma and Williams’s “ woik on mixtures of lionzenc 
and carbon tetrnchlonde As regards ease (6 ), refractive data for various 
bmary mixtures show that the experimental values of (a^— l)ilf/(n“-(-2)p 
for these mixtures usually do not differ by more than a few parts m a 
thousand from the values calculated on the basis of linearity 

Reverting now to the dielectric constants of polar solutes in non-jiolar 
solvents, it is only at very low concentrations of the polar material, 
1 e the extreme left portions of the graphs m Fig 3, that there is any 
approach to gas-hke conditions and that formulae such as (9) should 
be applicable However, the asymptotic behaviour at zero concentra- 

" For references see Zahn and Miles, Phyt Bm 32, 502 (1928) The good agreomonl 
in the two states was apparently first noted by Ebort and Koosom* Proc Amatcrdam 
Acad 29| 1868 (1926) The value quoted for liquid N| is detenniiiod from rofrartive 
data rather than from the static djoloctnc constant 

** Krchma and WilliunSg J Amer Ohem Soc 49, 2408 (1927), cf also Orutzmacher, 
Zetta /s Phynk, 28, 342 (1924). 

Cf for inatanoe, Sohutt, Zetto f Phys Chem 9, 340 , Hubbard, thtd 74,207(1010), 
also eipeoi^ly Hdjendahl, Dissertation (Copenhagen, 1928), p 27 
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tion should agree with (9) Hence, if a straight line is drawn tangent 
to the expenmental curve at the origin, its equation should be 
Kj.j = (1— /sKi+Za^s 

The intercept of the extrapolated tangent hne with the nght-hand axis 
/j = 0, /j = 1 gives the value of Hence, by determining the rate of 
change of the dielectric constant when small amounts of a polar material 
are dissolved m a non-polar solvent, one can find the molar polanzabdity 
of this material To determine the electric moment one must isolate 
the two terms of representing the mduced and dipole polarization 
This can be done in either of two ways either by measuring the tem- 
perature coefficient of the dielectric constant of the weak solution, or 
else by extrapolation of refractive data for the polar material, which, 
as explained in § 14, enables one to determine the mduced molar 
polarizability inLaJZ Hecause aggregation effects are not important 
at optical wave-lengths, the refractive measurements need not be made 
m solution, but instead can be made on the pure polar hquid or, better 
still, on its vapour 

In some cases it may happen that no refractive data are available for the mate- 
rial 111 question In such cases the oontnbutiiin ivNot of the induced polunration 
IB sometimes determined by one of the two followmg approximate methods 
( I ) calculation of the refraction of the material from that of its constituent atoms 
or radicals by the additivity method, highly elaborated to allow for tbe different 
kmds of (heraical bonds (sec § 21) , oi (2) assumption that the dielectric constant 
Cmihi m the solid state, if available, is tlie some as The theoretical work of 
Debye’“ and the experiments of Errera ond Wiiitach” show that in a truly 
static field is muc li larger than n J, unlesH the temporatiiro is iiiui h lower than 
themolting-]Xiint In tbe ( ose of ii c, for instance, the diclecti ic constant is near the 
melting-point about tlio same os that of watei, or about 80, so that tho molar 
polarizability (c„,u i)Mlp{e„y^ \ 2) is alsiiit 18, whoroas (n*— 2) 4 

This difficulty tan, liowevei, be at least paitially overcome by moHsiiiing the 
dielectric constant of the solid well below tho freezing-point and at radio fro- 
quencies, which arc large compared to the ‘relaxation froquency ’ of the solid, and 
heinco too great to permit alinomont of the dipoles in tho solid Tlie dielectric 
constant of ice, for instance, is only 4 6 at —2° (3 when the wave-length is 8 kilo- 
metres The corresponding molar {xiloruabikty nevertheless still has an excessively 
high value 10, os — 2” C is too noar the mcltmg-point to freeze m the dijioles 
completely 

19. Numerical Values of the Electric Moments of Various 

Molecules. Comparison of the Different Methods 

The material thus far jiresented has revealed four methods, 1^^, 

Igop Ilgoj, for the quantitative determination of a molecule’s electnc 
moment These methods are 

This consists m measurement of the dielectnc constant of a gas 
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or vapour over a range of temperatures If the measurements of the 
dielectric constant at various temperatures, when reduced to a standard 
density, say that at 76 cm , , can be represented by a formula 


of the form 




( 11 ) 


then it follows immediately from the Langevm-Debye formula (1), 
Chap II, that the electnc moment is given by 

II„,u, In the second method the dielectnc constant need be measured 
at only one temperature The electnc moment is then deduced from 
companson with extrapolated refractive data, through the aid of Eq (3). 
This method is precise only if the ‘atomic polarization’ due to the infra- 
red bands is neghgible, or in the rare event that dispersion measure- 
ments are available which mclude the effect of these infra-red vibrations, 

Igoi, Ilgoi The third and fourth methods are similar to the methods 
I^, Iljg, except that the measurements are made m the fashion ex- 
plained in § 18 on dilute solutions of the matenal in a non-polar solvent 
instead of m the pure gaseous or vapour state 

All these methods were ongmally suggested and stimulated by Debye 
The method 1^,, has recently been used extensively by Zahn,** 
Sanger,**' ^’■**’*’ Stuart,*®-**'** Braunmuhl,*® and others Method 11^,^ 
has been most comprehensively applied by HOjendahl,** using measure- 
ments of dielectric constants of various gases made by Pohrt in 1913 ** 
In the table we have tried to supplement Hojendahl’s calculations by 
aiiplying the method to some of the more recent detemunations of 
dielectric constants Method I^ has been employed by Miss Lange** 

" C T Zalui, Phya Rev 24, 400 (1924) (HCl, HBr, HI, H,. 0,), 27, 456 (1920) 
(CO., NH„ SO,, N,), Zalm and Milce, tind , 32, 407 (1028) (CO, COS, CS„ H,S), Zahn, 
ibtd 35f 1047 (acetic acid). 35* 846 (1930) (rovision for CSg) 

« K Sanger, Fhys ZeUa 27, 666 (1926) 

B S6nger and O Steiger, Selv Fhys Acta 1, 369 (1928), 2, 136 (1926) 

B Sanger, Dtpolmoment and chemvtche Struktur (Loipeiger Vortrago, 1929), p 1 

" R S&nger, Fhys Zetts 31, 306 (1030) 

*» H A Stuart, ZeiU f Pltynk, 47, 467 (1928) 

H Aa Stiaurt, Zetts f Pkystk, 51,490(1928) 

H A Stuart, ZeUs 31,80(1630) Thie article quotes unpubliahod measuro- 
monts by Fuchs 

" H V Braunmuhl, Fhys Zexts 28, 141 (1927) 

^ K Hbjendahl, Studtes of Dipole-Moment, Copenhagen, 1929 , brief summanes in 
Fhys Zetts 30, 391 (1929) , Nature, 117, 892 (1926). 

« G Pohrt, Ann der Physik, 42, 669 (1913). 

** L Zsange, Z&Ua f Physik, 33, 169 (1926) Most of Miss Lange’s detemunations 
are really a hybrid of zneUiods I and II 
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and especially by Smyth*’ and associates, while II„| has been utilized 
for a very large number of substances by W illia ms “• •* and co-workers 
It IS not the purpose of the present volume to discuss the technique 
of experimental methods, but we may nevertheless mention that prac- 
tically all the recent observations of dielectric constants are made by 
a ‘heterodyne’ method, in which the periods of two osciUatmg circuits 
are adjusted to be virtually identical One circuit contains only known 
resistances, inductances, and capacities, while one unit in the other 
circuit 18 a condenser contaamng the gas or solution whose dielectric 
constant is desired The beat phenomenon enables one to determme 
when the periods of the two circuits approach equality. The penod of 
tile first circuit can be calculated from its knowm constants, while con- 
versely from the thus deti-rrriined period, the hitherto unknown capacity 
of the condenser m the second circuit, and hence the desired dielectnc 
constant, may lie found The use of the vacuum tube is the cornerstone 
to the successful apphcation of the heterodyne method Most measure- 
ments of dielectric constants, and especially their temperature varia- 
tions, made prior to 1920, before perfection of the techmque of the 
vacuum-tube circuits, are not as a rule very rehable.*’ Hence in our 
table we have not included the results of Badeker,“ Jona,“ and others, 
although the importance of their pioneer work must not be overlooked 
Pohrt’s“ measurements of the dielectnc constants of gases at mainly 
one temjieratuTc are possibly somewhat more accurate than usual for 
early work, although the resulting moments are very often somewhat 
high, jiurhaps because method II neglects the ‘atomic polanzation’ 

The four methods desenbed above are at present the most dependable 
ways of detcrmimng quantitatively the dipole moments of molecules 

” C 1' Smyth and S O Morgan, J Amer Chem Soc 49, 1030, SO, 1647 (1928), 
C F Sniytli and W N StoopH, ib%d 50, 1883, C P Smyth, S O Morgan and J C 
Doyco, ^h^d 50, 1530 (1928) 

J W WilliumB and Kiclmiu, J Amer Chem Soc 49 , 1670, 3408 (1927), l^fiys 
Zeits 29 , 204 (1928), Williams and Allgeior, J Amer Chem Soc 49 , 2416 (1927), 
Williams and Ogg, ^btd 50, 94 (1028), Wilbama and Suhwmgol, tbid 50, 362 (1028), 
summary and references to the uppropnato individual papers for each muEturo in Phys 
Zetta 29 , 174, 683 (1928), or tho following reforonco^* 

J W Williams, MoUhulart Dipolmon^rUe und litre Bedeutung fUr die chemisciie 
Porechung This is Band 20, Heft 5 of the series FortadinUe der Chemie, Phyatk, und 
phyaikaliachen Ohemte 

C H Schwmgel and J W Williams, P/tys Eev 35,855(1930) 

B'or a description of typical experimental arrangements, see, for instance, Wilhams, 
Ig or Estermonn's and Sack’s articlfM in Ergebniaae dar exakten Ntdurwiaaenschaften, 
VIII 

K B&dokor, ZeUa f Pfiya Chem 36, 305 (1901) 

** M Jona, Phya Zeita 20, 14 (1010) 
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It must not, however, be inferred that there axe not other expenments 
which should m principle xiermit the numerical defemunation of these 
moments. We have already mentioned on pp 47-8 that the electric 
moment con be directly calculated from absorption coefficients for the 
pure rotation spectra m the far infra-red if these coefficients can be 
measured with quantitative precision, but there is apparently some 
enormous unknown systematic error which has as yet prevented this 
Baman and Knahnan** *** have met with some success m deducing dipole 
moments from a combination of data on the Kerr effect and on the 
depolarization of hght, but the complete theory of these effects is 
extremely compheated (cf § 83), and it is hard to say whether the 
moment can accurately be deduced from the experimental measure- 
ments m as simple a manner as imphed by their formulae, although the 
latter are doubtless approximately correct In some cases the electric 
moments have been deduced from the amount of eleotrostnction “ 
Determinations of eleotrostnction axe, in fact, merely one way of 
measuring the dielectric constant Saturation effects have been used 
to calculate the dipole moment (see § 22), but they axe fax too small to 
measure with precision, and furthermore they yield the moment only 
if one assumes that the mduced polanzation is a stnctly hnear function 
of field strength so that saturation is evidenced only m the onentation 
term Attempts “ have been made to calculate the molecular moments 
from the potential differences at mterfaces between two matenals, on 
the assumption that this difference is due entirely to a surface-layer of 
dipoles The results thus obtained are not quantitatively reliable, and 
this IS not Buiqinsing, as the molecules may not be 100 per cent onented 
as assumed in the simple theory, and especially there may well be at 
the interfaces a tremendous amount of molecular distortion and induced 
polanzation Accurate measurement and analysis of the Stark effect 
or, what is more oi less equivalent, of the electrical Stem-Gerlach 
effect, should m principle permit the calculation of the electric moment 
provided one can resolve the contributions of the mduced and per- 

** Kaman and Kriahnaii* Ph%l Mag 3, 713 (1927) They doduco the momenlB 
1 04 X 10*'^* and 1 66 x 10‘^" for HCl ond CHjd respectively Keferoiice to the table allows 
that the agreemont with values obtained by the standard methods is much better for 
HCl than for 0H,a 

O E Frivold» Phya ZeUa 22, 603 (1821), O E Frivold and O Haasel, t&td 
24, 82 (1023), Kliefoth, Zeits f Phynk, 39, 402 (1926) Kliefoth finds no electric 
moment for Oj and N,, and the values 1 7 x lO"^* and 0 20 x 10-‘* for SO* and CO, 
respectively 

** Ridoal, Sur/cKe Chemtatry, pp 236-7, Cambridge University Press, 1 026 

Frumkin and Willuims, Nai Acad, 16 , 400 (1920) 
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manent polanzations ** The Bom-Lertes rotation effect has alao been 
used to calculate the electric moment, but the results have not been 
particularly successful “ 

It would clearly be an unnecessary duphcation to tabulate all the 
molecular electric moments which have been determined by any of the 
four mam methods, as very complete tables, up to date at the time of 
this writing, have been given by Debye m the German edition of his 
Polar Molecules with a subsequent supplement pubhshed in 1930,^" by 
HOjendahl m his dissertation, by Williams m his monograph Dtpol- 
momente und ihre Bedeutung fur d%e chemwche Forschung,^* and by 
Estermann and by Sack m Band VIII of Ergebnisse der exakten Natur- 
unssenschaften (1929) In the accompanymg table we have attempted 
to mclude only the common inoi^anic molecules which have been 
measured and a selected group of oigamc ones In makmg the selection 
for the latter we have aimed to hst the molecules whose moments have 
been determined by the greatest number of different observers, and 
especially by as many of the four methods as possible It is hoped that 
our placing in juxtaposition the results of the various methods in a 
single table rather than m separate ones wdl enable the reader to 
estimate more quickly the accuracy and consistency of the different 
types of observations Attempts have sometimes been mode to give 
the moments to one more significant figure than given m the table, but 
the light of experience, especially as revealed m the continual incon- 
sistencies between the different observations, seems to show that very 
often the exjienmenters underestimate their errors, and a determination 
of the moment to within 5 per cent must be regarded as qmte satis- 
factory We have appended question-marks to some of the values which 

** For further discuHSion of the Stork oSeot in relation to molecular structure see the 
end of § 37 The attempt of K J Clark {Proc Roy Soc 124a, 689 (1920)) to deduce 
electric moments quantitatively from his measurements on the electric 8tem*Gerlach 
effect appears erroneous to the writer, as hoasRumos the dipoles are aimed either parallel 
or antiparallol with respect to the field Actually the theory of tho Stark effect for non- 
monatornic iiioleculos shows that af any ordinary field strength the orienting effect of 
the field IS very small because of tho molecular rotation, this is evidenced by tho fact 
that (71), Chap VI hnsj m tho dononunator 

** P Lertos, Ztiis f Phytnkf 6, 50 (1921) 

Tho very complete table of moments prepared by Sanger for tho German translation 
(Polare Molekdn, pp 1 9 1-8) was unfortunately not ready for the ongmal Kn^ish edition 
The two ‘Nochtrags* to the table ore sold separately A full table of moments him just 
appeared in Smyth’s new book, D*eleclnc Constant and Molecular Structure 

Besides those roforoncos we may nusntion that recent measurements on the dipole 
moments of certain organic molecules and interesting discussions of the relation of 
dipole moment to chemical and physical properties are given by various writers m 
DhpolnMment und ohemiache Struktur (Leipziger Vortrftge, 1929) 
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seem particularly doubtful, and asterisks to values which are probably 
zero within the experimental error The various investigators differ 
considerably in their usage m giving exphcitly numencal moments 
which are virtually zero, and m some cases the observations which we 
have listed as exactly zero would yield moments about as large as those 
with asterisks if an attempt is made to calculate small moments hterally 
from their data In such instances the molecules are m all likelihood 
non-polar 

Let us turn now to some of the specifio items in the table The 
vanishing electric momenta reported for A, H,, N^, Oj are to be expected, 
smce monatomic molecules and diatomic molecules composed of two 
identical atoms are theoretically non-polar For this reason the fimte 
moments recorded for Br, and Ij are hard to beheve The moment 
0 40 X found by Miss Anderson for bromine is based on measure- 
ments in the pure liquid rather than gaseous state, and readings were 
taken only over the very hmitcd temperature interval 0°-30° For these 
reasons her results do not seem very eonclusive Even if the tem- 
perature variation of the susceptibility per molecule for Br^ is real, it 
need not imply an electric moment if the induced polarization changes 
with temperature Such a change is not allowed for m the usual 
simple theory, but m relatively unstable molecules such as the halogens 
it 18 not inconceivable that there be a change due to the centrifugal 
expansion with mcreasmg temperature, to say nothmg of the possibihty 
of a small amount of dissociation It is sigmficant that Muller and 
Sack find that the moment of the iodine molecule becomes zero when 
hexane is used as a solvent, so that the apparent non-vamshmg moment 
found with benzene as the solvent is doubtless due to some sort of 
spurious association effect The true moment of the Ij molecule is thus 
zero m all probabUity, and this is hence also presumably true of Fj, 
CI 2 , Br2 

Except for the figures given m bold-face, no attempt is made to 
include the atomic polarization m usmg the methods 11^^ and Ilgoj It 
IS seen that on the whole the figures m the second and fourth columns 
agree qmte well with those in the first and third, sometimes about as 
well as the different observations by the same method Thus the cal- 
culation of the electric polarization does not seem ordmarily to be very 

Anmo I Anderaon, Proc Lon Phya 8oc 40,62(1028) 

** The possibihty of temperature variations due to other causes than a permanent 
dipole moment is discussed at length by £# Ebert m iMpolmoment und chermaclte StruHur 
(Leipzigor Yortr&ge, 1929), although primarily for large, complicated molecules, 

H MuUer and H Back, Phya Zetta 31, 816 (1930) 

3S9B 8 tf 
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Eleotbio Moments of Some Refbesentative Molecules in e s.u. 

(All values to be mutttplted by 10 ~”) 


[SuperRcnpta give footnote referenoe to the observer] 


Jdoleeuie 

Method 

Method 

Method 

Method 

Solvent used tn 
^ eokdton methods 

Argon 

Qsa 




, 

Hydrogen (H|) 

0 “* 

0 ” 




Nitrogen (N^) 

o».« 

0 ” 


0 ” 

Pure Ng 

Oxygen (0,) 

o« 

1 


0 ” 

Pure Og 

Bromine (Brg) 


1 

1 0 40« 

1 0 !” 

Pure Brg 

lodme (Ig) 




I 2T“ 

Benzene 




1 0 ?” 






0 ” 

Hexane 

Hydrochloric arid (HCl) 

1 03“ 

106” 




Hydrobromio acid (HBr) 

0 79“ 

0 80’* 



Hydriodic acid (HI) 

0 38“ 

0 41 ” 




Carbon monojudo (CO) 

0 12 “ 

0 14" 






(0 12 ) 





0 12 ™ 



1 



0 10 “ 

0 13« 


f/o) 




(0 11 ) 

1 ‘ 

' L ' 1 


Carbon dioxide (COg) 

0 14?» 





0 06»“ 

0 J7”<0) 





OOO" 

0 18”(0) 




Nitrous oxide (N,0) 

0 "® 

0 13” 





0 «® 

1 0 17” 




Carbon disulphide (Cda) 

1 


0 (> 0 *“ 

Ben/ono 

tt 

0 «o 

0 28” 

' 0 08*“ 

Hexane 

Sulphur dioxide (SOg) 

1 01 “ 

i 1 83” 



Water (H,0) 

1 84“ 

i 1 81“ 

1 1 81»* 

Benzene 

Hydrogen sulphide (H<S) 

1 10 « 

0 92" 




0 93“ 

[ 0 94" 

1 

1 

Ammonia (NHg) 

1 48“ 

147™ 




1 44“ 

1 44” 

I 


Acetylene (CgHg) 

0 “ 


' ' 


Ethylene (CgHg) 






Ethane (CgHg) 

0 "* 





Methane (CHg) 

0 “ 

018« 




Methylchlorido (CHgCl) 

1 69“ t 

1 89*® 




„ 

I 86 “ 

1 90" 





1 89‘* 





Methylene chloride 

1 59“ 



1 66 " 

Benzene 

(CH.C1.) 






It 

1 61®’ 





C'hloroforin (CHClg) 

0 on “ 

1 1 ” 

1 


Hexane 


1 or»» 



1 10 “ 

Benzene 

„ 




1 16“ 

CCI 4 

Carbon tetrachloride (CCI 4 ) 

0 “ 



0 “ 

Benzene 

Tin iodide (Snig) 




0 “ 


Ethyl othor (CaH.).O 




1 22 “ 

Benzene 


I 14“ 

I 21” 

1 16 ” 

1 22 “’“ 



1 16“ 



I 24" 

CCl, 

>9 

1 12 " 
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McleaUe 

Method 

Method 

Method 

MeOtod 

Solvent ueed tn 
8cluti%onm^3u)da 

Methyl ether (CH,),0 

129“ 

133" 





1 32« 

137" 






1 23“ 




Propyl ether (CgH 7)|0 

0 86 “ 

1 24" 




Acetone (CH,COCH|) 

2 94“ 

2 88 “ 


2 70“ 

CCI 4 

»» 


2 97“ 


2 72“ 


Benzene (C«H«) 


0 331“ 


0 06“ 

CCl, 




0 “ 


l^nre benzono 





0 10 “ 

CS, 





0 08“ 

Hexane 

Fluorbenzono (CeH|F) 




1 39" 

Benzene 

>1 




145“ 

,, 

Chlorolienzene (CfH 5 Cl) 



1 52« 

1 56“ 

Hexane 





1 52“ 

C 8 , 





1 55“ 

Benzene 





1 56'» 






1 57’* 






1 61” 







Hexane 

Promobonzone (CcHaBi) 



1 56'** 

Bon/ono 



1 

151" 




1 

1 52" 


„ 

' ' 

1 49" 

ft 

loilobenzene (C«H«I) 



1 30“ 

if 





1 25" 

>> 

Nitrobonzono (CiH^NOg) 


1 


3 80“ 

Hexane 

,, 




3 89“ 

cs, 

,, 


1 


3 90“ 

Benzene 

,, 




3 84“ 

»» 

Hexane (O^Hii) 



0 10 " 





0 08“ 

CCl, 

„ 



0 ®? 


Puro Hexane 

Ethyl alcohol (C,H,OH) 

1 70'* 

1 72» 


1 74” 

Benzene 

„ 




1 63“ 

CCl* 

Methyl alcohol (CH^OH) 

, 168'* 

1 173" 


1 64” 

Bonzeno 





1 67" 

CCI 4 

n I'ropyl alcohol (CaH,(>H) 

1 66 “ 


1 

1 53” 

Benzene 

iso-Propyl alcohol 




1 76” 

Benzene 

iso-Amy] alcohol (C«H,,OH) 




1 85“ 

CCI 4 





1 02 ” 

Benzene 


Magdolona Forro, ZeU« f Phytnk, 47« 430 (1028) 

To show how exactly c and n|o agroo for O,, N|» and honco liow procisely method 
II(M shows that the^e gases must bo non-polar, wo can horo givo some of tho moasure- 
ineuts of n% and € For hydrogen the value of n>o yielded by various dispersion meosuro- 
monts, including tho infra-rod data of Koch, is 1 000273 , the corresponding values of the 
dielectric constant are 1 000273 (Tangl, Ann der Vhytnk, 23, 559, 26, 59 (1907-8), 
1 000263 (Fritts, Phya Rev 23, 345, 1924), 1 000250 (Braunmuhl),‘‘» 1 000265 (Zahn) » 
For nitrogen, tho value of ranges from 1 000580 to 1 000589 ac( ordmg to the 
observer, while Frittn finds e — 1 000565, and Zalm obtains e = 1 000581 For oxygon 
is very approximately 1 000530 (Lowery**), while e 1 000507 (Fritts), 1 000518 
(Zahn)** 

” That method gives zero moment for N^ and 0| just as well as method IlgM ^ 

F2 
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greatly impaired by the omission of the atomic polarization in method 
II, except when a high degree of accuracy is desired In particular m 
the halogen hydndes and ammonia, the good agreement between the 
two methods shows that m these molecules the atomic polarization must 
be small, as also indicated by absorption measurements (§ 15) In the 
case of propyl ether, on the other hand, the atomic polarization must 
be enormous if the observations m both columns are dependable, which 
18 doubtful In a few instances, the moments recorded by method II 
are actually smaller than those given by method I, and in such cases 
the discrepancy cannot be blamed on the atomic polarization More 
often, however, method II seems to ^ve shghtly larger moments than 
method I, thus furnishing evidence for a certain amount of real ‘atomic 

sliown by the fact that and (), liavo almost exactly the same molar polanzabilitios in 
the liquid and gaseous states See p 59 

Calculated by the writer from comparison of extrapolated dispersion data with the 
measurements of the dielectric constant made by the observer listed m the column 
directly to the loft in the same row Those c^dculated values are very often only approxi* 
mate The values of have usually been obtained from dispersion formulae given 
by C and M Cuthbortson (Proc Ecy Soc 83, 171 (1909) (SO|» UgS)» 97* 152 (CO, 
CO,. CH,). Phd Trans. Roy Soc 313, 1 (1914) (Br„ HCI, HBr. HI. N,0. NH,) As 
long as infra-rod resonance pouits are not mcluded. it would make httlo difference if 
we used the visible dispersion data of other observers (e g the more modem data for 
CHC1„ ethyl ether, methyl other, and acetone given by Iiowery**) as the discrepancy 
between the different refractive measurements is usually small compared to the error 
m the measuromonts of dielectric constants More refined calculations appear useless as 
long as the amount of atomic polarization is uncertain, hut the results which are tabulated 
suffice to show that in any cose this polarization cannot bo very largo (except perhaps in 
propyl ethor) 

Forro finils a value of s for CO smaller than nJo This must be experimental error, 
as it would yield an imaginary moment in method 11 Rinular remarks apply to the data 
of Ghosh, Mahanti, and Mukliorjoe**’ on CS, 

F N Ghosh, F C Mahanti, and B C Mukhorjoo, Zetts / Physxk, 58, 200 
(1929) 

Calculated from Zahn’s*® data by StuMt®* 

■* J W Williams, Phys Zeus 29, 204 (1928), but with the revisions we describe 
on p 69 

« H K Watson. Proc Roy Soc 117a, 43 (1027) 

** C F Smyth and C T Zahn, J Amer Chem Soc 47. 2501 (1925) 

8 C Sirrar, Ind J Phys 3, 197 (1928) 

*■ Calculated from Pohrt’s data** by H6]endahl** 

*’ P G Mahanti and R H Das Gupta, J Ind Chem Soc 6, 411 (1020) 

** J Rolmski, Phys ZeUs 39, O'iS (1928) 

** O Hassol and E Koeshagen, Ztits f Phys Chem 4b, 217 (1029) 

L Meyer, ZeUsf Phys C/icm 8b, 27 (1930) 

A Farts, Zetts f Phys Chem 4b, 227 (1929) 

•• P Walden and O Werner, Zetts f Phys Chem 3, 10 (1029) 

** Bergmaiin, Engel, and Sandor, Zetts / Phys Chem 10b, 106 (1030) 

** L Ebert and H Hartel, Naturwissenschaften, 15, 669 (1927) 

** J B. Miles, Phys Reo 34, 064 (1929) 

** J D Stranathan, Phys Ren 31, 653 (1928) 
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polarization’. Especially convincmg evidence is furnished by the figures 
in bold-face type, which are calculated with the dispersion data of 
Koch,'* Statescu,** and Fuchs,** and thus, unlike the other values by 
method 11, include the effect of the infra-red vibrations Their data have 
been fully discussed in § 16, and modify the results with method U 
sufficiently to remove all the discrepancy with method I in the case of 
CO and CO, 

It IS noteworthy that when different solvents have been tried m the 
solution methods, the values of the electnc moment are, as shown m 
the table, virtually independent of the type of solvent which is em- 
ployed This gives assurance that the moments obtamed by using solu- 
tions have a real physical significance When the same material has 
been measured both m the gaseous state and m solution, the moments 
obtamed are seen to be the same withm an experimental error no greater 
than the discrepancies among the different measurements for one kmd 
of state There is thus httle evidence that molecules have a different 
‘effective moment’ in solutions than m the gaseous state, a suggestion 
which has sometimes been made If it were necessary to assume such 
an ‘effective moment’ , its value would presumably depend on the nature 
of the solvent, whereas actually the moments found for a given molecule 
are seen from the table to be virtually mdcpendent of the solvent, 
except perhaps m the case of I, mentioned above The variations with 
the type of solvent are remarkably small, and clearly less than the 
experimental error The determination of the moment of the water 
molecule by the solution method requires special mention It is hard 
to achieve with precision, as an exact knowledge of the rather low 
solubility of water in benzene is necessary. Wilhams formerly used the 
value of the solubihty given by Hill, Jr , which was in substantial 
agreement with earher work by Groschuff and by Richards, Carver, 
and Schumb ** He thereby origmally reported an electric moment 
1 7 X 10“*® e s u for the water molecule ®® However, he informs the 
wnter that when new, as yet unpublished, solubility dctermmations 
made by Cohen and Weyhng at Utrecht and also by Rosenbaum at 
Wisconsin are utilized, he obtams the higher value 1 81 ±0 05 X 10“** 
The agreement of the latter with Sanger’s value 1 84 x 10“** measured 
m the vapour state is closer than one has any right to anticipate in 
view of experimental uncertamties, especially neglect of the atomic 
polarization m method II 

GroBchuff, Zetto / Elektrochem 17« 348 (1911), Richards, Carver and Schumb, 
J, Aftm Ohem Soo 41, 2019 (1919), Hill, Jr , tfrid 45, 1143 (1023). 



70 DIELECTBIC CONSTAIfTS, BEFBACTIOE, AND THE HI, J 20 

20. Dielectric Constants and Molecular Structure 

By revealing the electric moments of molecules, measurements of the 
dielectnc constants of chemical compounds often shed considerable light 
on the configurations m which the constituent atoms are grouped to 
form the molecule Of course, the value of the electnc moment alone 
does not enable one to determme tiiie exact dimensions and geometry 
of the molecule, but it does disclose whether or not the atoms are 
arranged in a symmetncal way The absence of an electnc moment, 
of course, means a high degree of symmetry The classic example of 
this IS the once much-mooted subject of the model for the CO, molecule 
Although early dielectnc work on CO, seemed to demand an electnc 
moment, the recent expenments of Zahn and especially Stuart, as 
well as use of method II with Fuchs’s'* dispersion formula explained 
in § IS, shows quite definitely that the CO, molecule has no electnc 
moment Hence this molecule must be colhnear, with the carbon atom 
at the centre and equidistant from the two oxygen atoms The tri- 
angular and the unsymmetneal colhnear models which have sometimes 
been proposed would clearly lead to an electnc moment A symmetncal 
colhnear model for CO, is also demanded by other evidence than that 
on dieloetncB This other evidence has been mcely sumraanzed by 
Wolf,** and mcludes (a) X-ray analysis of the structure of sohd CO,,** 

(b) the rotational specific heat of CO,, which has ** the value approxi- 
mately iJ rather than 3JJ/2 calones per mol, thus showing that there 
are only two momenta of inertia appreciably different from zero, 

(c) absence of a third intense resonance point in the infra-red dispersion 
(p 51), showing that one of the fundamental modes of vibration must 
be symmetrical 

As sulphur and oxygen are in the same column of the penodic table, 
one would expect the (’S, molecule to be symmetrical and collmear if 
this IS true of CO, Williams’s measurements ** on CS, in solution, also 
more recently those of Ghosh, Mahanti, and Muklierjee, of Zahn,** 
and of Schwingel and Wilhams*® on CS, m the vapour state, do indeed 
yield a zero moment for the CS, molecule In some of these papers **• *® 
determmations are also made for N,0, and here also tlie moment proves 
to be zero, so that the nitrous oxide molecule is collmear The per- 
ceptible, though small, momenta reported for CS, and N,0 respectively 
m earlier work of Zahn and Miles** and of Braunmuhl** doubtless arose 
through experimental error 

■* J doSmedtaudW H KBeBOia,Proc Amaterdam Aead 37,839(1924), H Uark,Z«<», 
/ EUktrochmae, 31, 623 (1926), H Mark and E. Fobland, Zata / Knat 61, 293 (1926) 
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The table shows that H,0 and 80, have quite large moments The 
polanty of water is also well known from other phenomena, such as 
association in the hquid state The models of the H,0 and SO, mole- 
cules must therefore be either triangular or unsymmetncal if coUmear 
The unsymmetncal coUmear model encounters serious d 3 niamical diffi- 
culties,*’ at least m the case of H,0, and the triangular model for this 
molecule is the generally accepted one 
Band-spectrum analysis,**® also perhaps chemical evidence,*®* reveals 
that the correct model for the ammonia molecule is a pyramidal one, 
with the N atom at the vertex, and the H atoms at the corners of the 
base Such a model would have a moment along the axis of the pyramid, 
m agreement with the polanty of 
NH, revealed by the observations on 
dielectric constants 
The sequence CH,, CHjCl, CHjCl,, 

CHCl,, CCI 4 IS one of the standard 
illustrations of the valuable informa- 
tion on molecular structure revealed 
by dielectno constants Fig 4 shows 
Sanger's observations of the dielectnc 
constants of these matenals as a 
function of temperature at constant 
density The horizontal character of the curves for CH, and CCl, 
shows clearly that these gases are non-polar The methane and carbon 
tetrachloride molecules are thus highly symmctncal The necessary 
symmetry can be secured by supposing that the four hydrogen or 
four chlonne atoms arc at the comers of a regular tetrahedron, with 
the carbon atom at the centre The valencies of the carbon atom thus 
have the tetrahedral geometry so dear to the orgamc chemists A pyra- 
midal model analogous to that for ammonia, which has sometimes been 
suggested *“®, is clearly out of the question, as it would be unsymmetncal 
A coplanar model with the carbon atom at the centre of a square would 

•• Soo Dobyo, Folar Molectdent p 03 ff 

O A StiucliLomb and E F Barker, PAyv Bev 33, 305 (1929), Barker, tbid 33, 
684, R M Badger and C W Cartwright, 33,692 (1929) 

A HantzBch and A Wemer, Ber d V Chem Gea 23, 11 (1690), cf A W 
Stewart, SiereocliemistTyf p 197 This Btoreochemical evidence does not perhaps uniquely 
demand a pyramidal model, but at least shows that all three mtrogen valencies cannot 
be in the same piano 

K WeiBsenberg, Phya Zeita 28, 829 (1927), Ber d D Chem Qea 59, 1526 
(1926), NeUurwxeeemchaften, 15, 662 (1927), also Ebert, NcU%tr%p%e9eneche^tent 15, 669 
(1927) and ref 104, Henri, CAem Bev 4 , 189(1927) 
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be non-polax as well as the tetrahedron, but is very unplausible from 
chemical and other groimds Also it would not explain the polarity 
of CH|C 1 ( if one makes the natural assumption that alternate comers 
are filled by Cl and H atoms respectively As one passes through the 
sequence CH„ CHgCl, CH,C1„ CHC1„ CCl. by replacing one H atom 
by one Cl at some comer of the tetrahedron, it is clear that with the 
tetrahedral model perfect symmetry is not secured except at the 
starting-pomt CH^ or except when all the H atoms have been replaced 
by Cl m CCI 4 This is m agreement with the finite electric moments 
found by Sanger for CH 3 CI, CHjClj, and CHClj 

It may be mentioned that whereas molecules of the type Ca^ are 
non-polar if a is an atom, polar molecules of the structure Ca^ are 
known when ot is a comphcated radical rather than a simple atom The 
molecules 

C(CH,0(0)CCH3)4, C(C00CH3)4, C(C00C3H3)4, C(0CH3)4, C(0C3H3)4 
are, for mstance, revealed by their dielectric constant data^“ to be polar, 
havmg respectively the momenta 1 9, 2 8, 3 0, 0 8, 1 1 X 10-** On the 
other hand, the moments of C(CH,Br) 4 , C(CH 2 C 1 ) 4 , C(CHjI) 4 , C(N 20)4 
axe found to be zero, showing that C 014 can sometimes be non-polar even 
when a is not an atom The existence of electric moments for any 
molecules of the type Ca 4 at first sight seems quite paradoxical m view 
of the non-polanty of methane A pyramidal model for polar molecules 
of this form has been suggested *°* as a solution of the paradox, but it 
seems highly improbable that the carbon valences can have a tetra- 
hedral geometry in some mstances and pyramidal in others A much 
more plausible solution, proposed by HOjendahl*®* and by Wilhams,*** 
IS that in molecules of the form Ca [4 the axis of electnc moment of a need 
not coincide with its axis of valency if a is a complicated radical Let 
us suppose that the angle between these two axes is 6, and that the 
axes of valency coincide with the axes of symmetry drawn from the 
centre of the carbon tetrahedron to its four vertices The dipole axes 
are then free to rotate around the axes of valency subject only to the 
constraint that the angle between each corresponding pair of axes have 

Band spectrum evidence has been claimed to disqualify the tetrahedral model of 
methaiio(V GuiUemuis ^nn derPAynAi.Sl, 173(1026)),butDoniiisonfin(labaiid8peotra 
consistent with the tetrahedral model {Aatrophys J 62, 84 (1926)3 also de Boer iuid 
van ArkoU Zeita f Phyaik^ 41, 27 (1927)) 

iM L Ebert, K Eisenschitz, and H v Hartel, Naturtnaserueha/ienf 15, 668 (1027), 
ZeUa f Pkys Ciiem 1b, 04 (1028) Cf also J W Williams, Phys Zetts 29, 686 (1928) 

K Hojendahl, Dissertation (Copenhagen, 1928), p 60 

J W Williams, Phya Znta 29, 271, 683 (1028), J Amer Chem Soc 50, 2360 
{l92S)tD%polmomenteundthr€Bed$%aung,p 46. 
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the given value 0 In other words, we have what is sometimes called 
a ‘pliable’ bond, which is a sort of socket m which the radical is free 
to turn The dipole axes tend to set themselves m the position of 
minim um total energy subject to this constramt, and it is altogether 
probable, especially m view of the mutual interaction between the 
various dipoles, that m such a position the four a dipole axes are not 
arranged with sufScient symmetry to mutually compensate one another, 
and hence to yield zero resultant moment for the complete molecule It 
IS interestmg to note that m all the polar molecules yet found of the 
type Ca 4 the radical a contains an oxygen atom, so perhaps the presence 
of the oxygen atom is responsible for the non-coincidence of the dipole 
and valency axes of a 

Instances in which polar radicals compensate each other very com- 
pletely and which are thus the exact reverse of the examples cited m 
the previous paragraph are furnished by the group of ketones, of the 
form a — CO — a' The following of these ketones, 

CH,— CO— CjHs, CHa— CO— CgH,, 

CH,— CO— C4H,, CHa— CO— C.Hia, 

CHa-C0-C,Hi„ CaHa-CO-C,Ha, 

CaH,-C0-C,H„ {CHa)a-CO-C(CHa)a, 

have been found by Wolf to have electric moments not differing by 
more than 2 or 3 per cent from that 2 71 x 10“*" of acetone 
(CHa-CO-CHa) 

The obvious inference is that the clcctnc moment is due entirely to the 
CO radical, and that the dipole moments of the other radicals com- 
pensate each other completely It may be noted, however, that here 
the CO radical has a very much larger moment 2 7 x 1U~*" e s u than 
that of a free CO atom (0 lxl0~**), so that the CO radical m the 
ketones presumably borrows or loans electrons to or from the attached 
radicals m order to have a different structure from the free CO atom 
According to Estermann,*®* benzophenol (CjHj — CO — CjHj) has an 
electric moment 2 5 x 10“**, about 10 per cent lower than Wolf’s values 
for the ketones The difference is perhaps due to distortion of the CO 
structure by the polarization forces from the radicals, or may be exjien- 
mental error, as Estermaim measured the pure liqmd All the alcohols 
have approximately (within 20 x>er cent ) the same moment, 1 6x 10“**, 
which IS probably due to the OH radical 

K. L Wolf, Zetto / Phya Chem 2b, 39 (1929). 
in j, Eitennann, Zetto / Phya, Chem. 1b, 134 (1928) 
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It is interesting to note that Sm3rth and Stoops find all nine isomers 
of heptane (C,H„) to be non-polar Enera^'^ has mvestigated the 
various isomers of acetylene dichlonde and finds that the cis and 
so-called asymmetrical forms have moments 1 89 and 1 18 x 10”“ re- 
spectively, while the trans form has no moment More recently Muller 
and Sack find 1 74 x 10-“ for the cis form This is in nice quahtative 


agreement with the structural formulae 


H H 

Cl H 

H Cl 

C _C, 

C — C, 

C — C 

Cl Cl 

Cl H 

Cl H 

(cis) 

(o^cymmctrical) 

(tram) 


which have been sometimes assumed by the organic chemists If one 
measures the dielectric constants of those isomers in the sohd state well 
below the melting-point and with a sufficiently high radio (heterodyne) 
frequency, the same polanzation is found with all three isomers ““ The 
reason is, of course, that under these conditions the relaxation time is 
too largo to permit the dipoles to orient themselves in the field, so that 
there remains only the mduced polarization which is mdciiendent, or 
very nearly so, of the symmetry of the atomic groupmg in the molecule 
The molecules obtained by substitutions m the benzene nng have had 
their geometry very thoroughly studied with the aid of dielectric con- 
stants, probably more than any other class of chemical compounds. 
The benzene molecule itself is non-polar, as one expects from the con- 
ventional cojilanar hexagonal model which the chemists have for the 
benzene ring ‘Mono-substituted’ benzene molecules, of the type-form 
CgHja, which are formed from the benzene molecule by substitution of 
an atom or radical a for one hydrogen atom are found to be invariably 
polar, as one might exjx-ct ‘Di-substitutcd’ molecules, of the form 
CjHgOg, are found to be polar if the two a’s are sulistitutcd in the ortho 
or meta configurations, but not if substituted in the para configuration 
ns long as a IS an atom or one of certain types of simple radicals 

>"• 0 V Smyth N anil W Stoops, J Amer Chrm Hoc 50, 1883 (1928) 

110 Foi structural diagrauiH and an account of the rather coznpbcat<od geometrical 
synunetnoB which iiiumt ho uasuiued to explain this non-polanty boo Debye, Fc^are 
Mcltkdnt pp CO-60 (not in Kngl od ) 

J Errera, Phya Zeiia 27, 704 (1926), also tlio discussion by Estermann in thpoU 
moment und chemiache Struktur (Leipziger Vortrfige, 1920), p 36 
lit J Errera, Polanaation D%iilectT%gue (Fans, 1928), p 106 

For brevity we do not give, oven m our table, the values of the electric moments 
of all the numerous benzene derivatives For these see vanous tables by other writers 
cited on p 64 , some new detennmations when the substituents are halides have boon 
made by Bergmann, Engel, and Sandor, ZtUa f Phya Chem 10b, 106 (1930) 
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The meaning of these various configurations is explamed by the fol- 
lowmg straotural diagrams 


a <x a 



a 

ortho meta para 


The results on the electric moments are exactly what one should expect, 
as the ortho and meta arrangements are unsymmetncal, while in the 
para arrangement the two a atoms are diametrically opposite and there 
is perfect symmetry On the other hand, the cbelectric constant data 
reveal that molecules of the para form can be polar if the a’s are 
certain complicated types of radicals Williams, m fact, finds that 
p-hydroquinonc diethyl ether and p-hydroquinone diacetate have 
electric moments 1 7 x 10“*® and 2 2x 10 ’® e s u respectively **® The 
ordinary structural formulae, viz 

HaCC(0)0<^ ^0(0)CCH3 

which are given to represent the para configurations of these molecules, 
would at first thought lead one to expect a zero moment, as the two 
sides of the substituted benzene rmg appear equal and opposite m 
character The solution of the paradox is probably similar to that of 
the polanty of certam molecules of the tyjie Ca,, viz that the axis 
of polanty of a radical need not necessanly coincide with its axis of 
valency Hence, in a polar molecule of the form p-CaH^aj, such as the 
two hydroqumone compounds mentioned above, the dipole axes of the 
radicals a need not necessanly fall m the plane of the benzene rmg 
Attempts have even been made to calculate from the observed moments 
the angles of mcbnation of the dipole axes to the lienzene rmg, and 
especially the angle between the dipole axes of the two hke radicals 
present in the polar para compounds, but as yet the only sure con- 
clusion IB that these two axes do not make an angle of 180° with each 
other, for otherwise there would be complete compensation of the 
moments and no polanty The fact that some other angle than 180° 
IS the most stable appears somewhat starthng from a dynamical stand- 
pomt, as dipoles tend to set themselves antiparallel Very hkely there 
IS no angle of static equilibnum, but mstead a continual mtemal pre- 

lu J W Williams, Phya ZeUa 29, 683 (1928), A Weissberger and J W Williams, 
ZeUa.f Phya Cham 33,367(1929). 
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cession or oscillation of the molecule which makes the angle between 
the two dipoles a penodic function of the tune 

The queBtion of tke existence of such internal precessions has been the subject 
of considerable discussion in the hterature The assumption of a chemical bond 
which IB merely a socket m which the radical can turn freely is usually termed 
the hypothesis of free rotation {Jrete Drehbarke%t) The most extensive examina- 
tion appears to have been made m the case of ethyloie dichlonde (CIH^C — CHgCl) 
As pomted out by WUliams'^^ and by Eucken and Meyer,^^* the obs^^ed moment 
IS mtermediate between the value zero, characteristic of the antiparallel almement, 
and the value calculated under the assumption of free rotation Hence it would 
api>ear that here the radicals ClHg are not entirely free to turn and exhibit a 
preference for the antiparalLel configuration, although also rotating (or perhaps 
vibrating) through other configurations Also X-ray and electron diffraction data'^ 
show that the molecule spends most of its time in certain particular configura- 
tions, perhaps favourmg antiparallel almem^t If the potential energy resist- 
ing the free tummg is comparable with ibT, the dielectric constant should no longer 
be a linear function of 1 jT This is shown by tlie general quantum-mechanical 
analysis of dielectric constants to be given m Chapter VII, in which the Debye 
formula is obtained only if the separation of energy levels is very small or very 
large compared to jbT An analogous discussion of the departures from Imeanty 
on the basis of classical mechamcs has been given by Meyer Until recently 
existmg experimental data^^* did not seem adequate to test whether the dielectric 
constant of ethylene dichlondo, and other molecules where partial rotations are 
suspected, are really accurate Imear functions of IJT Some curvature is ap- 
parently exhibited in the measurements of Meyer, but not in those of Ghosh, 
Mahanti, and Gupta Very recent measurements by Smyth and Walls'^* seem 
to show quite conclusively that there are pronounced departures from Imeanty 
m the case of ethylene dichlondo Sailer reports strict Imeanty, but perhaps 
this 18 because he did not use as low temperatures as Smyth 
Unlike ethylene dichlondo, acetylcsio dichlondo (HCIC -- CC1H) shows distmct 
isomers (cf diagrams, p 74), and this is direct expenmentul evidence that m the 
latter there is no appreciable internal rotation To explain this, it has commonly 
been suggested that a carbon double bond is much more rigid as zegards tummg 
than a smgle bond A theoretical basis for this rigidity has been given by HuckeP^** 
by meems of quantum mechanics 

Considerable work has been done on developing a quantitative 
‘vector’ theory of the electnc moments of the disubstituted benzenes 

J W Williams, Zetts f Phya Chem 138, 75 (1026) 

A Euckoii and L Meyor, FAj/a Zetta 30,307(1029) 

117 F Debye, Phya Ze%ta 31 , 142 (1030) (report of oxpenments by Bewilogua and 
Efaihardt, R Wierl, tbtd 31, 306 (1030) WiorFs data seen) to indicate two equilibrium 
positions, whereas the X-ray measurements apparently reveal only one S&nger’^* claims 
that none of these diffraction moasuremonts are really prociso enough to decide whether 
or not there is free rotation 

L M^er, Zetta f Phya Chem 8b, 27 (1030) 

11* Meyer, 2 c , Sanger, Phya Zeiia 32, 21 (1031), Smyth end Walls, J Amer Chem, 
8oc, 53 , 634 (1931), P N Ghosh, P C Mahwti, and Sen Gupta, Zetta / Phyatk, 54 , 
711 (1920) 

E. HOokel, Zetta f, Phyatk, 60 , 423 (1930) 
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Let US suppose that the eleotnc moment I due to the substitution of 
an atom or simple radical a m the benzene ring is directed from the 
centre of this nng to the position of the hydrogen atom replaced by a. 
An analogous assumption will be made about the moment I' due to 
substitution of another atom or simple radical ct' If, then, the two 
substituents at, a' be mserted simultaneously, thus forming a disub- 
stituted benzene, and if the dipole moments due to these two sub- 
stituents be supposed not to distort each other, then clearly the resultant 
moment of the molecule is, by the law of vector addition, 

^ = [P+r*+2ircoa<t,]i, (12) 

where 0, the angle between the two constituent dipoles, is respectively 
60°, 120°, and 180° for the ortho, meta, and para positions respectively 
Eq (12) was first proposed by J J Thomson 1923, but it remamed 
for other investigators to make a proper examination of the expen- 
mental validity of his suggestion (12), as unfortunately proper data 
were not available at the time of his paper The first adequate expen- 
mental tests were made by Errora^^ and by Smyth and Moigan,^‘^ 
while only slightly more recently a very great number of benzene com- 
pounds have been examined in the hght of (12) by Hfijendahl®* and 
by Williams “ and co-workers Some typical results for the dichloro- 
benzenes are shown m the following table 

o-CeHiCl, m-CgHjClg p-C.H.CIj 

2 25Xl0-« 148X10-” 0 (0 4x 10-”e s u ) 

p„.„(Eq 12) 2 65 1 53 0 

H^(S&H) 2 13 142 0 

The prefixes o-, m-, p-, of course, refer to the ortho, meta, and para 
states respectively The first row gives the experimental moments 
obtamed by Smyth and Morgan by the method Il„^, (see p 61), while 
the second row gives the values computed from Eq (12) As the two 
atoms which are substituted in the benzene ring are both chlorme 
atoms, I equals I' m Eq (12), and the moments given by (12) reduce 
to the simple expressions V3/, /, and 0 for the o-, m-, and p-states 
The value employed for / is I 53 x 10"”, which is a mean of expen- 
mental values found by Wilhams and others for monochlorobcnzene 
(see table, p 67) The agreement between the calculated and observed 
values, while by no means perfect, shows that (12) has at least approxi- 
mate vahdity for the compounds m question The agreement between 

J J Thomson, PM Mag 46, 513 (1923) 

J Errein, Oamptes Rendiu, 182, 1623 (1926), Phgs ZeUt 27, 764 (1626) 

Smyth and Morgan, J Amer Chem Soc 49, 1030 (1927) 
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the two sets of values would be perfect if the angle 0 m (12) were ttJren 
as 86° and 122° for the ortho and meta states instead of 60° and 120°. 
These alterations m angle are in the direction one would expect, as two 
dipoles tend to set themselves antiparallel, but do seem excessively large 
as regards the ortho state 

Apparently a more probable explanation of the departures of the 
angles from 60° and 120° is the induced polarization created by the 
forces between the different parts of the molecule In other words, the 
field from one part polarizes the remainder of the molecule This mutual 
induced polarization has been studied quantitatively by Smallwood and 
Herzfeld They endeavour to calculate quantitatively the resultmg 
correction to £q (12) in the case of halogen-substituted benzenes under 
the assumption that the angles are 60°, 120°, Ac They find that the 
agreement with experiment is usually considerably improved This is 
illustrated in the above table for dichlorobenzcne, where the values given 
in the last row are mclusive of Smallwood and Hcrzfeld’s correction for 
induced polarization These are seen to agree with experiment much 
better than those without this correction 

Numerous apphcations of (12) to other disubstituted benzenes could 
also be cited, notably those containing the NOj radical or other halogens 
than Cl 08 the substituents As an example of a benzene derivative 
containmg two unhke atoms we may consider HOjendahl’s observations 
and calculations** on the chloromtrobenzenes, viz 



o-CIC,H4NO, 

m-ClC,H,N02 

p-ClC,H,NO, 

H’oha 

4 25x10-*® 

3 38X10“** 

2 55 X 10“** c b u 

P'calo 

4 78 

3 26 

2 11 


3 78 

3 18 

2 36 


The values taken for 7 and 7' m (12) are the moments 1 64 and 
3 75 X 10“*® which HOjendahl found for monochlorobenzene and mtro- 
benzene respectively *** In the last line we have hsted the experimental 
values observed mdependently by Walden and Werner **• 

H M Smallwood and K F Herzfeld, J Amer Chem Soc 52, 2654 (1630) See 
also Bergmonn, Engel, and Bondar, I e** 

The calculated values would be subject to sbght revision if one used for I and I' the 
values of the moments of the CaHgCL and molooulos os determmed by other 

investigators than Hdjendahl These other dotormuiations are listed m the table on 
p 07 The newer measurements are presumably more accurate, but the rosultmg changes 
ore not large enough to throw much additional light on the validity of (1 2) For instancoi 
Sack, due to different oasumed /, gives 4 70, 3 30 and 2 25 x for the calculated 
values for the three isomors of chloromtrobonzene, and 3 61, 4 10 and 4 20 for those of 
nitrotbluene (ErgAntwe der exakten Noturunsscru^uifUn, viu 345 (1920) 
iM p 'balden and 0 Wemor, Zetts / I^hys Chem 2b, 10 (1020) 
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The case of mtrotoluene is paiticularly interesting, os it is necessary 
to suppose that here I and I' have opposite signs Hojendahl finds the 
moments 0 43xl0”i* and 3 76x10““ for toluene and mtrobenzene 
respectively, but these measurements fix only the absolute values and 
not the signs of the moments for the toluene and NOj radicals, and to 
obtam any kind of agreement with his observations for the mtrotoluenes 
it IS necessary to take / = +0 43 X 10““, /' = — 3 75 x 10““ (or else 
/=— 0 43x10““, i' = +3 73x 10““, as only relative signs are of 
interest) The agreement with experiment is then quite good, as shown 
by the following table The experimental values on the last Ime are 
those of WiUiams and Schwmgel “ 


o-CHaCgH^NO, m-CHsCgHgNOj p-CHgCgHgNOj 
3 64X10-“ — 4 31XlO-“esu 

3 56 3 98 4 18 

3 75 4 20 4 50 

By way of summary we may give a table taken from Wilbams of the 
atoms whose effect on the moment in benzene substitutions has been 
found capable of approximate calculation by means of (12), at least in 
some cases The table gives the values of the contributory moments 
I which according to Williams must be used for each of them For 
purposes of comparison the electnc moments which are obtained when 
these various atoms or radicals are substituted for a hydrogen atom in 
CHg and Hj arc also given when available 



NO, CC 

Oil 

Cl 

Br 

I 

^0 

OCH, 

^OH 

CH, 

NH, 

1 < 10" 

-39 -28 

-1 7 

1 n 

-15 

— I ( 

-12 -0 9 

104 

+ 15 

/iXl0"(Ha) 

3 1 

1 b 

1 8 

20 

10 

19 

0 8 

1 b 
0 4 



1 5 


Questions of sign have no significance in the last two Imes, as only one 
constituent dipole is mvolved in (IHja or Ha The agreement between 
the various lines in the tabic is surpnsmgly good, and shows that each 
substitution docs often have ajiproximately a characteristic dipole 
moment The deviations m the hydrogen hohdes are to be expected, 
as here merely an atom, iion-polar by itself, is substituted, and the 
moments m such cases must be due entirely to distortion of the clcc- 
tromc distributions 

The discussion in the preceding paragraphs has undoubtedly con- 
veyed an impression of excessive optimism regordmg the umversal 
approximate vahdity of Eq (12) The numerical examples which we 


J W Williams^ IhpolmometUQ und ihre Bcdeui%mg, Tables X and XI We have 
added tiie value of I for lodme given by Walden and Werner 
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have given are some of (he most &vourable ones, and in some oases 
(he agreement is very poor. For p-mtraniline (0^ — C*H 4 — NHj), for 
instance, use of (12) with the values of I, F given m the table yields 
1'5— (— 3 9) = 6 4 X 10-**, whereas the observed value®* is 7'1 X 10““, 
showmg that the mutual distortion between the two constituent radicals 
must be very great A much more flagrant example of the inadequacy 
of (12) IB furnished by the fact that the dipole moment of OH must be 
assumed to have different signs m different cases In both the cresols 
(CHj— C1,H4— OH)i“ and ohlorophenols*“ (Cl— CgH*— OH) the dipole 
moment is found to be distmctly greater in the para than m the meta 
or the ortho configuration Hence the OH radical must make contribu- 
tions of the opposite signs to those of CH, and of Cl. But reference to 
the table shows that CHj makes a positive contribution and Cl a 
negative one Hence OH behaves negatively in one case and positively 
in the other As regards the example we have given, the anomaly m 
sign might be blamed on CHj or on Cl, but companson with a number of 
other examples shows that it is in all probability to be attributed to OH. 
Fogelberg and Wilhams have recently found that similar anomahes 
also are unavoidable for NHj When such anomalies in sign arise, 
Eq (12) ceases to have much meamng It is probable that the escape 
from the dilemma is that the electnc moment of the OH radical does 
not fall in the plane of the benzene rmg This has already been men- 
tioned in connexion with the fimte moment found for certain hydro- 
qumonc compounds where (12) would demand zero A radical of this 
type Hojondahl in his dissertation calls an ‘inchned group’, m distmc- 
tion to the ‘positive’ and ‘negative’ groups to which (12) is applicable 
In the case of inclined groups, the geometric addition of the dipole 
moments of the various raihcals to obtain the resultant moment of the 
entire molecule must be made in three rather than two dimensions, and 
then the usual so-caUed ‘vector models’ of the polarity of the benzene 
substituents based on vector addition entirely m the plane of the 
benzene rmg of course lose all meamng In short, the approximate 
apphcabihty of (12) to benzene substituents is for a hmited class of 
compounds rather than a universal property, and doubtless this will be 
mcreasmgly revealed by the contmual extension of the experimental 
measurements to mclude more and more of these substituents 

Smyth and Morgan, .r Amer Chem Soc 49, 1036 (1927) (their calculations utilized 
earlier experimental nwoBoroments by Philip and Haynes, J Chem Soc 87,668(1906)), 
of also Williams and Fogelberg, J Amer Chem Soc 52, 1350 (1030) 

»" J W Williams, Phys Zeits 29, 683 (1928) 

Fogelberg and Williams, Phye Zeite 32, 27 (1031). 
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The data on the symmetrical trisubstituted benzenes are particularly 
interesting because of the light they shed on the structure of the benzene 
nng It 18 found that mesitylene,^ 1,3,5 tnethylbenzene,^^ and 1,3,5- 
tnbromobenzene,^ have zero moments within the experimental error 
As imphed by the suihxes 1,3,5, the substituent atoms or radicals 
replace every other hydrogen atom m the benzene nng If the benzene 
nng 16 really a nng, i e six atoms evenly spaced in a plane, no electncal 
moment should result for these compounds On the other hand, struc- 
tural formulae proposed by KOmer, Boeyer, and Ladenburg would 
require a three-dimensional instead of coplanar model, and would lead 
to a fimte elcctnc moment for all S3rmmetncal tnsubstituted benzenes, 
contrary to experiment In particular, the model m which alternate 
hydrogen atoms are in different planes, and m which the familiar 
hexagon is thus replaced by two triangles m parallel planes, must be 
rejected 

A study of the dielectric properties of the derivatives of diphenyl, 
which contains two benzene rings, has led to interesting information 
on the coupling between the two nngs, but this would take us even 
farther aheld uito organic chemistry 
A detailed knowledge of electronic motions and distributions would enable one 
to calculate directly by pure dynamics the moments of simple moleculoB and radi- 
cals, but so far the attornjits made m this direction have boon ratlier unsuccessful 
The reader should particularly guard agiiinst the idea that the inoinont of a 
molecule such os HCl is anything like whero e m the charge of un oloctron and 
Tg is the distance between the nuclei Tlio mom^t er^ m, jKiihajM, whnt one would 
nuivoly expect if ono used the picture which has soinetiinos been given of HCl 
as having u pioton at ono end and a iK^utivoly chaiged cliloiine ion at the 
other, so that the inoloculo would bo meiely H ' t'l The value of foi the HC’l 
molecule is 1 28 X JO * ctn ,■*** and honco er^ is b 1 1 > 10 o b u , whereas llir at timl 
moment ib only 1 03 a 10 The r<»son the actual moment is so small is that 

Tlio moments found are of the order 0 2x 10 or loss, wliuii may bn considered 
virtually roru Mym-trniitrobpnzoiic soeiiis to have a real cloctru moment of approxi 
matoly 0 8 x 10 e h u 

Korner, O'asz Chem Ilal 4, 444 (1874), Bcu>yer, Ann r/c r CAcmic, 245, 103(1888), 
Ladonburg, Her d D Chem Cen 2, 140 (1869) 

See J W Williams,^* also Williams and Weissborger, J Amer Chern Soc 50,2332 
(1928), Zeita f Phya Oiem 3b, 307 (1920), summary in Dobyo, Polare Molekeln 
(German od only), p 66 

194 From band spectra, Birge, IrUemaitonal Cntxtal Tableau v 414 
1 S 6 rp ZahiifPbya Hev 24,400(1924) It may biMioted that the moment 1 02 X 10 
e s u found experimentally by Zalm for HCl m abnost cxnt tly the product ^es^o = 1 X 10 
of the uitor-nucloar distance r, and the oiToctive charge 0 86 x 10 found by Bourgin 
from spectral intensities for the mfra I’d! vibration of HCl This has sometimes been 
quoted as proof that Bourgm's value of the effective charge is \ ery approximately correct, 
but there is no reason why the moment ft should be identical with eenTo As a matter of 
fact the two espresaions are not oven of comparable magnitude m CO if the effective 
8595 8 a 
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the hydrogen atom does not lose all its charge to the chlorine atom Another way 
of saying more or less the same thing is that a proton at distance r, from a ohlonne 
ion would attract some of the latter’s negative charge and thus polanze the ion 
greatly K T Compton and Debye'** have both examined whether penhance 
the actual moment is approximately er^—txE, where a is the polanzahihty of the 
chlorme ion as deduced from refractive data, and where E is the Coulomb fidd 
e/rf which the H nucleus would exert at the geometno centre of the O' ion. 
Actually the value of a is so large that the term cJS is greater than er,, and the 
molecule ‘over-polanzes’ itself, an obvious absurdity The absurdity has doubt- 
less arisen because the polarizability deduced from refractive measurements 
apphes only to fields which are sensibly constant over the dimensions of an atom 
or ion, whereas a proton so close to tte Cl- ion as r, = 1 28 X 10'* cm gives nee 
to a highly divergent Coulomb field which is much larger on the near than on the 
far side of the chlorine ion Turthermure, it is questionable whether it is a good 
approximation to consider HCl as derived from Cl" rather than H+Cl, for 

recent developments m the quantum mechanics seem to show that the valence 
in HCl IS perhaps more non-polar than polar in nature At any rate Compton’s 
and Debye’s calculations show that it is emmently reasonable that the actual 
moment be very much smaller than er, 

21. Optical Refractivltles and Molecular Structure 

We have seen that a certain degree of success has attended the calcula- 
tion of the moments of complicated molecules by the vectorial addition 
of the dipole moments of the constituent radicals or groups The optical 
refractmty of a cheimcal compound, or, what is essentially equi- 
valent, the ‘mduced’ part of its dielectnc constant, can be 

calculated on the whole more accurately and more generally than can 
the dipole moment from the properties of the constituent atoms or 
radicals. The greater simphcity in the synthesis of the induced rather 
than permanent polarization of a molecule is to be expected, as each 
atom is capable of induced polarization, whereas permanent moments 
arise only from compheated mteractions between atoms In other 
words, induced polanzation is to a considerable extent a purely atomic 
property If this is true, the index of refraction » of a chemical com- 
pound should be capable of calculation from the mdices rif of the 
constituents in the same way as for a mixture without chemical combina- 
tion, so that by considerations similar to those used m obtaining (9), 

where rji is the number of atoms or radicals of type % contamed in 

charge 4 x 10'^* » 0 deduced from infra red diepersion (see § 15) is correct, for then 
egflr, = 6 X 10'^*, whereas = 0 1 X Molecules with more than two atoms can have 

vibration spectra without having a permanent moment, so that in. them there is no im- 
mediate connexion between the moment and effective charge 

K T Compton, Science, 63, 63 (1926), P Debye, Polar MoUcidea, p 62 
Provided, as is erdmonly the case, the atomic polanzation is comparatively small. 
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a nudecide of the oomponnd, and where k and kf ore the so-called 
‘molar rofractivitieB’, 

~7»?+2* ‘~77nf+2' 

of the compound and of a typical constituent, which have densities and 
molecular weights p, M and p^, Mt respectively The scalar nature of 
the addition m (13) is to be contrasted with the vectorial addition of the 
dipole moments mvolved m an equation such as (12) The absence of 
vector properties simplifies the study of the refractivities of chemical 
compounds, but at the same tune makes it much less illuminating on 
molecular structure than the study of dipole moments 
The refractmties of various classes of molecules have been extensively 
analysed m the hght of (13), especially m the nmeteenth century. To 
quote from a book-review by C P Smyth ‘The polarization induced 
wittun the molecule, that is, the molecular refraction, was discussed so 
often a generation and more ago that it is now commonly regarded as 
an outworn subject and dismissed with a cursory treatment as a neces- 
sary prehminary to the discussion of the dipole polarization ’ As a 
typical illustration of the early work with (13), we shall consider some 
calculations made by Landolt m 1862-4 Like many other investi- 
gators in this field, he defined the molecular refractivity by means of 
the Gladstonc-Dale formula k' = (»— l)jlf/p instead of the Lorenz- 
Lorentz one (n*— l)Jlf/p(»®-t-2) If n — 1 is not too large, the 
difference between the two formulae is small except for a constant 
factor 2/3 which is of no mterest m connexion with study of an additivity 
rule such as (13). The senes expansion of (w*— l)/(ra*-t-2) m n— 1 is 
f[(»— 1)— J(n— 1)*-1- ] Thus to ihe first approximation the two 
formulae are the same except for the constant factor, while the dif- 
ference m the second approximation is small because of the factor 1/6 
Landolt found that by assummg the following values of k’ for the 
constituent atoms 

ko^SOO, *^, = 130. i;,= 3 00, (14) 

he could account nicely for the re&activities of certam compounds of 
these elements by using the additivity rule k' = ^ r/^k' This is shown 
m the following table 


OH 40 

0.H„O 

O.H.O, 

q.H.,0. 

CgHgOg 

CjoHgoOg 

CgHeO 

13 2 

30 0 

21 2 

61 6 

36 4 

82 0 

25 8 

13 2 

361 

21 1 

61 B 

36 2 

82 1 

26 1 


C P. Smyth, Phy». Bev 34, 166 (1829) 

»• LamloIt,Piw Ann 117, 363(1862), 132,645(1864), 123, 696(1864), alsoespeciolly 
123,62e(1664)aiidAnn.d4rC8etn 4Supp p.l Summjuyonp SSff.ofEiaeiilobr'abook 

02 
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In ordoT to avoid confusion we have added prunes to I; to designate that 
the Glsdstone-Dale rather than the Lorenz-Lorentz definition of the 
molar refractivity is used It is to be emphasized that an equation 
such as (13) will not account for the refractmties of all compounds 
contaimng C, H, 0 if the values (14) for the constituent refractivities 
are used Bruhl^^foundm ISSOthatthemdicesof refraction of certain 
other compounds of these elements could be approximately calculated 
by assummg that each double carbon bond contnbuted an amount K 
to the molecular refractivity. This makes k' = 2 where n is 

the number of double bonds. The calculated and observed values are 
then as follows 

C,H,0 CiH„0 C4H,0, C^H,, C^H, C,H„ C.H, C,H, C,H,0 C,H„0 
1) 1111223333 

k'^ 27 2 42 1 3S 0 38 2 38 6 46 1 42 8 60 3 53 2 68 2 

k'a. 27 1 42 2 36 1 38 3 38 7 46 0 42 2 60 1 63 2 68 8 

The compounds with three double bonds are of the so-called aromatic 
type The contnbutions of the various atoms are taken by Bruhl to 
have the followmg values shghtly different from (14) 

jfc;j=486, ii:i,= 129, l:i)=290, ^=20 (15) 

It must be mentioned that neither the atomic refractmties given in 
(14) or (15), nor the data m the tables, arc the most recent or 
highly refined values, but the later work discmmnates between many 
different types of bonds, and would take us too far afield into organic 
chemistry Oxygen, for instance, is attributed different refractive 
equivalents m different ty{)es of compounds The introduction of num- 
berless such comphcations makes one feel that the higlily developed 
elaborations and ramifications of (13) are to a certain extent numerical 
juggling Complicated additivity rules are, of course, extremely useful 
m enabling one to calculate in advance the approximate value of the 
refractivity of a chemical compound whose dispersion has not been 
measured, but do not seem to have any very elemental physical signi- 
ficance Also, it must be cautioned that such rules apply only to certain 
particular types of chemical compounds, especially the organic, and that 
their success is not at all universal The artificiality of the additivity 
teclmique is mcely shown by the fact that the atomic refractivity of 
approximately 1 3 which must be assumed for hydrogen m applymg 
the rules is not the same as either the actual refractivity 2-5 of the 

U" Bruhl, Ann der Chemte, 200, 138 (1880) 

For s very comprohensive survey of additivity rules and tbs refractmties of organic 
ehenucal compounds see F Eisenlohr, ‘Spektrochomie orgamscher Verbmdimgen’ 
(OAsime tn Ettuddamellungen, Bond in) 
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hydrogen atom, oaloulated by quantum mechamos, or half the refrao- 
tivity 3 1 of the hydrogen molecule 
The reader should not confuse the atomic refractmties which enter 
in the apphcation of additivity rules to organic compounds with the 
‘ionic refractivities’ which enter m similar apphcations to sohd salts 
and lomc solutions The ionic refractmties have much more physical 
sigmficanoe, as they are presumably identical with those of free ionized 
atoms, whereas we have seen, especially m the case of hydrogen, that 
there is no necessary immediate connexion between the atomic refrac- 
tivities utihzed m the organic compounds and the true refractmties of 
free atoms In order to permit use of the results of quantum theory, 
estimates and discussion of lomc refractmties wiU be deferred until § 52 

22. Saturation Effects in Electric Polarization 

Throughout the chapter we have supposed the field sufiiciently small 
so that the moment is proportional to field strength This is a condition 
usually fulfilled except in exceedmgly strong fields If denote the 
effective local field to which the molecule is subjected, nn accurate 
representation of the polarization as a function of field strength will 
involve a power senes of the form 

-P = -^PK = -^[«oei«,+“ie?oo+ ] ( 16 ) 

The ordinary approximation is obtained by retaining only the first term 
Eq (16) involves exclusively odd powers of e^^ since in an isotropic 
medium the polanzation changes sign with the field strength If only 
the polanzation due to onentation of the permanent dipoles needed to 
be considered, the values of the coefficients Og, a,, m the development 
(10) could be obtained by expandmg the Langevin function defined 
in (4), Chap IT, os a power senes m the ratio *** a: = Actually 

there arc also terms resulting from the induced polarization, and 

Those molar refractivies 2 6, 3 I axo the values of (n— ] )Af //> rorrraponding to the 
tlieorotical dielortric constant 1 000225 for atomic hydrogen (sec § 48) and tho measured'^* 
dielectric constant 1 000273 of H| Tho first resonance Imes of both H and H| are so 
far in the ultra violet that the refroctiv itios in tho optical region differ very little from 
those for mdiiite wave>Ieiigths 

Even an expression such as (16) seems to the writer to in\oive some error, as the 
moan value of tho tube of tho effertivo hold to which the atom is subjeited is not 
necessarily the rube of the mean effective field, &c Tii othor words, a difToront expression 
for cioo may be necessary for each power m the development However, tho error from 
this source is negligible, as all the terms but the first m the development (16) are extremely 
small, and so a small correction to them is insignificant 

In Eq (4), Chap II, x was defined as the ratio (tE/kT instead of fiCioe/kT bocause 
we did not there bother to distinguish between the local and macroscopic fields The 
diBtmotion is, however, vital m ooniidermg saturation effects. 
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especially its interaction -with the orientation effects. Even in the 
strongest field obtainable experimentally, it is sufficient to include only 
the first two terms of (16) The first term Og is, of course, the expression 
a+ii*/SkT which we have encountered so often, while further calcula- 
tion, which we omit, shows that the dependence of the second term on 
the temjieratuie is of the form 

«l = ?0+j^+-(.fyj-4gpyS (17) 

The constants q^, q-^, q^ are expressible m terms of the dynamical charac- 
tenstics of the model (i e matrix amplitudes m quantum mechamcs), 
but are too complicated to be given here The values of q^, q^, q^ were 
first calculated by Debye m classical theory, using the conventional 
model (§ 12) of harmomc oscillators mounted on a rigid rotating frame- 
work Becently Niessen,'** using the quantum mechamcs, has given 
general formulae for these j^-coefficients without the necessity of making 
any special assumptions concemmg the nature of the clectromc motions 
It may be remarked that the coefficient jg vamshes, m either quantum 
or classical theory, if one makes the unreal supposition that the elec- 
tromc motions can be represented by simple harmonic oscillators, and 
so 9 g appears in Niesscn’s calculations but not m Debye’s If these 
oscillators be supposed isotropic as well as simple harmomc, the coeffi- 
cients qi and q^ also vanish In an actual molecule all the q’s are 
different from zero if it is polar, while only the terms q^, q^ remam if 
it IB non-polar The reason for this is that 9 g and part of are due 
entirely to the induced polarization, while the remainder of and all 
of gg arise from the interaction between the induced and permanent 
polarity, provided there is any of the latter It is clear that the tendency 
of the pennanent dipoles towards almement parallel to the field destroys 
the random orientation, and so changes the induced polanzabihty if the 
molecule is optically amsotropic Because even the mduced moment 
tends to ahiie itself in the field, the term gj does not vamsh even m 
a non-polar molecule The ‘interaction terms’ q^, q^ ore closely related 
to the Kerr effect, as the latter effect is the alteration in optical 
refractmty due primarily to orientation in a static electric field The 
final term m (17) is due exclusively to the permanent 

moment, and is the same as obtained by senes expansion of the Langevin 
function 

In order to measure the effect of electncal saturation, it is usual to 

us p Debye, Bandbueh der Radudogte, vol vi, p 764 

U< K F Nieaaen, Phyt Rev 34, 263 (1926) 
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measure the change in the moment P or in the dielectric displacement 
D = E+imP when an already large field E is changed to E+dE with- 
out altering its direction It is therefore convement and customary to 
define the dielectric constant in a strong field as the slope dDjdE ot 
the D-E curve rather than as the ratio DIE of its ordinate and abscissa 
If we assume that the local field has the Clausius-Mossotti value 


j&-{-4ffP/3, then 


dE 




( 18 ) 


where cq is the ordmary dielectric constant for small field mtensities, 
i e the value of dDjdE at the ongm E=0 To obtam (18) we sub- 
stitute eioo= m the first nght-hand term of (16), and the 

approximate value = E{tQ+2)/Z in the second term, we then solve 
the resulting equation for P and calculate d[E-{-4^P)/dE, noting that 
3(^0— l)/(«o+2) = 

The effect of the correction or ‘saturation’ term m (18) which is pro- 
portional to IS very hard to measure, as it is exceedmgly small, and 
appreciable only m such strong fields that it is difiicult to ehminate 
error due to the effect of electrostriction on the size of the apparatus 
As a numencal illustration let us, followmg Debye,**’ consider the case 
of ethyl ether, here tj = 4 30, 2V = 6 83 X 10**, /i = 1-14 x 10~**, and (18) 
reduces at T = 293 to dD/dE = 4 30—0 25xlO-*E^ provided we 
neglect all but the last term of (17) In this formula the field strength 
must be expressed in electrostatic units, and hence in a field of 10,000 
volts/cm =33 e 8 u the correction term is only of the order 10~* as 
large as the mam term 4 30 The reality of the saturation effect appears 
to have been first demonstrated by Herweg *** He even attempted to 
evaluate the constant in (18) from the amount of saturation observed 
experimentally, and hence determme the electric moment p, assummg 
that the last term m (17) is predominant He thus obtained a moment 
1 20 X 10“** e s u for ethyl ether, m exceedmgly good agreement with 
the value 1 14x 10"** obtained by other, more standard, methods (see 
table, p 66) It is hard to believe that this agreement is anything but 
accidental, for the derivation of moments from the amount of saturation 
18 very difiicult, not merely because the small saturation effects are very 
hard to measure with precision, but also because the first three terms 
of (17) are m reahty not negbgible, and further it is necessary to work 

P Dehyet Pokir Molecules^ p 111 

^*8 J Herweg, Zeita f Phynk, 3, 36 (1620), J Herwog and W Fotzsoh, tind 8, 1 
( 1022) , An earlier attempt at measuring the saturation effect was made by 8 Ratnowsky, 
Verh d. D. Phya. Qea. 15, 497 (1013) 
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Trith pure bquids, where the Clausius-Mossotti expression for the local 
field IS probably a poor approximation Hence it appears undue optim- 
ism to expect quantitative rather than quahtative results from existing 
saturation experiments The saturation effect has recently been 
measured for a number of materials by Kautsch,*" and by Gunder- 
mann Kautsoh finds that for ethyl ether, chloroform, and mono- 
chlorobenzene, all polar molecules, the saturation term in (18) proves 
to be negative In hexane and benzene, Kautsch and Gundermann 
respectively find this term too small to detect, and m carbon disulphide, 
which, like hexane, is non-polar, Kautsch finds it has a small positive 
value This is m nice agreement with theory, as m highly polar mole- 
cules, the last term in (17), which is invariably negative, probably 
predominates, while m non-polar molecules only the first two terms of 
(17) remain, and these terms are probably small and usually positive 
It has commonly been supposed that an elegant indirect way of 
observing saturation is furmshed by the lowering of the dielectric con- 
stant of a hquid when a rcaddy ionized salt is dissolved therein Such 
a lowermg is attributed by Debye and Sack'^^ to the saturation of the 
molecules of the liquid by the intense fields ansing from the dissolved 
ions Clearly the effective susceptibihty is not that ajipropnate to the 
apphed field alone, but rather the much lower susceptibility appropriate 
to the resultant field obtained by compounding vectonally the apphed 
field and the much larger ionic field However, the cxpenmental results 
have never been very consistent The most recent experimental work, 
that by Wien,'®* seems to show that the dissolved ions raise rather than 
lower the dielectric constant This, if true, is contrary to the earlier 
results of Sack, who found a lowering proportional to the 3/2 power of 
the valence of the dissolved salt, m accord with his saturation theory 
If the results of Wien are accepted, the saturation effect is presumably 
BtiU present, but masked by an increase of the susceptibihty due to 
some other cause 

i4t p KaiitzBch, Zcits 29 , 1(^5 (1928), mrAHuremonti) on water, glycerine, and 

ethyl ether have been made hy Y MaliKh, Ann der Phy/nK, 84 , 841 (1927) 

H Guiidoimann, Ann der Physik, 6, 045 (1930) 

151 p j^ebyo, Polar Moleculee^ Ciiap VI (includes roforonces to other literature) , 
H Sack. Phya Zata 27 , 206 (1 920), 28 , 169 (1927) 

Unpublished work of Max Wicn, communicated to the author by Ihrofossor 
Fttlkenlx^en 
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THE CLASSICAL THEORY OF MAGNETIC 
SUSCEPTIBILITIES 

23. Conventional Derivation of the Langevln Formulae for Para- 
and Diamagnetism 

In Chapter II it was seen that if the molecule has a permanent electrical 
moment of magmtude fi, and if further the molecule is supposed rigid 
and hence moapable of induced polarization, the electric susceptibihty 
is given by the expression 2 

Let us now suppose that the molecule has a magnetic instead of electric 
moment, or, m other words, is a tmy permanent magnet These mole- 
cular magnets will tend to aline themselves parallel to an apphed 
magnetic field H, but are resisted by the ‘temperature agitation’ men- 
tioned m § 10 By applying exactly the same physical reasomng and 
mathematical calculations as in Chapter II, except that the polariration 
18 magnetic rather than electric, one concludes that the magnetic 
susceptibility is also given by an expression of the form (1), which 
is the Langevm formula for jiaramagnetism According to Eq (1) 
the paramagnetic susceptibility should be inversely proportional to the 
temperature, provided the density is kept constant This relation is 
known as Curie's law, as it was discovered experimentally and enun- 
ciated by Cune ^ before it was obtained theoretically by Langevm * Of 
course this law is not without numerous exceptions and refinements, 
which unfortunately tend to increase in number with improvements in 
experimental technique, but nevertheless Curie’s law represents on the 
whole pretty well the gist of a large mass of experimental data for not 
merely gases, but many liquids and solids * Of the two common para- 
magnetic gases, oxygen obeys Curie’s law quite accurately right down 
to the temperature of liquif action,* whereas nitno oxide shows appre- 
ciable departures for reasons to be given in § 67 From the magmtude 
of the temperature coefficient of the susceptibility it is jiossible to 
deduce the magmtude of the permanent magnetic moment of the mole- 
cule, in the same fashion as in the electrical case A discussion of the 
numerical values so obtamed exiicnmentally for y. will be deferred until 

' P Curie* Ann de Chun et Phya (7) 5, 289 (1895), (Eu-orei, Pans 1908, p 232 

* P Langevm* J de Phyatque, (4) 4 , 678 (1905), Ann Chtm Phya (8) 5, 70 (1905) 

* P Curio, 2 c ^ and more recent other work to be cited and discussed m § 66 
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Chapters IX-XI as the theoiedoal estimates of n with which they 
are to be compared are very mtimately coimected with the quantization 
of angular momentum Just as in the electncal case, Eq (1) holds only 
in fields inadequate for saturation effects, and m very strong fields the 
right Bide of (1) should be replaced by NiiH-^LiiiHIkT), where L{x) is 
the complete Langevm function cothx— (l/x), which has already been 
discussed and graphed on p 32 The saturation effects are easier to 
detect experimentally m the magnetic than in the electric case, and for 
gadohmum sulphate, m particular, Woltjer and Oimes* have, by using 
very low temperatures and high fields (1 31° K and 22,000 gauss), suc- 
ceeded m makmg the magnetic polarization reach over 80 per cent of 
the saturation value Nfi correspondmg to perfect almement of all the 
molecular magnets parallel to the field These measurements will be 
discussed more completely m § 61 after we have developed the quantum 
theory of magnetism 

Eq (1) always makes hence accounts only for para- 

magnetism How can we explain the existence of diamagnetic media, 
which have susceptibilities x < In his celebrated paper Langevm 
answered this by showing that one indeed obtains diamagnetism if one 
oonsideis the induced rather than permanent magnetic moment of the 
molecule Such a result was also mtimated, though less precisely, at 
considerably earlier dates by Weber and others In Chapter I, especially 
Eq (1 1), we saw that the magnetic moment of an orbit is proportional 
to its angular momentum Suppose now that the molecule is ‘non- 
gyroscopic’, i e has no electromc angular momentum in the absence of 
external fields (except the feeble electromc part of the angular momen- 
tum due to ‘end over end’ rotation of the molecule as a whole) If now 
a magnetic field is apphed, the electromc motions are modified, and an 
‘mduced’ angular momentum is created The electromc orbits around 
the nuclei in many respects resemble a current undamped by resistance, 
and Lenz’s well-known law states that currents induced by a magnetic 
field have such a sense that their magnetic fields tend to oppose the 
original field The mduced angular momentum thus has such a sign 
that the total microscopic magnetic field is less than the apphed macro- 
scopic field //, and hence by Eq (6), Chap I, the magnetic mduction 
B IB less than H, making the material diamagnetic These qualitative 
arguments may easily be made more precise if the molecule is mona- 
tomic, BO that we can utilize Larmor’s theorem (§ 8) The more general 

* H B Woltjei and H Kainerlingh-Onnea, Laden Communusatione, 167o (or Venl 
Anuterdam Afaid 32, 772, 1923) 
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non-monatomio case vnll be treated in § 09 If p^, be cybndiical 
coordinates of the electrons with the z axis coincident with the direction 
of H, then Larmor’s theorem tells us that p^, Zf are the same functions 
ft(0> * motion charactenstio of JT = 0, while the 

angular velocities about the axis are of the form ^J(<)+He/2»»c, the 
extra term Hel2tnc representing the Larmor precession The angular 
momentum of the atom thus becomes (ife/2c)2p? if we 

suppose that 2 = 0 when H = Q, or, m other words, that the 

atom has no permanent angular momentum The summations, of 
course, extend over all the electrons m the atom As the ratio of 
electromc magnetic moment to angular momentum is — e/2mc (Eq (11), 
Chap I), the field thus creates a mag netic moment —He^’^pljimc 
The susceptibility is hence —Ne* J p^jimc, where the double bar m- 
dioates a statistical average over a very large number of molecules If 
the orientations of an assembly of atoms are random,^ then clearly the 
statistical mean of pi = r J -1- j/J is two-thirds that of r® = x* -(-y® -)-z® If 
the molecules are ^1 alike m size, there is no difference between the 
statistical mean over a large number of molecules, and the time- 
average Jr® for a single molecule Thus we find 



(2) 


which 18 Langevm’s formula for the diamagnetic susceptibihty m the 
form given by Pauh * 

Ono may also obtain Eq (2) very simply by using Eqs (48) and (49) of Chap I 
If ono assumes that there is no parama^etism, so that £q (48) contains no 
linear term in H, then it is a direct consequence of those equations that the 
susceptibility x “ NWtjH is g 


since the average of is |r* The particles involved in the summation consist 

of the nuclei and electrons The nuclei have such largo masses compared to the 
electrons that their contributions to (2 a) may be neglected, masmuch as (2 a) 
involves the masses in the denommator In the case of electrons we can sot 
e^ =3 — e, = m, and (2 a) thus becomes identical with (2) 

Tins second method of proof is short and does not explicitly use Larmor’s 
theorem We have nevertheless first given the proof based on hia theorem because 
such a proof is the usual one and gives more physical insight mto the diamagnetic 
effect Also the shorter proof is perhaps a little mislooclmg becauao it gives the 

^ The random orientations will be slightly upset by the applied field, hut the correction 
to the diamagnetism on this account wouhi only givo a very small term 

• W Pauli, Jr , ZeUa f Phynk, 2, 201 (1920) Langovm’s onginal paper gave the 
correct basic formula prion to the spocial averaging, but in performmg this average 
I«angevin inadvertently took the mean value of iP*+y* as ^r* rather than |r*, thus givmg 
an expression half as great as (2) 
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unprenion that (2) is vohd even without Larmor’s theorem This, however, is not 
the case, as when hia theorem is mapphcable, the Imear terms m H m (48), Chap I, 
oannot be disregarded For this reason Eq (2) cannot be apphed to molecules, 
as will be discussed more fully in § 69 

Instead of the volume susceptibility x il' common practice to use 
a ‘molar susceptibility’ Xmoi Bimilar to the molar electnc suscepti- 
bilities mentioned in Chapter 11 The molar susceptibihty may be 
defined as the quotient obtained by dividing by the field strength the 
polanzation of one gramme mol of the material rather than that of one 
c c Clearly is given by an expression identical with (2) except that 

N IS replaced by the Avogadro number L Whenever the matenol is 
monatomic, the molar susceptibility is also sometimes termed the atomic 
susceptibihty 

There are two things particularly to be noted about Eq (2) first, 
that it predicts that the diamagnetism per molecule be independent of 
the temperature provided the molecules always retain the same sizes, 
and, second, that the amount of diamagnetism should be propor- 
tional to ^ rj, or approximately to the combmed areas of the various 
orbits The invariance of the diamagnetic susceptibihty with respect 
to temperature was observed expenroentally by Cune even before the 
Langevin theory The molar susceptibilities of phosphorus, sulphur, 
and bromme, for instance, are mdependent of the temperature within 
the experimental error For a great many elements, however, the 
mdependence of temperature is only approximate,’ and in a few 
instances there are very marked alterations in the diamagnetism at 
certain critical temjieratures Perhaps the worst offender is bismuth 
Above its melting-point its atomic susceptibility has the constant value 
— 7 3x10"’, but at this point the susceptibihty changes abruptly to 
about — 200x 10'® and becomes even more highly diamagnetic as the 
temperature is lowered still further De Haas and van Alphen have 
just found * a most remarkable periodic vanation of the susceptibihty 
of bismuth with field strength at the temperature of liquid hydrogen 
These departures from the simple invonance of temperature and field 
strength predicted by the Langevm formula need not worry us too 

^ Stoner, Magnxtisni and Atomic Sinuturet p 265, gives a comprohensivo table of the 
sign of the temperature ooofficioutn and amounts of diamagnotiam for the different chemi< 
oal elements The temperature variation of diamagnetism at low temperatures has 
recently been meanurod for Nj and H| by Bitter, Phya Hev 36, 1648 (1930) He finds 
a very large variation in the case of hydrogen, which is hard to understand from a 
theoretical standpoint, and he suggests tliat his measurement on this gas ought to be 
repeated 

* W J, de Hass and F. M van Alphen, Leiden Conmunicatwu, 212 a (1931) 
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mucli In the first place small variations with temperature can be 
understood on the ground that the sizes of the orbits are not mvanants, 
so that changes somewhat with T Of course the tremendous 
anomahes found m bismuth cannot be interpreted on the basis of any 
ordinary orbital contraction or expansion, but then bismuth has always 
been a black sheep because of its anomalous behaviour as regards 
electrical and other properties m the sohd state Ehrenfest and Baman ' 
have stressed that perhaps its large diamagnetism when sohdified is due 
to the orbits extending around several atomic nuclei and hence having 
large diameters The variations with field strength at low temperatures 
are presumably due to some sort of resonance between the radius of 
curvature of the electron’s path m the magnetic field and mter-atoimc 
distances It is to be particularly emphasized that the large variations 
of diamagnetism with temperature are aU found in the liquid or 
especially the sohd state The simple Langevm theory should be apphc- 
able pnmanly to gases, and their molar diamagnetic susceptibihties are 
indeed mvanant of the temperature, or at least very nearly so 

From the absolute magnitude of the susceptibihty it is possible to 
deduce an estimate of the sizes of the orbits When numerical values 
are substituted for e, c, m, L, the formula for the molar susceptibihty 
followmg from (2) is = - 2 832 x 10»» 2 »•? (3) 

Kow the diamagnetic susceptibihties observed expenmentally are 
usually of the order of magnitude where Z is the atomic number 

As there are Z electrons that contnbute to the sum in (3), the expression 
(3) becomes of this order of magnitude if the eicctromc orbits have on 
the average radii of the order 10-* cm This is in nice agreement with 
the estimates of molecular radii obtained by kinetic theory and other 
methods It is to be clearly understood that the value of the orbital 
radius which we have deduced is only a crude average over all classes 
of orbits The valence orbits may be somewhat larger than the estimate, 
while the innermost ones will usually be considerably smaller Quanti- 
tative calculations of susceptibilities by means of (3) will be considered 
more fully in Chapter VIII 

In case the molecule has a ^lermanent magnetic moment, the dia- 
magnetic term (2) ought really to be added to the right side of (1) to 
obtam a complete expression for the susceptibility It is always to be 
remembered that diamagnetic induction is a universal characteristic of 
all atoms and molecules, although the diamagnetic terms are usually 

* P. Bhienfest, Phynca, 5t 388 (1925), f Phy^t 58, 719 (1029), C V Raman, 
Nairn, 123 , 046, 124 , 412 (1029) 
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overshadowed by the paramagnetic ones if the molecule has a per- 
manent moment Thus in rough determinations of paramagnetism it 
IB not necessary to add (2) to (1) unless the paramagnetism happens 
to be quite feeble, for strongly paramagnetic substances have molar 
susceptibihties of the order 10~* or greater, whereas diamagnetic sus- 
ceptibihties are ordmanly of the order 10~* to 10~‘ In accurate 
measurements or calculations, the correction for the diamagnetic part 
of the susceptibihty should always be made if one wishes to deduce the 
purely paramagnetic susceptibihty from the observed susceptibihty. 
The diamagnetic susceptibihty cannot, of course, be measured separ- 
ately, but can be estimated theoretically with accuracy sufficient for 
the correction, as it is a small one When the diamagnetic term is added, 
Eq (1) of the present chapter becomes of the same form as (1), Chap 11, 
if now Na denotes the nght side of (2) The diamagnetic correction term 
thus resembles the second term of (1), Chap II, arising from the induced 
polarization m the electrical case, inasmuch as both are independent of 
the temperature, and are duo to distortion of the elcctromc motions by 
the applied field The analogy is, however, a very incomplete one, for 
m the electncal case a is positive rather than negative and not generally 
small m magnitude compared to the term n^jZkT arising from the per- 
manent dipoles Also somewhat difiFerent models have been used m the 
electric and magnetic cases, as in Chapter II we assumed the electrons 
had positions of static equihbnum, whereas we now picture them as 
circulating m orbits to endow the molecule with angular momentum 
This inconsistency is an mherent classical one, and will be removed only 
m the quantum mechomcal treatments given in later chapters 

24. Absence of Magnetism with Pure Classical Statistics 

If we could stop at this pomt, we should feel exceedingly happy, for 
the simple Langevm theory has been shown to explam mcely many 
of the experimental phenomena, especially the diiferenoe between the 
temperature efiiects in para- and diamagnetism However, in 1919 Miss 
van Leeuwen i** demonstrated the remarkable and rather disconcertmg 

J H van Loouwenp Duaortation, liOiden^ 1019 A cornprohensive surainary is given 
in J Phynique, (6) 2y 361 (1021) Tlie work which we quote is eepocially that given 
on pp 372-4 of the mizninary Boaides the atudy of the niagnotiam for the general 
atomic dynamical syatem» Mias von Leeuwon also oxaminoa apecial models in which the 
eleotrouB are replaced by coutmuoua currents. Theae models soom much loss satisfactory 
than the general dynamical method which we have reproduced She nientiona and dia- 
cusses at some length the fact that a susceptibility different from zero can be obtamed 
if in statistical meohames there is unpMed some auxihary condition {Nebenbedmgung) 
which restricts to a defimte numerical value some other function of the dynamical 
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fact that when clasaioal Boltzmann statistics are apphed completely to 
any dynamical system, the magnetic susceptibility is zero We shall 
lefer to tbia result as ‘Miss van Leeuwen’s theorem’, but we must 
mention that other investigators ^ had previously predicted zero mag- 
netic susceptibilities under certain conditions, but it remained for Miss 
van Leeuwen to review critically the whole subject of susceptibihties in 
classical theory There is no analogous theorem on null susceptibdities 
m the electncal case. One immediately wonders how Miss van Leeuwen’ a 
theorem can be reconciled with the fact that the simple Langevm theory 
predicts a susceptibdity which can be either positive or negative, but 
not in general zero The answer is that the conventional Langevm 
theory is open to the objection that it assumes a pr%or% that the molecule 
has a definite ‘permanent’ magnetic moment which is the same for all 
molecules of similar cheimcal composition As magnetic moment is 
proportional to angular momentum (if all the circulating particles are 
identical), we are thus supposmg that the electronic angular momentum 
of the molecule has one definite value Actually this cannot be the case 
with pure unadulterated classical statistics, as they always give a con- 
tinuous range of permissible values to all coordinates, and hcncc to the 
angular momentum. Thus the electromc angular momentum should 
have all values ranging from — oo to Similarly m the diamagnetic 
term, the radius of a given orbit can have a continuous range of values 
rather than the one particular size presupposed m the Langevm theory 
In other words, it was not legitimate just before Eq (2) to replace the 
double bars denoting the statistical average by the single bars denoting 
the time average for an mdividual atom The relative prevalenee of the 
different values of the angular momentum and radius should, of course, 
be determined by the Boltzmann probability factor e In the con- 
ventional derivation given m § 23, we have thus frozen (‘ankylosed’, as 
Jeans terms it) the electronic motions to one particular size and shape, 
rather than admitted the mfimte number of possibilities allowed by 

variables of the assembly of molecules besides its total energy Thoro is, howovor, no 
known justification for the imposition of such an extra condition in assoiublios such os 
are encountered in the theory of magnetism 

” W Voigt, Ann der Phyaik, 9 , 115 (1902), J J Thomson, Phil Mag (6) 6 , 673 
( 1903) The mathematics of the theory of magnetic susceptibiUtios have been extensively 
developed by B Gans m a number of papers QdU, Nachr , 1910, p 197 , 1911, p 118, 
Verh d D Phya Qea 16 , 780, 964 (1914), Ann der Phyatk, 49 , 149 (1910), summary 
by Wills m Theonea of Magne^t,8m (Bulletm 18 of the Xat Ros Counc ) Gans’s work 
contains stimulating features, but tho type of magneton which he assumes can scarcely 
be reconciled with modem knowledge of atomic structure Many of Miss van Leeuwen’s 
results were previously obtamed m Bohr's dissertation (Copenhagen, 1911), but this 
unfortunately is probably rather inaccessible to most readers 
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real classical statistics One thus has to modify, or rather supplement, 
the classical statistics by an auxihary condition (Nebenhedmgung) that 
the angular momentum of the molecule be restncted to a particular 
value, and such a restriction appears highly artificial, to say the least. 
Of course the fact that the electronic motions do not contnbute to the 
specific heat shows that real classical statistics cannot be apphed to 
them, but it is nevertheless, from a logical standpomt, not at all satis- 
fying to apply, as the Langevm theory does, the classical distnbutions 
to the ‘external’ degrees of freedom specifying the rotation of the 
molecule as a whole, but not to the ‘internal’ or ‘electromc’ degrees 
of freedom When one tries to be consistent and apply the classical 
Boltzmann distribution to all coordinates necessary to specify the con- 
figuration of the system (assuming this to be possible — actually it is not 
in real atoms, as we shall see m § 27), the paramagnetic and diamagnetic 
parts of the susceptibility exactly compensate each other 

The proof of Miss van Leeuwen’s theorem is very simple The mag- 
netic moment of the molecule in any direction, say z, may be taken to 

be a hnear function ^ 

— 2; (4) 

k 1 

of the generalized velocities 5,, ,g/ corresponding to any set of Lagran- 
gian positional coordinates adequate to specify the configuration of the 
molecule The coefiicionts will m general be functions of the q’a These 
remarks are obvious in Cartesian coonbnates, as here 

(Eq (II), Chap I), and the linearity in the velocities is preserved under 
any ‘point’ transformation to another set of generalized coordinates 
The magnetic moment per umt volume m the direction z of the applied 
field IS (Eq (57), Chaji I) 

M^=-CNj '^APi ^Pf (5) 

Let us consider any particular term in the summation By Hamil- 
ton’s equations qj = dJfjdp^, and hence it is clear that of the 2/ integra- 
tions, the one over pj can immediately be jierformed for this particular 
term, as the integrand is merely — k7'f)(aje”'*'f*''’)/0pj If a and 6 denote 
the two lixmts of mtegration for pp the contribution of the term under 
consideration to (5) becomes 

—CNIT^ dq/ipy dp,-^Pj^i dpj (6) 

We now suppose that the energy becomes infimte when the momentum 
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Pj assumes its extreme values a or b The fulfilment of this condition 
18 the essential requirement in Miss van Leeuwen’s proof, and is 
obviously realized in a Cartesian system, as Cartesian momenta can 
range from — oo to -f °o, and when the momentum is i nfini te the kinetic 
energy is, of course, also infinite Thus we appear qmte warranted in 
assuming that = 0 regardless of the values of the remaining 

vanables , pj , py_j, Hence the contribution (6) of a typi- 

cal term of the summation in (5) is zero, and as this demonstration is 
apphcable to aU terms, we see that (5) does mdeed vanish This null 
result holds quite irresx>ective of the presence of an apphed magnetic 
field, as nothmg in the proof requires that be mdependent of H 

25. Alternative proof of Miss van Leeuwen’s Theorem 
It has occurred to the writer that the null susceptibility with pure 
classical theory can also be demonstrated by the following method as 
an alternative to Miss van Leeuwen’s own one given above Let us, 
for simplicity, use a Cartesian system The magnetic moment is 

* J J '^y^^Pi^PiAPt 

where dxdydz means dx^dx^ dy^y^ dzjdzj , with an analogous inter- 
pretation of dp^Pydp^ We have here used pj, as an abbreviation for 
the expression which is not the same as the canonical momentum 
Pj, = OTjX<-)-e,i4,,/r, as already explamcd m §§ 7-8 The p® are essen- 
tially the velocity coordinates, as they differ from the velocities only 
by the constant mass factors m. Now when expressed in terms of the 
canonical vanables x, y, z, p^, py, p, the Hamiltoman function M- 
involves the magnetic field II as a parameter, whereas when expressed 
m terms of the x, y, z, p®, pj}, pj it does not involve H explicitly, as it is 
exactly the same function of its arguments as for II ~0 This has been 
seen m § 7, especially Eq (51), and is associated with the fact that 
magnetic forces do no work, making the energy the same function of 
position and velocity as in the absence of the field This expression 
JI* cannot be regarded as a true Hamiltoman function, as the vanables 
X, , p®, , unlike x, , p^, , do not satisfy Hamilton’s equations For 

Smoe writing the present section, the author has learned that this alternative proof 
somewhat resembles one in Bohr*B dissertation (Copenhagen, 1911) as Bohr also notes 
that absence of magnetism is a consequence of the fact that the functional determinant 
(8) IS unity. 

3596 3 
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olanty we attach an asterisk to Ji' when it is expressed in terms of the 
jp® rather than p In view of the foregoing, 

M whereas Jf = Jf(x,y,z,Px,Py,p„H) 

Because of the independence of Jf* of H, it is convement to change 
the variables of integration in (7) from the Pj., Py, p, to the p®, pj, p® 
Because the transformation equations are of the form 

= ?«+/{*. y.*). *1 = 2:0 (t=l, ,/) 

the functional determinant 

S(Px,Py,Pz’Xj^y.z) (gv 

0(P?.f>2.P?.*.y.2) 

of the transformation is unity Hence 

dpJLpJLpJlxdydz — dp^lp^dp^dxdydz, 
or m other words, the ‘weight’ is the same in the p® x as m the 
Pj, X space This is the crux of the whole proof, and enables us to 
calculate simply distributions in the p® x space We could not have 
done this at the outset, as the theorems of statistical mechamcs relate 
fundamentally to the ‘phase space’ of the canonical variables Pj. x 
rather than to the space of the position and velocity ones We now 
see that Eq (7) retains its validity if we write in place of and 
dp®dpj}rfp® in place of dpjlp^p^ Because of the kmcmatical sigmficance 
of the p® as proportional to velocities, the limits of integration for the 
p® are independent of H Enim this and the fact that = 0, it 

thus follows that by changmg the variables to the p®, we have made 
the right side of (7) completely indejiendent of H This means that the 
moment is the same os in the absence of the magnetic field, and hence 
IS zero, since an isotropic, non-fcrromagnetio body supports no out- 
standing moment when H = 0 

As a corollary of the above, it follows that the probabihty that the 
system be m a configuration corresponding to the element 
dp^dp^p^dxdydz, 

in which pjj falls between p®^ and p^^+dp”^, &c , is 

dp^p^p^dxdydz 

The distribution of values of the coordinates and velocities is thus the 
same as in the absence of the magnetic field, since Jif* is independent 
of U (The distribution of the canomcal variables p^, ,x, , on the 

Because the ooordinatos x, y, z aro tho same in t}ie old and new system of variables, 
this determinant is equal to tho smaller determinant d(PgtPg,pg)JdiPlfli^tP^)t which is 
obviously unity The identity of the large and small dotenninants is similar to that 
mentioned m footnote 7 of Chap II 
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other hand, given by Eq (55), Chap I, involves the magnetic field 
through M ) The Maxwell distribution of translational velocities for 
free particles is, for instance, unmodified by a magnetic field It is cleor 
that the statistical mean of any function of the variables p”, p”, 

X, y, z which does not mvolve H exphcitly is unaltered by apphcation 
of a magnetic field This may be regarded as a generalization of Miss 
van Leeuwen’s theorem, and her null result on susceptibilities is merely 
the special case that the function is 2(«</2»A<c)(i:jpJ[,— y,p®,) 

We have already mentioned that the reason that Langevm obtained 
a non-vamsiung susceptibility is because he did not apply the Boltz- 
mann distribution to the mtemal or electronic degrees of freedom of 
the molecule We may now amplify this point a little farther Of the 
/ generalized coordinates in Eq (5), three, say jj, q^, will, in the 
general polyatomic molecule, be what we may term ‘external ’ coordinates, 
which specify the orientation of the molecule as a whole, as, for instance, 
the Eulerian angles in § 12 The remaimng coordmates q^, q^, will be 
mtemal coordinates (We do not need to mclude coordinates specifying 
the translational motion of the molecule as a whole, as m Chapter I we 
agreed to consider the centre of gravity of the molecule to be at rest ) 
Now in the usual derivations of the Langevm formula, the Boltzmann 
distribution is ajiplied to the canonical variables q^, qt, q^, Pi, Pt, Pj but 
not to 94 , P4, ('onsequcntly the usual results ( 1 ) and ( 2 ) so obtained 

ought therefore for consistency to be integrated over these remaining 
variables When we combine the paramagnetic and diamagnetic parts, 
the comjilete susceptibility should thus be given by the formula “ 




Here /i and the r, are to be regarded as functions of 94, , p^, rather 
than as molecular constants as in the ordinary Langevm treatment 
Miss van Leeuwen’s theorem tells us that when the integration is per- 
formed the para- and diamagnetic parts of (9) always cancel Eq (9) 
is not general enough to show the full sweep of Miss van Leeuwen’s 
theorem, since the latter assures that the para- and diamagnetic effects 
always compensate to all powers of U, whereas (9) does not arm to 


In writing Kq (0) we use the slightly modifiod form (2 a) of (2) which was given 
on p 91 Eq (2 a) includes the fooblo contribution of the nuclei to the diamagnetism* 
without which the cancellation of the two parts of (9) would be very approximate rather 
th^n exact 

H2 
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include saturation effects and gives only the part of the susceptibility 
which 18 independent of field strength 
It 18 perhaps illuminating to verify exphcitly for a very simple 
dynamical system that the two parts of (0) cancel, without appealing 
to the general proof Let us suppose that we have a particle of charge 
e and mass m constrained to always remam at a distance I from a fixed 
centre Let us further assume that the particle is subject to no other 
force except that of constraint, so that it will move m a circle with 
a constant angular velocity fl The radius r of the orbit will have the 
constant value 2, and our example is thus not illustrative of the most 
general case in which r is a statistical variable The magnetic moment 
ePCljic IS, on the other hand, such a variable, as a molecule can acquire 
any amount of angular velocity Q By the eqmpartition theorem, the 
statistical average of the kinetic energy ^ndKl^ is kT, since the particle 
has two degrees of freedom Now m this example the square of the 
magnetic moment differs from the kinetic energy only by a constant 
factor e‘2^/2mc‘ Hence the statistical mean square jof the magnetie 
moment, such as results from the integration in (9), is = kTe^P/ZmcK 
The proportionality of this expression to T cancels the T m the de- 
nominator of the Langovm formula, and we have indeed 
^/3ifc2'-e*2V6mc>=0 

26. Absence of Diamagnetism from Free Electrons in Classical 
Theory 

In § 25 we have shown that a magnetic field does not influence the 
Maxwellian distnbution of translational velocities This result is of 
particular interest when applied to free electrons, e g cither stray 
electrons in a gas or conduction electrons in a sohd Of course when 
a magnetic field is apphed, free electrons no longer move m rectilmear 
paths, but mstead desenbe circular orbits about the direction of the 
field One usually associates Maxwell’s distribution with rectihnear 
motions, but it is not at all mcompatible with the existence of such 
circular trajectones Now since the Maxwellian velocity distribution is 
unaltered, the mean moment of the free electrons is uninfluenced by 
a magnetic field, and hence they cannot give either a paramagnetic or 
diamagnetic effect Numerous attempts,'^ to be sure, have been made 
m the hterature to show that free electrons behave diamagnetically, but 
if classical statistics are applied in their simplest and most direct manner 
** J J Tboinnon, i2a^por(«du dr Pans 1900, p 149, E Schiodinger, 
W%en Ber I 2 I 9 1305 (1912), J N Kroo, DiBBertation, Gdttingen, 1913, ilnn derPhynk, 
42, 1354 (1913), H A Wilson, Proc Roy Soc 97a, 321 (1020) 
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given above, their oontnbution to the magnetic moment is ml This 
appears to have been first shown by Bohr,^* and has aJso been observed 
by Lorentz and Miss von Leeuwen 

This absence of a diamagnetic susceptibihty from free electrons at 
first thought appears quite paradoxical If each electron describes a 
circle about the field, it certamly possesses angular momentum about 
the centre of the orbit, and the sense of the rotation is such that the 
attendant magnetic moment is opposite to the field, apparently givmg 
diamagnetism However, the magnetic moment mvolved m the sus- 
ceptibihty IB not the magnetic moment of each electron with respect to 
the centre of its particular orbit, but instead the combmed magnetic 
moment of all the electrons with reference to some one common pomt 
chosen as the ongm for measuring angular momentum In the schematic 
figure on p 102, m which the magnetic field is supposed perpendicular 
to the plane of the paper, electron 2 clearly gives a diamagnetic moment 
with respect to point A, electron 3 with respect to pomt B, kc , but 
what we need is the combmed moment of electrons 1,2,3 , with respect 
to some one pomt, say B Now when electron 2 passes through the 
small element enclosed by the dotted square, its angular momentum 
relative to J3 is just equal and opposite to that of electron 1 when it 
posses through this element Smee actually electrons are distnbuted 
on the average continuously through space rather than with their orbits 
end to end as in the figure, it is clear that to every given electron 
passing through a given pomt in space with a velocity m a given direc- 
tion, there is another electron descnbmg another circle and possmg 
through the pomt with an equal velocity m an exactly opposite direction 
In case the body contaming the electrons is bounded in extent, the 
electrons near the boundary cannot describe complete circles but aie 
reflected from the boundary (indicated by the heavy Ime) Instead, 
they describe cuspidal paths, such as are illustrated for electrons 
numbered 1 m the diagram These boundary electrons are very vital, as 
without them there would be diamagnetism An electron 1 , for instance, 
IS needed to compensate electron 2 at the pomt where their orbits touch 
Fig 6 18 , of course, entirely too naive, but perhaps does afford some 
sort of a physical illustration of the general null result derived m § 26 
It may be noted that m § 25 we did not need to use specifically the fact 
that the orbits are circles This illustrates the beautiful freedom of the 

N. Bohr» Dissertation, Copenhagen, 1911 H A Lorentz, 0<>Utnger Vortrdge Uber dte 
kvnetMche Theone der Mater%€ und dtt Blektmitdt (Leipzig, 1914), p 1 86 , J H. van Leeu* 
wen. Dissertation, Leiden, 1919, p 49; J de Phys (6) 2, 361 (1921) 
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Btatistical method from the necessity of inquiry mto the details of 
the motion of a dynamical system, only the Hamiltonian function is 
reqmred It might seem as if the characteristics of the bounding surface 
might make a difference m the proof In Fig 6, for instance, we assumed 
specular reflection at a cylindrical boundary of radius R However, 

the boundaries for the spacial co- 
ordinates did not enter m the 
demonstration, and the medium 
could, in fact, be infinite m extent, 
or of a different shape or degree 
of smoothness than in Fig 6 
Also the electrons can suffer col- 
lisions The molecules move so 
slowly relative to the electrons 
that the former may be considered 
faxed scattering centres, and no 
harm is done in the proof if it is 
Hupixised that the potential energy 
of the electrons becomes very large 
at certam points, which consequently act as such scattering centres 
A potential barrier is also required at the boundary to reflect the electrons 
Of course in a true theory, quantum modifications must be taken mto 
account, and it will be shown in § 81 that m quantum mechanics there 
IS a diamagnetic effect from free electrons, not to mention the spin 
paramagnetism (§ 80) Thus the theorem on the absence of diamag- 
netism IS valid only in classical theory 

27. Inapplicability of Classical Statistics to any Real Atomic 
System 

Let us now revert to atoms and molecules rather than free electrons 
Needless to say, the zero susceptibihtics predicted in §§ 24-.5 are not 
the rule experimentally In the theory the only escape from zero 
moment is not to apply the Maxwell-Boltzmann distnbution to all 
coordmates and momenta, but mstead to restnet their ranges of {ler- 
miBBible values Such restrictions are effectively ‘quantization’, and we 
now anticipate the inevitable need of a quantum theory Even in the 
electrical case the complete apphcation of classical statistics to all 

Mi 88 van. Leeuwen notes that the < oUisions might conceivably cause the free elec- 
trons to contribute to the susceptibility, provided some other function of the assembly’s 
dynamical variables besides the total energy remains constant during the collisions 
Cf note 10 
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degrees of freedom gives rather absurd results, though nothmg as 
gtnkmg as a null susceptibUity For if we assume a statistical distnbu- 
tion of electrons among orbits of various sizes, some molecules of a given 
chemical composition would be large, others small Such a concept as 
the familiar atomic diameter m kmetic theory would be impossible, and 
also, more especially for our purposes, that of the permanent molecular 
moment Instead we could speak only of the distributions of values for 
the diameters and moments, and we could employ only the statistical 
mean square moment (somewhat as in £q (22), Chap II), which would 
m general vary with temperature and cease to be useful 

All these things, along with the specific heat difficulty, force the con- 
clusion that classical statistics give only nonsense when applied to the 
internal or electronic degrees of freedom of the molecule Another con- 
sideration which shows this even more urgently is the following In the 
classical Boltzmann distribution formula it is ordinarily supposed that 
the numerical value of the energy or Hamiltonian function M can range 
from 0 to 00 , as the total integrated probability U j j dq^ dpf 
can then be made to converge to unity by proper normalization of the 
amphtude constant C However, for real motions of the electrons, the 
energy approaches — oo when an electron is close to the nucleus, and 
0 when It 18 removed to infimty The energy thus ranges from — oo 
to 0 rather than from 0 to oo When approaches — oo the Boltzmann 
probabihty factor increases without limit In a hydrogcnic atom, for 
instance, the probability becomes mfinite m the fashion as one 

approaches the nucleus, which we sujipose located at the origin r = 0 
It IB thus mfinitely more probable that the electron be infinitely close 
to the nucleus than anywhere else The total integrated probability can 
clearly be fiiute only if wc nonsensically take the amplitude C to be 
zero, and suppose the probability is infinitesimal of the electron bemg 
anywhere but right at the nucleus In other words, wc have a colhsion 
catastrophe, which is a little reminiscent of the ‘ultra-violet catastrophe’ 
in the classical theory of black body radiation, whereby the Kayleigh- 
Jeans formula — ^m^kTjc^ demands that the energy density Uy 
increase without limit as we go to higher and higher frequencies 
Modem physics shows a good deal of parallelism between matter and 
radiation, and they both have their catastrophes in classical statistics 
The absurdities arismg from non-convergence are frequently emphasized 
m connexion with the radiation problem, but, as the writer has men- 
tioned elsewhere,*" do not seem commonly enough appreciated as 

Cf J H Van Vleck, Quantum Principles and Line Spectra, p 14 
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regards the apphcation of classical statistics to the Rutherford atom 
It IS because of this mherent limitation in classical theory that it has 
always been necessary m the classical theory of mduced polarization to 
use not a real Rutherford atom but instead, as in Chapter II, an im- 
plausible model consistmg of electrons oscillating harmomcally about 
positions of static equihbnum The hmited range of molecular modeb 
which can be used m classical statistics makes Miss van Leeuwen’s 
theorem rather academic, but nevertheless it is occasionally useful for 
other problems besides provmg the absence of diamagnetism from 
classical free electrons 

To summarize, the success of the Langevin and Debye theories shows 
that classical statistics give good results when apphed to the external 
(i e rotational) degrees of freedom of the molecule On the other hand, 
when one attempts to apply classical statistics to electronic motions 
within the atom, the leas said the better Hence, in the following 
chapters we must seek a quantum mechamcs which constrains the 
electrons to move in certain discrete stationary states instead of giving 
a classical continuous distribution of orbits near the nucleus, but which 
when apphed to rotational degrees of freedom gives nearly the same 
statistical results as classical theory except perhaps at very low tem- 
peratures 



V 


SUSCEPTIBILITIES IN THE OLD QUANTUM THEORY 
CONTRASTED WITH THE NEW 

28 . Historical Survey 

To some readers it may seem like unburymg the dead to devote a 
chapter to the old quantum theory Every one knows that the ongmal 
quantum theory developed hy Bohr m 1913 has heen refined and in 
a certain sense replaced hy the new quantum mechanics of Heisenberg, 
SchrOdinger, Bom, and Dirac However, there is perhaps no better field 
than that of electric and magnetic susceptibilities to illustrate the 
inadequacies of the old quantum theory and how they have been 
removed by the new mechanics We shall merely summarize the results 
of applying the old theory, without giving any mathematical analysis 
Also, we shall contrast descriptively with these results some of the out- 
standing features of the new quantum mechanics of susceptibihties, 
thereby giving a quahtative account of some of the new improvements 
which may perhaps satisfy some readers who do not wish to read the 
mathematics in the two followmg chapters 
The old quantum theory was probably more successful as apphed to 
magnetic than to electnc susceptibihties In the first place, inasmuch 
as it substituted discrete for continuous distnbutions, it clearly removed 
the difficulty found in the classical theory (§ 27) of the overwhelming 
probability of orbits infimtesimally close to the nucleus The smallest 
allowed quantum orbit had mstead a fimte radius Also consistency no 
longer demanded zero susceptibihty, as Miss van Leeuwen’s theorem 
was no longer apphcable Furthermore, the old quantum theory (sup- 
plemented by the spin anomaly) was not very far from predicting 
quantitatively the magnetic moments of atoms To do this correctly 
it would have to yield the formula for the anomalous Zeeman effect 
Landd^ indeed gave a semi-theoretical derivation of his celebrated 
formula for this effect, but besides introducing the anomalous factor 
two in the magnetic moment of what he called the atom-core (but which 
we now know is electron spm), he found it necessary to give certam 
quantum numbers half-mtegral instead of mtegral values, and also even 
then to msert an extra term — ^ in order to get agreement with experi- 
ment * The old quantum theory was thus patched almost beyond 

* A Lands, Zetto f Phynk, 15, 189 (1924) 

' This was beoaiiae the expies8iou>r(y-t-l) characteristic of the true quantum mechan- 
los was mterpreted as,!*'— where J* is a half quantum number d'-)-} 
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leoQgnition, but Land^’s work nevertheless distinctly showed that be 
was hot on the track of a true theory of the anomalous Zeeman effect, 
smce supplied (§ 42) by the new mechanics There were other difficulties 
m the old quantum theory of magnetic susceptibilities, especially the 
troubles with weak and strong spacial quantization These troubles will 
be discuBsed more specifically m connexion with dielectnc constants, 
but the difficulties found in the electric case are usually also reflected 
in the magnetic one 

One of the best-known and most characteristic features of the quan- 
tum theory is the phenomenon of spacial quantization By this is meant 
the fact that according to the quantum conditions the molecule can 
only assume certain particular orientations m space The particular 
condition responsible for the spacial quantization is usually the require- 
ment that the angular momentum of the molecule along some direction 
fixed in space be an integral or half-integral multiple M of h/2v Here 
M IS called the ‘equatonal’, ‘axial’, or (even in the electric case') the 
‘magnetic’ quantum number A direct experimental confirmation of 
spacial quantization is furnished by the well-known experiments of 
Gerlach and Stem* on the deflexion of atoms m a non-homogeneous 
magnetic field (The field must be non-homogeneous to give a transla- 
tional force on a magnetic dipole ) The discovery of a discrete rather 
than continuous set of deflexions in these expenments is conclusive 
evidence that the atoms can only orient themselves in particular direc- 
tions under the influence of an appbed field 

Because of the spacial quantization, one immediately expects the 
dielectric constant to be given by a different formula than in classical 
theory, where random orientations are assumed This, indeed, proved 
to be so m the old quantum theory Pauh,* treating polar molecules as 
ngid non-gyroscopic rotating dipoles (the so-called ‘dumb-bell’ model 
for molecules such as HCl), found that the electric susceptibibty was 
still given by a formula of the form 



as in classical theory, with fi the moment of the molecule, and C a pure 

* Qerlach and Stern* Zett& f Phyatk, 9, 349 (1922) and numerous subsequent papers 
by Qerlach and others The ordinary Stom-Gerlach exponment is performed with mag- 
netic fields The analogous experiment with electric fields is more difBcult* but has 
recently been performed by E Wrede, / Fhysxk, 44 , 261 (1927) and by 3 Ester- 
mann,Zet<s/ Phya Chem Xt\Q\{\92%),D%polmomerUundchem%ache8trukiur(Lavpzigss 
Vortrftge 1620), p 17 , ErgAn%aaa der exokUn NatunnaaenachaJUnt viii 270 

* W Pauli, Jr , Za%ta / Phyaik, 6, 319 (1921) 
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number Howevw, the numerical factor C no longer had the value 1/3 
found m claasical theory, but waa instead 1*54 Later, progress m the 
analysis of band spectra made it mcreasingly apparent that the quan- 
tum numbers involved in the theory of the rotatmg dipole should be 
given half-integral instead of integral values to agree with experiment 
Pauhng* therefore revised Pauh's calculations by introducing half- 
quantum numbers The result was still another value of C These 
vicissitudes m C are listed in the following table, together with the 
correspondmg values of the electrical moment fi of the HCl molecule 
deduced by applying the formulae to Zahn’s* measurements on the 
temperature variation of the dielectric constant of HCl The changes 
m C, of course, profoundly affect the value of p deduced from such 
experimental data 


Veduc of CowAant C 


Form and Year of Theory 


Corre»pond%ng Value of 
Electrical Moment /i of 
HCl Molecule 


{ . ClofiHtcal, 1912 I 1 034 X 10 >■ e 8 ii 

I 64 I Whole quanta. 1921 0 481 x lO ” 

4 67 Half quanta. 1926 , 0 332 x lO"'* 

J New methaniCB. 1926 . 1 034x 10 ’• 


The last line gives the results obtained with the new quantum mechamcs, 
which will be deiived in detail in the following chapters It is seen that 
this new dynamics restores the factor ^ characteristic of the classical 
Langevm formula After quite a history, the computed electncal 
moment of the HCl molecule thus reverts to its original value In 
general, the susceptibilities obtained with the new quantum mechamcs 
are more closely akin to those of the classical theory than are those 
obtained with the old quantum theory For this reason we were able 
in Chapter III to discuss fairly completely the theoretical interpretation 
of experimental matenal on dielectric constants without deferring the 
discussion to the quantum chapters It will be noted that in the old 
quantum theory, the discrepancy with the classical value of C jiersisted 
regardless of the temperature Such a discrepancy did not seem 
plausible even before the discovery of the new mechamcs, as the corre- 
spondence principle led us to expect usually an asymptotic connexion 
of the classical and quantum results at high temperatures. In the old 
quantum theory the value of the numerical factor C was not a umversal 
constant, as it was very sensitive to the nature of the model employed, 

• L Pauling, Phyt Btv 27, 668 (1626) 

• C T Zshn, Phyt Rev. 24, 400 (1924) 
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a gyroscopic ’ rather than a dumb-bell model would, for instance, furmsh 
a different C than 1 54 or 4 67, On the other hand, we shall see that 
the new mechanics always yield C= \ without the necessity of Rei- 
fying the details of the model, and the generahty of this value of 0 is 
one of the most satisfying features of the new theory 

29. Weak and Strong Spacial Quantization 

A difficulty particularly characteristic of the old quantum theory is 
found in what is sometimes termed ‘weak’ and ‘strong’ quantization 
Spacial quantization cannot be effective unless it has some ass of 
reference In the calculations of Pauh and Pauling cited above, the 
direction of the electric field is taken as such an axis If the electnc 
field IS the only external one, this choice for the axis of quantization 
has a good dynamical justification, for then the angular momentum 
about this particular axis, and no other, remains constant after apphca- 
tion of the electric field. On the other hand, in the absence of all 
external fields, the components of angular momentum m all directions 
remam constant, and there is no reason for choosmg one direction m 
space rather than another for the axis of spacial quantization The only 
escape from this ambiguity is to assume that m the absence of external 
fields the orientations of the atoms are random instead of quantized 
Suppose now a field is gradually apphed As there are no impulsive 
forces to suddenly change the orientations of atoms, their spacial dis- 
tribution should presumably remain random for exceedmgly weak fields 
The constant C would then have * a value different from either of those 
calculated by Pauhng or Pauli, and it is only when the field becomes 
strong enough for spacial quantization that their computations become 
appbcable If the spacial quantization is supposed achieved gradually, 
the term ‘weak quantization’ has sometimes been used to designate the 
case in which the quantization has only been acquired to a slight extent, 

^ By a gyroaoopic tnoloculo we moan one with cm angular momentum about the axig 
of symmetry In the * symmetrical top’ gyroscopic model which has often been used to 
represent the behaviour of symmetrical polyatomic molecules, Manneback showed that 
the constant O has the asymptotic value ^ even m the old quantum theory, but that 
considerably higher temperatures are required tlian m the new mechanics m order to 
make this asymptotic value a valid approximation, PAy* Zetts 28, 72 (1927) 

* One’s first guess by classical analogy would be that the constant C would be ^ with 
random orientations (weak quantization) m the old quantum theory Faulmg showed 
that instead 0 would bo zero under these circumstances if the non-gyroscopio dumb-bdl 
model IS used The reason for this is that with such a model the classical polarization by 
orientation is duo entirely to contributions from very slowly rotating molecules, and with 
a minimum of a half-quantum imit of rotational angular momentum, there are no mole- 
cules Buffloieutly slow to contribute This difficulty is overcome in the new mechames , 
for details and references see § 46 
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and ‘strong quantization’ the case in which the quantization is nearly 
perfect* 'There should thus be a change of susoeptibility with field 
strength due to the transition from weak to strong spacial quantization 
This IB not to be confused with the vanation of susceptibility with field 
strength due to saturation effects, i e the effect of terms beyond the 
first power m the series development of the moment m terms of the field 
strength The transition from weak to strong spacial quantization 
would mvolve the passage from one such senes development to another 
one with totally difiFeient coefficients, and m either senes only the 
coefficient of the Imear term m E la ordmanly of interest Saturation 
effects are found only in exceedingly large fields, whereas any changes 
in susceptibdity attendant to passage from weak to strong quantization 
would be found in considerably smaller fields, at least at low pressures, 
for reasons given below As far as the wnter is aware, there is no 
experimental evidence for a vanation of susceptibility with field strength 
m the peculiar fashion which would be charactenstic of the change m 
quantization in the old quantum theory 

It IS apparent that at least m the old quantum theory one needed 
some sort of a quantitative estimate of how large a field is required for 
spacial quantization Such an estimate was usually made by assuming 
that a quantum condition is ‘completely’ or ‘strongly’ fulfilled if the 
frequency with which it is associated by the correspondence pnnciple 
IS large compared to the frequencies of any disturbances which upset 
the regular motion of the molecule in a stationary state Such dis- 
turbances were deemed due to the transitions of the molecule to other 
stationary states and to interruptions by collisions In the ‘dumb-bell’ 
model of a dipole gas, the colhsion disturbances are the important ones, 
and the probability of transitions due to the absorption or emission of 
radiation is relatively slight Accordmg to these ideas, the spacial 
quantization should be achieved when the frequency of precession about 
the field, which is the frequency associated with the ‘equatorial quantum 
number’, is so large that the atom can persist through several periods 
of precession without molestation by colhsion As the mean free time 
between coUisions is of the order 10-“ sec under standard conditions, 
and as the Larmor precession frequency is 1 40x 10*ff sec -i, a field of 
the order 10,000 gauss should on this view bo required to establish 
spacial quantization at atmospheric pressure, while at low pressures, 

* For pupera on the old theoTy of weak and strong quantization see Ehrenfest and 
Breit, Pfoc Am^erdam Acad 25, 2 (1922), Zetts / FAynk, 9, 207 (1922), Ehrenfest and 
Tolman, Phye Rev 24, 287 (1924), Slater, %bul 26, 419 (1925) 
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where coUkions are leas frequent, a considerably smaller field would be 
required The sharpness of Zeeman patterns at comparatively high 
pressures indicates that these estimates are perhaps too high. Just how 
large an electric field is required for spacial quantization is not quite 
clear, due to the comphcation that non-g}TOscopic molecules exhibit 
only a quadratic Stark effect (§ 37) At any rate, either m the magnetic 
or electnc case there should be oertam critical pressures at which there 
IS a pronounced pressure variation of the susceptibihty per molecule due 
to the passage from ‘weak’ to ‘strong’ spacial quantization attendant 
on changes m the coUision mtervals At one time it was thought that 
there was evidence for such a venation m the diamagnetic susceptibihty 
of H„ N„ CO, and CO, This result was named the ‘Glaser effect’ m 
honour of its discoverer He found the molar diamagnetic suscepti- 
bility for these gases to be approximately three times larger at low than 
at high pressures Theoretical physicists mterpreted this as meaning 
that with spacial quantization the average value of was greater 

than }r*, its mean with random onentation When one particular axis 
IS chosen as that of spacial quantization the different coordmate axes 
are not on a panty in the old quantum theory, and so there was no 
apparent reaso n wh y y*, z* could not have mutually different values, 
thus making y’ different from the value supposed m the classical 
equation (2), Chap IV On the other hand, it is hard to see how the 
effect could be as large as found by Glaser, because the average of 
a:>-t-y* cannot possibly exceed r*, and so even with spacial quantization 
the molar susceptibihty should not be more than 1 5 times the classical 
or high-pressure value, whereas Glaser found a value 3 times as great 

The reader may well feel that such changes of susceptibihty are very 
‘unphysical’, as they have no anali^e m classical theory, contrary to 
the usual expectations from the correspondence prmciple Now for- 
tunately it IS found that the new quantum mechanics removes com- 
pletely this bugbear of weak and strong spacial quantization It is 
a very remarkable fact that in the new meebames the susceptibility 
IS invariant of the choice of the axis of quantization, as we shall see m 
§ 46 As random orientations are equivalent to a haphazard distribution 
of the axes of quantization, the susceptibility is the same with and 

•K A Glaaer, P/iga Znta 26, 212 (1»2S), Ann der Fhynk, 75, 4S9 (1924), 78, 641 
(1926), I, 814 , 2, 233 (1929) 

Mathematical theories of the Glaser effect iii the old quantum theory have been 
attempted by Debye, Phytt Rev 25, 666 (1935) (abstract) and by Breit, J Washington 
Acad Sa 15,420(1926) 

This difficulty is also noticed by Stoner, Magnetism and Atomic Structure, p 276 
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Without spacial quantization. If the reader has felt that our presenta- 
tion of weak and strong quantization in the old quantum theory wag 
somewhat mystifying (as mdeed it had to he, as physicists themselves 
were hazy on the details of the passage from one t 3 ^ of quantization 
to another), he need now no longer feel alarmed, as the new mechanics 
gives no susceptibihty effects without some analogue m classical theory 

30. Spectroscopic Stability In the New Quantum Mechanics 
The theorem of the new quantum mechamcs m virtue of which the 
question of weak versus strong spacial quantization becomes of no 
consequence for susceptibihties is termed the ‘principle of spectroscopic 
stabihty’ and will be proved m § 35 The term is not a particularly 
happy one It was onginaUy introduced by Bohr^’ to designate the 
concept that a magnetic field should not infiuence the polarization of 
secondary radiation excited by temperature radiation or some other 
isotropic source Later Born, Heisenberg, and Jordan used the term 
to denote the mvanance of a certain sum of matnx elements of the 
system of quantization, as this sum entered in the polarization problem 
studied by Bohr Precisely this sum enters in the theory of suscepti- 
bihties, and for a mathematical formulation of the principle as a ‘sum- 
rule’ the reader will have to wait until § 35, as we have not yet developed 
sufilcient mathematical background If a physical rather than mathe- 
matical defimtion of the pnnciple of spectroscopic stabihty is desired, 
it can for our purposes be considered identical with the idea that the 
susceptibihty is invanant of the type of quantization, or m the special 
case of spacial quantization, that summing over the various quantized 
onentations is equivalent, as far as results are concerned, to a classical 
integration over a random orientation of orbits It is indeed remarkable 
that a discrete quantum summation gives exactly the same answers as 
a continuous integration This was not at all true m the old quantum 
theory In virtue of the principle, we can feel sure that in the new 
quantum mechanics the average of over the various allowed 

spacial orientations is |r‘, just as though the orbits could have random 
directions Another example is that the average of the square of a 

N Bohr, The Quantum Theory of L%ne Spectra, p 85 It is cloarly to be understood 
that when the excitation is by a directed beam of light rather than by primary radiation 
commg simultaneously from all directions, the secondary radiation may exhibit an out« 
standing polarization materially mfluonced by magnetic fields The subject of spectro- 
scopic stabihty is mtimately connected with the polarization of resonance radiation in 
magnetic fields , for discussion and references see J H Van Vleck, Quantum Pnneiplea and 
hme Spwtra, pp 177 ff 

Bom, Heisenberg, and Jordan, Zede / Phyaxk, 35, 690 (1926) 
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duection cosine is even though the angle can only take on particular 
values 

The reader should not form the impression that the principle of 
spectroscopic stabihty applies only to spacial m distinction from other 
types of quantization It assures equally well the invariance of the 
susceptibihty of all questions concerning the choice of the system of 
quantization Or, m more precise techmcal language, if the dynamical 
system is imtiaUy ‘degenerate’, the spectroscopic stability shows that 
the susceptibihty is invariant of the manner m which the degeneracy 
is removed As an example, the hydrogen atom should have the same 
dielectnc constant m weak fields, m which polar coordinates are needed 
to separate the variables ui the relativistic SchrOdinger equation, as in 
strong fields, in which parabohc coordinates are required even without 
the relativity corrections Another example of spectroscopic stabihty 
is the invariance of magnetic susceptibihties of the Paschen-Back effect 
In a very powerful magnetic field the orbital and spin angular momenta 
are quantized separately rather than only collectively relative to the 
axis of the field, and corresponding to this there is a complete re- 
organization of the Zeeman patterns, known as the Paschen-Back 
effect, but no change m the susceptibihty A big alteration m the 
Zeeman effect without any attendant change m the susceptibility may 
at first thought seem almost an impossibihty, but it must be remem- 
bered that the position of any given Zeeman component of a spectral 
term involves only one value of the magnetic quantum number, whereas 
the calculation of a magnetic susceptibility always requires a summa- 
tion over all the stationary states corresponding to all possible values 
of the magnetic quantum number The sum thus encountered is in- 
vanant of the Paschen-Back reorgamzation, even though the individual 
energy-levels of which the sum is composed are altered Similarly even 
m the new quantum mechanics the matter of spacial quantization still 
enters m the Stem-Gerlach effect, for this effect relates to the properties 
of individual Zeeman states, m contrast to the statistical nature of 
susceptibihties 

What now becomes of the Glaser effect, which if real would contradict 
the pnnciple of spectroscopic stabihty ^ Glaser’s experiments were 
repeated by Lehrer“ and by Hammar,** who found the molar dia- 
magnetic susceptibihty mvariant of the pressure, and the effect hence 
non-existent In other words, the susceptibihty per umt-volume, which 

» E Lehrer.Ann derPAynli, 81, 229 (1926) 

>• C W Haimnsr, Proe Nat Acad Set 12, 697 (1926). 
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IS proportional to the density, is a strictly hnear function of the pressure 
We must, however, remark that Glaser, despite the cntioisms that 
have been made of his work, still claims that his effect is real The 
expenments of Lehrer and Hammar were performed at almost exactly 
the same time as the new mechamcs was developed far enough to show 
the theoretical non-existence of the Glaser effect It must have saved 
physicists a great deal of time and worry that the new results m theory 
and experiment came practically hand in hand 
As emphasized by Ebert, the fact that the same electric moments 
are obtained by the vapour and by the solution methods, also the fact 
that non-polar materials have the same molar polanzabihties in the 
gaseous and pure bqmd states (see p 69), is a mce confirmation of 
the spectroscopic stability characteristic of the new mechanics In the 
old quantum theory, on the other hand, one might expect different 
results m the liquid and vapour states, because m the liquid the colli- 
sions are more frequent and the quantization hence ‘weaker’ 

Before closing this section we must caution the reader not to attach 
too much physical reality to the spacial quantization discussed above, 
as the new mechanics does not endow orbits with as much geometrical 
reality as previously Since in the new theory there is no detectable 
difference between weak and strong quantization as far as suscepti- 
bilities are concerned, the question of the mechanism by which spacial 
quantization is acquired loses much of its former interest 

31. Effect of a Magnetic Field on the Dielectric Constant 

The influence of a magnetic field on the (helectric constant (or of an 
electno field on the magnetic susceptibihty) was ludicrously large in 
the old quantum theory because of the spacial quantization Ordinarily 
m studymg dielectric constants, the quantization can be taken with 
respect to the axis of the apjilied electric field Suppose, however, a 
powerful magnetic field is applied simultaneously, and at right angles 
to the electric one If the former is made sufficiently large, it will make 
a stronger bid for the axis of spacial quantization than the latter This 
axis then becomes perpendicular to the electric field, and under such 

Hammar^* suggoats that Glaaei'a anomalous results may be due to absorption of 
water as an unpunty on the test body, while H Buchner {Ann der rhya%k, 1, 40, 1929) 
attributes them to systematic variations in the temperature of this body He shows that 
an undetected temperature alteration of the order 0 01** to 0 1° C might explam the 
anom^y These contentions are answered at length by Glaser m Ann der Phyaik, 3, 
1119 (1929) Recently Bitter finds very convmcing evidence m support of Hanunar’s 
claim that the anomaly is due to water {Phys Rev 35| 1672, 1930) 

L Ebert, NaturunaaenaGhe^tent 019 (1926) 
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oiTcumstances the old quantum theory yielded a dielectric conatant 
radically difleient from that when the axis of quantization is parallel to 
the electric field This has been shown by Pauhng He demonstrated 
that a crossed magnetic field would make the constant C m Eq. (1) 
negative, an absunhty Only a comparatively feeble magnetic field 
would be required If the electric field were 100 volts/cm , the magnetic 
one would only have to be 1 gauss The smallness of the necessary 
magnetic field relative to the eleotne one is a consequence of the fact 
that molecules such as HCl have a first-order Zeeman effect but only 
a second-order Stark effect An innocent little magnetic field of only a 
few gauss should thus in the old quantum theory change the sign of 
the temx>crature coefficient of the dielectnc constant, and make the 
electric susceptibility negative m so far as the orientation rather than 
induced polanzation is concerned This is what one might term extreme 
spectroscopic mstability Needless to say, such a cataclysmic mfluence 
of a magnetic field on the dielectnc constant is not found expen- 
mentally Mott-Smith and Daily ^ showed that a field of 4,800 gauss 
did not alter the electnc susceptibilities of NO or HCl withm the 
oxpenmental error (8 per cent in NO and 1 per cent in HCl) Also 
a few months previously Weatherby and Wolf “ found an analogous 
lack of effect of a magnetic field of 8,000 gauss on the electnc suscepti- 
bilities of He, Oj, and air (within 10 x>er cent in He and 0 4 per cent 
in O, and air) The results for HCl and NO are perhaps a little more 
directly significant because they relate to polar substances, such as were 
assumed in Pauling's theory 

As a matter ot {act, even the comphcation of a crossed magnetic field is not 
really required to yield the absurdity of a negative C in Eq (1), provided one uses 
half-quantum numbers m the old theory Pauling, to be sure, found the positive 

'• L Pauling, fhya Hev 29, 145 (1927) 

Tlio magnetic rnomont of a diamagnetic molecule Burh as HCl is developed solely 
in virtue of rotation of the molecule as a vhole, and so the corresponding Zeeman effect, 
though e£ the first order, is only m/M times the ordinary atomie Zeeman effect Here 
tnjM IS the ratio of the electronic to effective nuclear mais Even tliough inmute, this 
first order Zeeman offoet is larger than the second order Stark effect The first order 
Stark offoi t disuppoois as long as the moleculo is non gyroscopic, ss will bo soon m Eq 
(64) of ^ 37 

L M Mott-Smith and C H Daily, PAys Bev 28,076(1926) Wo give the percen- 
tage error in tho oloi trie susceptibdity ratlior than m the dieleetric constant The error 
m the susceptibility is the more Hignificant because the dielectric constants of gases are 
nearly unity Consequently a high precision in measuring the dielectric constant ( 1 part 
111 100,000 for NO, HCl , 1 in 500,000 for He, O,) is necessary to dotornime the susoepti- 
bihties as accurately os mentioned above Tlio absence of the converse effect, the altera- 
tion of magnetic susceptibilities by an electnc field, has been proved by Mott Smith for 
UCl and NO (PAys Bev 32, 817, 1928) 

“ B B Weatherby and A Wolf, PAys Bev 27, 769 (1926) 
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value C = 4'67 alieady tabulated on p 107 by asaummg half-quantum numbers 
and no magnebo field. However, he took the a pram probability of a rotational 
state J to he Pj = 2i7-f2. Here J denotes the mtegral rotational quantum num- 
ber of the new mechamcs , i e J i u the half mtegral effective rotational quantum 
number of the old theory Modem experimental knowledge of band mtensitiea and 
the Zeeman effect, as well as the theoretical dictums of the new mechanics, demand 
that instead the a pnonprobabihty should be p/- 2J+1 When the calculations 
are made with p/ = 2J-f- 1, the constant C turns out to be negative instead of 
-|-4'67when£r = 0 It is for this reason that Fauhng preferred to use p^ == 

With either choice of pj the apphcation of a crossed magnetic field altera the sign 
of O Thus if Fauhng’s theory is modified by takmg pj = 2J+1, a magnetic field 
of a few gauss abruptly makes C positive 

In the new quantum mechamcs the choice of the axis of spacial 
quantization is no longer of importance, and so a magnetic field should 
be almost without effect on the dielectric constant, in agreement with 
the experiments reported above We say ‘almost’ rather than ‘com- 
pletely’ without effect because a tremendously large magnetic field may 
still shghtly distort the dielectric constant This distortion is closely 
ahm to a saturation effect, as it is proportional to the square of the 
magnetic field It is thus negligible m any field of ordinary magmtude, 
and mcreases very gradually when the magnetic field is increased to 
a tremendous value, quite unlike the abrupt alterations rejKirted m the 
old quantum theory The order of magmtude of this distortion effect 
in the new quantum mechamcs is precisely the same as m the classical 
theory Consequently, if we are interested in seeing qualitatively about 
how large should be the mfluence of a magnetic field on the dielectric 
constant, we may make a classical calculation This will be given m 
the next iiaragraphs Such a classical digression may appear out of 
place in a chapter on old quantum theory, but it seems advisable to 
discuss magnetic distortion of the dielectric constant once for all 

We shall use the same model and substantially the same notation as 
in § 12, except of course for the addition of a magnetic moment Let 
Fi> Hp Bnd pf , p* be respectively the components of permanent 
electric and permanent magnetic moment along the prmcipal axes x', 
y', z' of the molecule To facihtate pnntmg, we here and henceforth 
use subsenpts i,a,s ™ place of the previous The small induced 

diamagnetic moment wdl be neglected, and the vanous coefficients con- 
nected with the mduced electnc polarization will be taken as m § 12. 
The angle between the apphed electnc and magnetic fields wdl be 
denoted by Q The direction cosines of the angles which the prmcipal 
axes of the molecule make with the field E will, as m § 12, be denoted 
by A], A|, Ag, while those of the angles which these axes make with H 

12 
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will be denoted by A^, A,, A, Because of the potential energy of the 
permanent magnetic moment in the field H, we must add to the 
Hamiltonian function (9), Chap n, the extra term 

-H(A„if+A,/.?+A,^*) (2) 

We must now develop the partition function (12), Chap II, as a power 
series m the two variables E and H, mstead of in the single variable E 
This development wdl take the form 

Z=Z„(l+A^E^+A^^+A^E*+A^Em^+Ao^H*+ ), (3) 

where Z^ is the partition function m the absence of external fields The 
factor J3g is of no importance for us as it is independent of E and H. 
If we did not want the distortion or saturation effects it would have 
sufficed to stop with the second rather than fourth order terms The 
omission of all odd powers of E and H from (3) requires some comment 
It IS obvious that there can be no terms proportional to E''H‘ when a+f 
IS an odd integer, for on physical grounds the susceptibility, and hence 
Z, must be unaffected if we reverse simultaneously both E and H The 
disappearance of such terms can also be verified by performing the 
mtegration over the Eulenan angles Terms for which « and < are both 
odd are omitted on the ground that it is equally probable 'hat the 
electrons rotate in either a left- or right-handed sense about the direc- 
tion of the electric moment This idea of the equal probability of both 
senses of rotation is easily seen to imply that Z must be unaltered if 
the sign of H is reversed, and will be discussed more fully in § 70 on the 
non-existence of a magneto-electnc directive effect 
The first two coefficients in (3) have the values 

■^20 = (7j;^l>l+f*2+/*i+*^(“ll+“22+“ss)]. 

( 4 ) 


The first of these formulae has already been included in (17), Chap II, 
and the derivation of the second is entirely analogous except that the 
polarization is magnetic rather than electnc In (4) and subsequent 
equations we use the abbreviations for the ‘polarization coefficients’ 


“11 




“22 


=2-’ 


“l2 


= 'V^‘, &c (4a) 


^ a, 


By adding the magnetic term (2) to the Haimltoman function, and 
carrying the development of the exponent farther than m (16), Chap II, 
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the coefficient in (3) is found to be 

X [>trAi+M*A*+ftJAg]*c-* (5) 

where is a constant independent of E, introduced just before 
Eq (14) in Chapter II, and where the p, are the components of com- 
bmed permanent and mduced moment, as given m Eq (5), Chap II 
By (14), Chap II, and (3) the electnc susceptibibty is 

<+'^®’+ »■ <‘1 

when, ^_ar,i„_!±!^^!+“i.+fj!±f5., 

b = 2kT(An AjjA jj), Coi = 21:3’(2 Ajq — A^ u) 

We are not at present interested in the purely eleotncal saturation term 
Cel®*, and we have hence not made the rather laborious calculation of 
A45 On use of (4) and evaluation of the integrals m (5) it proves that 
the exphcit formula for 5 may be written 

‘ - .«».[’ ‘1 2 [w'-rf’i (^/’+ •■•-“») + 

x>i '■ ' ' 

(7) 

In a similar fashion we find that the magnetic susceptibility is 

Xm« = Ar[o,„.g+6£*+ (+c^^+ )], (8) 

where 5 is defined as previously and 

= 2kTA^ = = 2fcr(2A„- Ag,) 

Comparison of (6) and (8) shows that the correction for magnetic dis- 
tortion of the electric susceptibility has the same coefficient b as the 
corresponding term for electric distortion of the magnetic susceptibility 
This identity of the coefficients would be true even with quantum- 
mechanical refinements It may be noted that by (7) the coefficient b 
has opposite signs for parallel and crossed fields (given by Q — 0 and 
12 = 7rj2 respectively) and vanishes at the critical angle “ 
fl = cos-Vi = 54 1° 

** The saturation oooffirient Cd has been oalculated with this model by Debye, in 
Handbueh der Radtologte, vi, p 779 

In the old quantum theory Pauling found because of the spacial quantization 
a factor 3oos*n— 1 even m the main term On of (6), and this is why his calculations gave 
such a tremendous anisotropy of the dielectric constant in a magnetic field 
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Coefficients of the form oifj (t :^j) m (8) can be made zero by proper 
choice of axes as (4 a) shows that such coefficients ate constructed of 
cross-product terms hke the famihar ‘products of mertia’ , or, in other 
words, the axes x', y', z' can be made to comcide with the prmoipal 
axes of Debye’s polarization elhpsoid “ There is only one common 
paramagnetic gas which is polar, -viz. mtnc oxide, and its electnc 
moment is very small Consequently the mterplay between the per- 
manent magnetic moment and the mduced electric one probably gives 
the most likelihood of experimental detection, and m the following 
numerical estimates we shall assume the molecule non-polar, making 
= 0 The distortion coefficient h is then inversely propor- 
tional to the square of the temperature and vanishes for all values of 
the angle D if the molecule is optically isotropic (ct,j = ctji = oti] = 0, 
t =^j) Use of low temperatures would thus greatly favour the detection 
of the distortion, which is of course small Most molecules have an 
electnc polarizability <*01 of the order 10“”, while a molecule with a Bohr 
magneton of permanent magnetic moment has /i* — 0-9 x 10-“ Hence 
if the molecular dissymetry is so large that ratios such as (/i* *— /i**)//t**, 
(oti— a,)/ai, &c , are comparable with unity, the coefficient b is of the 
order o„]ja*’/90ifc*r* or lO-^/T*, as = 1 37x10"“ The percentage 
alteration in the electnc susceptibihty by a magnetic field is then of 
the order lO'^H*/!’*, while that m the magnetic susceptibility by an 
electric field is of the order 10"*^/T, where E is measured in electro- 
static units These alterations are too small to have yet been detected, 
although it seems probable that with the recent techmque of powerful 
magnetic fields, the magnetic distortion of dielectnc constants wdl be 
observed before long Also it is much easier than the converse effect 
of an electnc field on magnetic susceptibihties, due primanly to the low 
rating of volts m electrostatic units According to the above estimates, 
a magnetic field of 10,000 gauss would change the electnc susceptibihty 
by about one part in 10^ at ordmary temperatures, while an electnc 
field of 10,000 volts/cm (=33 e s u ) would alter the magnetic sus- 
ceptibility only by about one part m 10* The purely electncal satura- 
tion effects for such a field strength are also of the order one part m 10*, 
as already mentioned m § 22 A comparable distortion by a magnetic 
field certainly does not seem beyond the possibUity of future detection, 
but on the other hand our estimates of this distortion may be a httle 

** Cf Deb 3 re, / e , pp 760 fl In Chap H we took the x* y\ %' axes to be the principal 
axes of inertia* but as the kinetic part of the probl^n has been eliminated (of $ 12)* we 
are now at liberty to take them as the prmoipal axes of the Debye ellipsoid. 
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too high because the molecular dissymmetry is not as great as we 
assumed 

We shall now mention quahtatively what modifications of the above 
results (6), (7), (8) are to be expected in the new quantum mechanics 
The calculation of the distortion coefficient b has not yet been made m 
the new theory, but careful xtenisal of Niessen’s “ quantum-mechamcal 
calculation of the somewhat related saturation coefficient c„, reveals the 
general type of result to be expected If we still were to assume that 
the electrons vibrate harmonically about positions of static equihbnum, 
formulae of exactly the type (6), (7), (8) would doubtless still remain 
vahd, as the quantum and classical theones almost always give identical 
results for the harmomc oscillator The quantum mechanics, however, 
frees us from the need of such an unreal assumption, and enables us to 
represent the electromc motions in their full dynamical generality In 
the general case the dependence of the distortion coefficient 6 on the 
temperature would be of the form So+ 3 i/^+ 72 /^*+?s/^* rather than 
as m (7) Here the expressions q^, q^, q^ would be func- 

tions of the matnx elements and characteristic spectroscopic frequencies 
of the molecule, and would resemble Niessen’s expressions, q^, q^, q^, 
in their general type of structure, though numerically different ae he 
calculated the expansion of c„, rather than & in l/T The dependence 
of the coefficient 6 on angle through a factor of the form 3cos“f2— 1 
can be shown to remam valid only as long as we assume the molecule 
has the same moments /ij, fi*, fc* m its normal and excited states 
Actually this will not be the case, so that we cannot expect 6 to vanish 
at n 54 1°, although it may well be small at this angle These diver- 
sities between the classical and quantum results in the dependence on 
temperature and on angle are not so much due to mherent differences 

** K F Xiossen, PAys Hev 34,253(1929) 

” The ctticalation of the magnetic dietortion is mom difficult than that of the electric 
fiaturatiou oFfocta in quantum mechanics bccou<w of the fact tliat the various i oinpononts 
of magnetic mom'^nt do not commute with oath other in matrix multiplKation, oi with 
the various lomponoiits of electric moment In a Hecond paper {Zeits / Phy9%k, 58, 
63 (1929) Nieason has purported t>o give a computation of the inagiietK distortion of 
the part of the dielectric constant resulting from the jx^rmaneiit dipoles He assumes 
tliat the same commutation (Vertaxis<^un(f) relations apply to the low frequency or 
'permanent’ part of the magnetic moment as to the total magnetic moment This need 
not be the case, as those relations apply in general to complete matrices rather than to a 
portion thereof (Teilmah%xen) Niosson’s calculations are correct from a formal mathe- 
matical standpoint once his initial assumption is granted, but it is hard to imagme any 
molecular mod^ to which this is applicable Instead it is quite conceivable that in a 
polyatomic molecule the permanent magnetic moment consists entirely of diagonal 
elemente when measured m the x\ y\ z' system, m which case the peculiar quantum 
terms found by Nieasen would be completely wantmg 



120 SUSCEPTIBILITIES IN THE OLD QUANTUM THEORY V.jSI 
of the two types of theories as to the more general model which can be 
utilized in the quantum theory Because of the fact that the matrix 
calculations involve (m a sense ‘scramble together’) all the states of the 
molecule even though one is mterested only m the normal state, it is 
not necessary to choose a molecule which has /i* different from zero 
in the normal state in order to obtam the paramagnetic distortion 
of electnc susceptibihties or the converse effect Instead one could 
employ a normally diamagnetic molecule, as such molecules are usually 
paramagnetic m excited states For this reason nitnc oxide should no 
longer be the sole polar molecule capable of a distortion of the dielectric 
constant by a magnetic field The general order of magmtude of the 
distortion coefficient b is probably about the same as calculated above 
classically, and hence it still remams too smaU to be detected m experi- 
ments of the same precision as those of Wolf and Weatherby or Mott- 
Smith and Daily. 

Although we have especially emphasized the null results of these 
mvestigators, it must not be inferred that the dielectric constants of 
no substances whatsoever have yet been influenced by magnetic fields 
The expenments of Fnedel, Jezewski, and especially Ka8t“ show that 
the dielectric constants of certain ‘mesomorphic’ substances (anisotropic 
liquids) are perceptibly altered by magnetic fields, to a greater extent 
than we would expect from the above calculations In fact some of 
these substances thus distorted are merely diamagnetic rather than 
paramagnetic ' This docs not necessarily contradict the theory, for, as 
noted by Omstein,** liquid crystals are probably built out of large com- 
plexes (‘elementary crystals’) rather than out of ordinary free molecules 
such as assumed in the theory mtended primanly for gases If each 
elementary crystal has a large moment and is onented as a unit by 
external fields, it is clear that abnormally large effects may be expected 
Particularly convincing evidence on this point is furmshed by the 
scattering of X-rays Investigations of Professor G W Stewart, which 
are to be published shortly, show that m mesomorphic hquids the inter- 
ference pattern is greatly changed by a magnetic field, whereas that in 
ordinary hquids or solids is not This is only comprehensible if large 
groups of molecules, perhaps entire elementary crystals, are onented 
en bloc by the field in the mesomorphic matenals 

Closely akin to the influence of a magnetic field on the static dielectnc 
u E Fnedel* Comptea Rendus, 180| 260 (1925), Jozewski, J de Phystqw 5* 50 (1924) , 
W Kasi* Ann der Phyaikt 73t 145 (1934), also eee discuflsion by E Bauer, Comptea 
Rendua, 182* 1541 (1926) and Errera, P<Aanaat%on dtilectnque (Fans, 1028), pp 160-1 
** L S Om&iem, Zeita f 35, 394 (1926), .i4nn der PAynik, 74, 445 (1924) 
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constant is the influence of such a field on the optical tefractivity The 
latter has been observed by Cotton and Mouton and others,’’'’ who find 
different refractive indices when the magnetic field is parallel and per- 
pendicular to the eleotnc vector of the hght wave The difference in 
the two cases is found to be proportional to the square of the field, as 
one should expect by analogy with the result (6) for static fields This 
‘Cotton-Mouton effect’ is the magnetic analogue of the Kerr effect, and 
IS not to be confused with the familiar Faraday rotation of the plane 
of polarization (§ 84] which is linear m H and hence much easier to 
measure 

** A CottonandH Houton, J de 1, 5 Ann Chtm Phys 19*153, 

20, 194 (1910), Ramanand Kriahman* 184, 449(1937), Proc Roy Roc 

117a, 1 (1927), M Ramanadham, Indian J oj PhystcJt, 4, 15, 109 (1929), Cotton and 
Dupouy, Compter Rendiu, 190, 630 ( 1030) , Cotton and Scherer, ibtd 190, 700 , Salceaunu, 
%b%d 190,737, 191,486, 2adoc*Kahn, 190,672, general survey by Cotton in the 
procoedinge of the 1030 Solvay Congress 
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QUANTUM-MECHANICAL FOUNDATIONS 


32. The SchrSdlnger Wave Equation 

SchrOdmger’s equation ^ 




( 1 ) 


18 to-day BO celebrated that we introduce it without further ado Here 
Jf iB the operator which is obtained by replacing each momentum 
8 

^ ™ claBBioal Hamiltonian function , Ji, ) In case 

2m oqii 

generalized coordmates are used, it is advisable to make the substitution 
of operators for momenta before rather than after transforming from 
Cartesian to generalized coordinates, as the direct formulation of the 
wave equation m generalized coordinates by extrapolation from classical 
theory encounters senous difficulties and ambiguities resulting from the 
non-oommutativeness of multiplication by q and d jdq* For an 
ordmary atomic or molecular system, subject to external electric and 
magnetic fields E, H directed along the z axis, the expression for the 
operator .A* m Cartesian coordinates is 


2 ( 


Heji ( 




( 2 ) 


This can be seen by comparison with the classical Hamiltoman for a 
similar system given in Eq (48), Chap I Hero m, are the charge 
and mass of a typical particle (nucleus or electron), and V is the ordinary 

mtemal electrostatic potential energy J (^ ^<1 (39)> Chap I) 

}>^ 

Unless otherwise stated, relativity corrections and, until § 38, internal 
magnetic forces are always neglected 

Solutions of ( 1 ) ore required which are single-valued, vanish at infimty. 


^ For a full diacuasion of the properties of the Schrodinger wave equation, see, for 
instance, Sohrodinger's original papers assembled m Abhandlungen zur WellenmechantJkt 
or its English translation, IFaveAfee/iontcs, also Condon and Morse, Mechantca, 
Frenkel, WellenmecAantk , Somtnorfold, Wellcnmechantse/ier Erganzungt^and , Kuu'k and 
Urey, Atoma, Molecules, and Quanta 

* For a good critical exposition of this difficulty see B Podolsky, Pkys Itev 32, 812 
(1928). 



VI, *32 QtTANTUM-MBCHANIOAL FOUNDATIONS 123 

and are finite and tmoe differentiable over the whole of coordmate 
space, except perhaps for a few isolated points at which the solution 
b^mes infinite in such a way that the integral J J dv converges 
to a finite value even when these points are included Solutions 
which meet these demands are called ‘characteristic functions’ {Eigen- 
funktionen) of (1), and constitute the ‘wave functions’ of conservative 
systems in quantum mechamcs In the interest of simphcity we 
throughout the chapter consider only conservative systems, rather than 
the more general case m which t appears exphcitly and the energy- 

h d 

constant is replaced hy the operator — - — — . Eq. (1) will m general 

2lTt ot 

admit solutions which are charactenstic functions only if the energy- 
constant Wn has certain particular ‘characteristic values’, which furnish 
the quantized energies to he used in the Bohr frequency condition 

Two wave functions 0„, representing states of different energy are 
orthogonal, i e XKissess the property that 

J j0J-lAnd« = O, (n’^ta) {,dv = dx^dx^ dz^), (3) 

where the integration is to be extended throughout the coordinate space 
Here and throughout the rest of the volume the asterisk * denotes the 
conjugate imaginary, thus denotes the conjugate of To estabhsh 
(3) we first observe that and ifi*. satisfy respectively the equations 

^ = ( 4 ) 

The second of these equations is equivalent to = 0 since 

a complex expression and its conjugate vamsh together, it is unneces- 
sary to attach an asterisk to B’’ m passing to the conjugate as W is 
a real number 

In order to distmguish clearly between operator functions and 
ordinary algebraic functions we shall insert a penod between the 
operator and the subject of the operation except when the operator is 
written in full in terms of differentiations Such a period is, of course, 
not to be confused with the dot involved in the scalar product of two 
vectors printed m bold-face type 

To continue the proof of (3) wo multiply the first equation of (4) by 
>1^^; the second by subtract the resultmg expressions, and integrate 
over the coordmate space This yields 

(w;- w;-) J / dv = J / (0;.^ 0;-) dv (S) 
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The Tight side of (6) is most readily proved zero by specializing * to 
be the operator (2), as this side then becomes 






^ Anvmfi 



00n 



and partial integration, as in Green’s theorem, shows that an expression 
such as (6) vamshes, assuming that 0*> vamsh in the usual way at 
infimty Thus the nght-hand member of (5) equals zero, and hence 
the validity of Eq (3) is demanded as long as the energies W^, are 
different so that the factor (W„—W^) docs not vamsh m (6) Even 
wave functions belonging to states of coincident energy, as in a de- 
generate system, can be made orthogonal by taking proper linear com- 
binations (see Eq (32) below) That it is possible to choose wave 
functions for degenerate systems m such a way that they are orthogonal 
is also obvious from the fact that degenerate systems are hmiting cases 
of non-degenerate systems in which the difficulty of comcident energies 
is not encountered Thus we may henceforth without loss of generahty 
suppose that the wave functions belonging to different states are ortho- 
gonal regardless of whether or not these states all have different 
energies. 

Because Eq ( 1 ) is Imear, the iji’B ah have arbitrary constant amplitude 
factors, which are, however, conveniently normahzed by imposing the 
requirement that 

J (7) 


33. Construction of the Heisenberg Matrix Elements by Use of 
the Wave Functions 

Many readers will recall that liefore SchrOdmger developed his wave 
equation, the quantum mechames were first formulated m a matrix 
language by Bom, Heisenberg, and Jordan * The so-called Heisenberg 
matrix elements are readily constructed if we know all the characteristic 
functions of the given dynamical system Suppose we desire these 
elements for an arbitrary matrix function /{q^, ,pj, ) of the co- 

• More generally, it can be shown that the wave {unctions are orthogonal whenever 
the Hamiltonian operator is *Hormitian’ or ‘self-adjomt* See P Jordan, Zetis f, 
Phyatk, 40, 818 (1927) 

• Heisenberg, Zetis f Phynk^ 33, 879 (1925), Bom and Jordan, tbid 34, 858 (1925), 
Bom, Heisenberg, and Jordan, t&id 35, 657 (1926), Bom and Jordan, ElemaUan 
Quantenmechamk 
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ordinates and momenta. The procedure is as follows Construct from 

( ft Q \ A 0 

Ji, I n — ^ • I hy Bubstitutiou of — — for each p*. 

Z'Jrt ojj / ZtiIi 

If we let this operator operate on a typical wave function, we thereby 
generate a function / It is to be clearly understood that while f is 
an operator, is an ordinary algebraic function of the coordinates 
. It can be shown that the complete set of wave functions corre- 
sponding to all possible stationary states constitutes a ‘complete’ 
(v6Ustand%g) orthogonal set, such that any arbitrary function may be 
expanded as a senes m these functions ‘ Hence we may expand / 
as a senes m the so that 

/ = (8) 

It Will be proved, and this is the fundamental theorem of the present 
section, that the coefficients /(n',n) m this expansion are the Heisenberg 
matnx elements* (exclusive of the time factor) That is, f{n',n) is the 
element associated with a transition between a state charactenzed by 
a set of quantum numbers n' to one charactenzed by a set of quantum 
numbers n Here the letters n', n m general each signify more than one 
quantum number smoe a dynamical system with several degrees of 
freedom requires several quantum numbers to specify a stationary state 
Proof To show that the f(n',n) defined by (8) are really the Heisen- 
berg matrix elements we must show that they possess all the charac- 
teristic properties of the latter This means that we must show that 
they (a) obey the matnx algebra, (6) obey the quantum conditions, 
(c) make the energy a diagonal matnx, (d) are Hermitian if / is a func- 
tion only of the g’s but not the p’s The meamng of these terms will be 
explained when we shortly discuss the individual items (a) , (6), (c) , and (d) 
Bom, Heisenberg, and Jordan^ show that all the characteristic features 
of the matnx theory, mcluding the validity of the canonical Eqs (46), 
Chap I, as matrix equations, follow uniquely from (a), (b), (c), and (d) if 
one impose the additional requirement that the time factor ”■'* of 
a matnx element have its frequency determmed by the Bohr frequency 
condition %v(n',n) = W„.—Wn, where the F’s are the diagonal elements 
H(n,n) of the energy matnx As we use (8) to define merely the 
amphtude part of the Heisenberg matnx elements, it will clearly be 

* The proof of the ‘ complete ' property m cose the wave equation is of the so called 
Sturm-LiouviIIe type is given in Courant Hilbert, Meihodm der Mathemahachen Pk^a%kt 
pp 278 , 284 , 201 , 336 , 337 

* This correlation between the wave and matrix theories was first estabh^ed by 
SohrOdmger, Ann der Phyetk^ 79, 734 ( 1926 ) and by Ekhart, Phj/a Rev 28, 711 ( 1926 ) 

* Bom, Heisenberg, and Jordan, ZeUe / Phyetkt 35* 664 (1026). 
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permissible to insert a time factor of the above type Henoe 

it only remains to show that (a), (b), (e), and (d) follow from (8). 

(а) The proof of the addition law (f+ff)(n',n) =/(n',n)+^(n',n) is 

trivial, as the coefficients in the expansion of (f+g) m the fashion 
(8) are clearly the sums of the coefficients in the expansions and 

g . The proof of the matrix multiphcation law 

{fg){n",n) = yf(n’,n')g(n',n) (9) 

w 

is only a tnfle more difficult We note that the function/ g iji„ may be 
expressed equally well as 

ifg) =:?(/?)(«'. (10) 

or as “ 

/•(? 0 «)=/ = {?(»'. 

=\qf{n',n')g(n',n)yi,„. (11) 

The result (9) follows on companson of coefficients m (10) and (11) 
The matnx multiphcation is non-commutative, as m general 
(Jg)(n',n):^igf){n',n) 

(б) The quantum conditions on the coordinate and momentum 
matnces q^, are 

Pkgic~9kPic = ^h Pk%-qiPk = ^ (i2> 

PkPi—PiPk = 0. Mi—mk = 0. <13> 

where the elements of the unit matnx 1 are given by l{n,n) = l, 
l(7t',»i) = 0 {n^n') 

NoUUton If an equation is assigned a number, this number will 
throughout the rest of the volume be enclosed in angular rather than 
m round parentheses, e g (12) rather than (12), in case the equation is 
an equation between entire matnces rather than ordmary algebraic 
quantities Not all expressions apxieanng m such a matrix equation 
need necessanly themselves be matriees, as some of the constants of 
proportionality may be ordmary numbers, like k/27rt, for instance, m 
(12) An equahty between matnx elements, as distmct from entire 
matnces, will not be given the distmctive numbermg, as the oecurrence 
of mdices such as (n, n'), &c , mdicates clearly that we are dealing with 
matnx elements 

To prove the first relation of (12) from (8) we observe that 
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The operator | I is thus equivalent to multiplication by 

Vofffc Hkl 

unity, and for the particular case f=Pkik~9kPk< nght side of (8) 
reduces to the smgle term (A/2irt)^„, whence 

/(m,n) = A/2w», /(»',»)= 0 (n' ^n). 

The remainder of the conditions given in (12-13) are obviously fulfilled 
smoe 


S 




= 0 


(9k9i-Mk)’l’n = 0 


eq^eq, Sqfiq^’ 

(c) By a diagonal matrix is meant one whose elements vanish except 
when n' = 71 If the energy or Hamiltonian function is to be a 
diagonal matrix, then the expansion (8) must reduce for the special 
ease f=Jf to = J^(n, n)i/i„, the right side thus consisting of but 
a smgle term Comparison with (1) shows that this is merely the 
SchrOdmger wave equation, as is simply another notation for 
J^{n,n) Thus his wave equation is eqmvalent to the requirement that 
the energy be a diagonal matrix 

(d) A matrix /is termed Hermitian if /(«, »') is the con)ugate /*(»', n) 
of f(n',n) Before discussmg the Hermitian property it is convenient 
to derive a formula for the coefficients in the expansion (8) To do this 
we multiply Eq (8) by some ^*, say tji* ., and integrate over the entire 
coordmate space In virtue of the orthogonality (3), only the particular 
term n' = »" remains on the nght aide after performmg the mtegration, 
and this term becomes /(n’, n) m virtue of the normalization (7) Hence 

/(«’,») = J (14) 

If we use the expansion for / analogous to (8), multiply by i/i*, 
integiate, and take the conjugate, we find that 


/*(»,»') = / j4>J* 'I’t’dv, (14a) 

as 0** = If the operator / is a function only of the generalized 

H d 

coordmates q^ and not of the momentum operators , then /* is 

27rt ojj 

identical with / smee we may ordinarily suppose that t does not occur 
in any / exphcitly, but only through the momentum operators Also, 
with this restnction on /, the operator / degenerates mto on ordinary 
algebraic function /, so that = >!>*,/ The expressions (14a) 

and (14) aie then identical, demonstratmg the Hermitian property for 
the particular function / = q^, or, more generally, for any function of 
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the qjf’a alone It will be noticed that the normalization (7) has been 
used m proving (d) though not m (a), (6), and (c) It is clear that the 
normalization must be involved somewhere, for otherwise the matrix 
elements defined by (S) would not be uniq^ue, as each wave function 
would have an arbitrary constant factor corresponding to the fact 
that IS a solution of (1) if is one 
In case p,, is a Cartesian momentum /c, it is readily shown to be Herim- 

tian, merely by using (14), and making a partial integration with respect to q^, 
as follows 


If, however, be a canonical momentum m an arbitrary system of generalized 
coordinates, it need not necessarily be Hermitian In such a system the volume 
element will take the form dq^ instead of the Cartesian form dq^ dqj used 

above, where A is the functional determinant of the transformation from the 
Cartesian to the generalized system. Partial mtegration with respect to will 


lead to an mtegrond — ^ ^1, and the Hermitian property is 

secured only in the B|iocial case that d^fdq^^ *^0 Asa matter of fact, the genera- 
lized momenta can always lie maxlo Hermitian by taking the wave function to be 
0 t = rather tlian and the wave equation to be that satisfied by 0 ^ rather 
than 0 Ono then takes the generalized volume element as dq^ dq^ rather than 
dq^ Jordan^ has shown that this amounts to introducing a normalization 
m the definition ot the canonical momenta which arc otherwise ombiguous as 
regards an arbitrary additive function of the coordinates 

Even if we use a Cartesian system, so that the p's as well as 9 ’s are Hermitian, 
an arbitrary function will still not m general be Hermitian To see that 
this IS true, wo nood only note that if/ and g be any two Hermitian matrices which 
do not commute in multiplication, such as /— g — p^, their product will not 
be Hermitian In fact the matrix law of multiplication (9) sliows that if /, g bo 
any two Hermitian matrices 


(/ 9 )*(w', n) — 2 n')g*(n', ») -= 2 n')/(n' , n') = ( 0 /)(n, n') 


so that the necessary cuid sufficient condition that their product be Hermitian is 
that those matrices satisfy the relation fg — gf One sees, however, that the pro- 
duct/g+s/ which involves what we shall call 'symmetrical’ multiphcation of / 
and g, is indeed Hermitian Thus matrix functions constructed from a Hermitian 
set of coordinates and momenta, such as Cartesian ones, by repeated applications 
of addition and symmetrical multiphcation will always be Hermitian It is in 
general such symmetrical or 'Hermitianized’ matrices which should be used m 
quantum mechanics The related operators are termed 'solf-adjomt’ or 'real’ 
The quantum conditions < 1 2>-< 1 3> can be made to appear Hermitian by multiphca- 
tion through by t, as t(/g— gf) is Hermitian if/, g are The electrical and magnetic 
moments ore necessanly Hermitian, since 


P - Se,r,. 


= y-!! 

' Z,2m, 




* P. Jordan, Zeito. /. Phyaikq 37a 388 (1920) , of. also Podolsky, 2c* 
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wil^ analogous fonnulae for since Uierefore no non-oommutative 

multiplications are mTolved m oanstruoting these moments from the Cartesian 
p/s anil q^’B, We suppose throughout the remainder of the volume that the 
Hamiltonian operator is always tslcen of a self-adjornt form, permitting us to set 
H(n; n') = n). 

Eq. (14) is exceedingly useful, as it 3 rields the Heisenberg matrix 
elements by a simple quadrature when the wave functions are known 
We shall refer to it so frequently that it is convement to give it a special 
name, and we shall therefore call it the ‘fundamental quadrature’. If 
the reader is more fond of or famihar with the ‘wave’ than with the 
matrix formulation of quantum mechanics, ho can take (14) to be 
definition of matrix elements without knowmg anything more about 
them, and we have then proved the attributes (a, b, e, d) for these 
elements Even if one tries to avoid exphcit use of the matrix language 
and employ a purely wave picture, the wave functions inevitably appear 
m quadratures of the form (14), or equivalent expansions (8), especially 
in perturbation theory, so that the mtroduction of the matrix elements, 
even though not exphcitly so called, is unavoidable For our purposes 
it would really suffice to define matrix elements by means of (8) or (14) 
without bothermg to show that they are the same as Heisenberg’s 
matrix elements, but the proof of the identity of Heisenberg’s defimtion 
and the defimtion (8) or (14) m terms of wave functions, is so often 
omitted in texts on quantum mechanics, despite its simphcity and 
fundamental significance, that its mcorporation in the present chapter 
18 , we hope, not too much out of the way. If, as m this chapter, the 
wave functions are used primarily m connexion with the expansion (8) 
or quadratures (14), these functions become primarily tools for cal- 
culating the matrix elements, and are not given as much physical 
interpretation os they deserve, but this formal procedure seems better 
than gomg to the other extreme and constructing, as is sometimes done, 
hydrodynamical models of the molecule which localize and distribute 
the electromc charge with a definiteness contrary to the Heisenberg 
uncertainty principle A diagonal Heisenberg matnx element f(n, n) 
has the physical significance of bemg the average value of / over all 
phases of the motion in a given stationary state Only such an average, 
and not instantaneous values m a stationary state, are accessible to 
measurement The well-known significance of 10,J® as proportional to 
the statistical charge density m a system with only one electron, can be 
obtained from the fundamental quadrature (14) by takmg/ to be unity 
m a small volume element dv and zero everywhere else Non-diagonal 
elements aie important only as intermediaries to the calculation of the 
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diagonal elements of other functions, or of the same function under 
different conditions It is not the purpose of the present volume to 
inquire further into the broad questions of interpretation m quantum 
mechanics, which would take us too far afield mto transformation 
theory, but instead to find the procedure for calculating energy-levels 
such as are mvolved in the study of electnc and magnetic suscepti- 
bihties * This requires primarily the development of two things per- 
turbation theory and the theorem of spectroscopic stability The 
asiiects of the quantum mechanics which we present are perhaps rather 
formal, but in the last analysis a theory is most ‘physical’ when it 
permits the calculation of a large number of experimentally observable 
quantities in terms of a few fundamental postulates The triumph of 
the quantum mechanics is probably due more than m any one thing 
to its success and utility m making possible the formal numerical cal- 
culation of energy-levels and spectral intensities 

In the hyiinxlynamiinl formulation of the quantum theory, the exproesions for 
the I hargo and < urrent densities for a system with a single olertron arc taken to 
be reapoitivoly’" 

p' eq>4>* and p'v= — -^^^(4>*gnKl$-4>gmd4>*) — — A<P®*, (A) 

imm nu 

where A is the vector potential, and 0 is a normalized sohitioii of the generalized 
wave equation obtained by replaomg W by the oiiorator - ^ ^ m ( 1 ) The hydro- 

dYnamical theory is not without its Attractions For instanco, tho (bar^^o and 
pun*ent thus defined satisfy tho equation of continuity However, diflicultios arc 
oncoimtered m the generalization to systems with more than one elec tron, ns with 
particles it 18 necessary to use a 3?y-chmen8ioiml g<M>inetry, which luin no dire(*t 
physical signilicanco Also the Hpont>aneous riidiation in the hydrodynainicnl 
theory, while in nice acoonl with the Bohr frofjnenty (ondition, turns out to 
be proportional t^o tho concentration'* of electrons in both the final and initial 
states rather than to that in the initial state olone 

Eq (10), Chap I, shows that in any hydrodynaraical theory, the electric 
and magnetic moments of a stationaiy state contaming only one electron are 
roHpoctivoIy I rrr 

JJJp'rdc and Irvp'vlihi (B) 

The moments yielded by substitution of (A) in (B) are the same as tlioso obtained 
by our own standpoint, in which we take the average moment of a stationary 
state to bo one of tho tliagonal olomente of tho appropriate Heisenbeig matrix, 
anti which we Hlmll later jirovo otiuivalont to dofmiiig tho moment by means of 

* For the postulationul foundations of quantum inoohaiucs, see Dirac's book, The 
Prmrtples of Qiimitum MerhnmcJi, in this Ronos 

Cf , for instance, Schrodmgor, Ann dfr Physthy 81, 137, 82, 265 (1927), Gordon, 
ZfUs f Phystk, 40. 117 (1927) 

For exposition of this difliculty see, for instance, Sominnrfold, WellenmeclianxscheT 
Krgdnzungshandy p 60, Condon and Morse. Afec/iante#, p 90 
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Eq (46) to be given subsequently. It is obvious m the electnc case that (B) 
furnishes the same eleotnc moment as that which we use, for if the atom is m 


a definite stationary state, then 4 this restnction the first 

integral of (B) becomes identical with the fundamental quadrature (14) when in 
(14) we set / ~ >-er The proof of the identity of the two standpoints in the 
magnetic case is similar, except that a partial mtegration of one term m the 
integral is necessary In this case we toko m (14) for the x component 




since m a magnetic field ffwc = Ac and smce m,= ~e{yz—zy)l2c 

It may be cautioned that m general the hydrodynamical theory yields correctly 
only expressions which are linear m the charge or current The reason for this is 
that it really gives only the average charge and current distributions of a station- 
ary state, smce by the uncertainty prmciple the instantaneous distributions at 
a given point of space cannot be specified once the energy has a definite value 
Unless one remembers this, the hydrodynamical theory can be quite misleadmg 
For example, in the hydrogen atom one easily verifies that m the hydrodynamical 
theory the angular momentum ih directed tntxTely along the z direction, if this is 
the *axis of quantization* along which the angular momentum is given the 
quantized value One can, however, verify by matrix methods (cf Eqs 

( 76)-(7)) that the squares of the r and y components of angular momentum are then 
really not zero (except in tS states) Tlio explanation is, of course, that the sciuare 
of the mean and the moan of the square are not the same The moan of the first 
power, such us is yiehlod correctly by the hydrodynamical theory, is indeed zero 
for tho X and y components, but the mean square is not As another example, the 
hydrodynamical the<iry yields zero current whenever tho wave functions are real 
except for the titno factoi, provided there w no magnetic field H This m 8C*en 
by settuig 4> . A — 0 m (A) This does not moan that tho 

electron is stationary, but only that il is as likoly to be moving in any given 
threction as in its opposite 


34. Perturbation Theory 

Let ufl HUppoae that the Hamiltonian function consists of two parts a 
mam part which is characteristic of the ‘unperturbed problem’, and 
a small ‘perturbative potential’ {^^toruTigafunklion) 

Here A is some small numerical parameter m which we suppose a senes 
development can lie effected For our particular purposes the per- 
turbative jiotential will usually be the terms added to the Hamiltoman 
function by apphcation of a constant external electric or magnetic field, 
and A will be proportional to the field strength As usual m perturbation 

The identity of the hyilrodynazmcal with the matrix viewpoint a« regards magnetic 
moments has aim been noted by Bitter, Phy^ Zeits 30, 407 (1920), and previously for 
the special case of hydrogen atoms by Fermi. Nature, 118, 87d (1926) 

Tho perturbation theory of quantum meclianiCB woa first given by Bom, Heisenberg, 
and Jordan, Zeita f Phyttik, 35, AS? (1926) and by Bchrodiiiger, Ann der Phyttk, 80, 
437 (1926) 

K2 
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theory, we shall assume that the complete set of normalized oharao- 
teristic functions and characteristic values If® are known for the 
unperturbed problem As the ijfi tat the unperturbed problem constitute 
a complete orthogonal set, the wave functions ^ for the perturbed 
problem may be expanded in terms of the unperturbed ones, so that 

= (» 5 ) 

We now substitute the expansion (15) m the complete wave equation 

(A<»+AA««+A*A««)+ ) 0„-H^„0„ = O (16) 

which we wish to solve We may utilize the fact that the are solu- 
tions of the wave equation 

= 0 ( 17 ) 

for the unperturbed problem, and that by (8) 

0® =2A«>',n')^»., (18) 

»• 

where the n') are the matrix elements of the part of the 

perturbative potential calculated m the system of quantization of (i e 
with the wave functions of) the original unperturbed system When we 
utilize (15), (17) and (18), Eq (16) reduces to an expansion 

T{W;‘18(n'.n')-fAjy<W(?i',»i')-fA»A«»(7i',n')~6(n’,n')lF„}6'(n',n)0®.= O 

nvi' 

in terms of the unpertuibed wave functions, with constant coefficients 
Now if such an expansion is identically equal to zero, the coefficient of 
each 0 m this expansion must vanish separately Hence 

T [»»;®.S(w', n'l+A-VOV'. «')4-A®A«»(n', n')-S(n", n')}VnW(n', n) = 0 

( 19 ) 

Here, as customary, S{n’,n') means that S{n', n')=l, S(w',«') = 0, 
»' ^ n’ In the short-hand of matnx notation, the totality of homo- 
geneous linear equations (19) for determining the S{n ' , n) are eqmvalent 
to the single-matnx equation (vV®-|-A,A''»-f A'A*®-!- )/S— jSW== 0, 
where S denotes the whole matnx whose elements are the S{n';n) 
Since there are an infuute number of states n or n', the simultaneous 
equations (19) for determining the S{n',n) are mfimte in number and 
so clearly can be solved only by successive approximations 
Non-degenerate Systems A dynamical system m quantum mechanics 
IS termed degenerate if two or more energy-levels coincide If the 
original system is non-degenerate we may develop the coefficients 
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S{n',n) and energy W as power senes in A in the following fashion. 

S(n',n) = S(n'.n)+XS(i>(n';n)+X‘S(»(n',n)+ , (20) 

T7„ = T 15 +ATra>+A*R 2 «+ (21) 

The fact that S’‘(n',n) = S{n',n) is a consequence of the circumstance 
that ijin reduces to for A = 0 We now substitute (20) and (21) m 
(19) and equate to zero the coefficients of successiTe powers of A We 
shall carry the calculation only through terms of the second order m A 
The equations obtamed by equating to zero the first and second powers 
of A are respectively 

(WO— W;«)S(«(m'. n)+ J¥<»(m', n)-S(»', «)ir») = 0 (22) 

(fi^— H;“)iS»>(7i'.n)+.A«»(M',»)+ 

+;§ [J^m(m', n')-8(ft', «)-S(«', = 0 (23) 

The solution of (22) is clearly 

W5» = .A«i>(n,«), sa)(«'.n) = ^^^) (n" ^n), (24) 

where v(n,«*) denotes a frequency of the unperturbed problem, which 
IS, of course, given by the Bohr frequency condition 

hv(n.n') = W;o-W2!.= -hv{n',n) (25) 

Thus V 18 really vO, but omission of the superscript simplifies the prmting 
and 18 not hkcly to cause confusion in this particular case The first 
relation of (24) is the expression m the new quantum mechanics of the 
well-known theorem, also true m the old quantum theory,’* that the 
perturbed energy is to a first approximation the original energy W” plus 
the perturbative potential averaged over an unperturbed orbit We 
have already mentioned that diagonal matrix elements such as n) 

are to be interpreted as average values When we substitute (24) m 
(23) we obtain the second-order results 


w<«=2' 


.A‘<‘>(w, n')J^\n' , n) 


-f.A«»(7i,n), 


;S<»(a ',»)=2 


hv(n,n') 

hv(n'' ,n)hv{n' ,n) {hv{n.’ ,n)}^ 

.A«»V>«)+J^®(n’,n)‘S'‘>(»,n) , 


+ - 


hv(n, n’) 


(26) 

V») (27) 


The primes over the summation signs mean that the states n' = n and 
«' = TO ore to be excluded from the summation 


For exposition of tiu8 theorem ui the old thoorys and references, see J H VanVleck, 
Quantum Pnnctples and L%ne Spa^rOt p 203 
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The equations (22) and (23) do not sufiBce to determine the diagonal 
elements 8^*\n,n) or jS<’>(«, n) of the matrix S These diagonal elements 
are, m fact, arbitrary unless one requires that the wave functions be 
normalized. Let us suppose that the wave functions for the unperturbed 
problem are normabzcd, i e 

J J 1.^.1* d«=l (28) 

Let us seek to make the perturbed wave functions also normalized, so 
that they satisfy equation (7) If we substitute the expansion (16) m 
(7) and utilize (28), (3) (with ilfi’a), the normalizing condition (7) becomes 

TS*(»i',n)S(«',»)=l (29) 

w 

On substituting the development (20), Eq (29) becomes 

1 +2AS'«(n, »)-t-A>[2Sa)(«,, »)+ ^ S»)*(n', n)S('>{n ', «)]+ = I, 

n' 

whence iS<'>(«, n) — 0, <?<*’(», ») = — } 2 'S'9*(»' , n)S^'\n ' , n) 

n' 

Both the perturbed and unperturbed wave functions arc orthogonal, as 
our proof of Eq (3) by means of (4), (5), (6) is general If one sub- 
stitutes (15) in (3) and utilizes at the same time the orthogonality 
property (3) applied to the unperturbed wave functions, one obtains 

TS*(n',n')S(a',«)-0, {n’ ^n) (30) 

w 

a result which may also, of course, be verified explicitly to terms of 
the second order in A by use of (24) and (27) Eqs (29) and (30) are 
equivalent to the single matnx equation 

5*&’=1, 

where S is the ‘transposed’ matrix formed from S by mterchanging 
imtial and final indices, so that S{n', n) = S(n, n') Since the product 
of iS'* and /8 is a umt matrix, the matnx §* is the reciprocal of the 
matnx 6', 1 e ^ g-i (31) 

A matnx possessing the property (31) is termed ‘unitary’ It does not 
in general have the Hermitiun property S = S* as this would require 

Degenerate Systems The preceding calculation fails m case the imper- 
turbed system is degenerate, as there will be states of comcident 
unperturbed energy, so that some of the denominators m equations 
such as (26) or (27) will be zero To avoid confusion, we shall henceforth 
use a double mdex n, m rather than a single mdex n to specify a sta- 

“ In the literature S* is often called the matrix ‘adjoint’ to S, and denoted by fSf 
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tionary state. The letter m will signify the totahty of quantum numbers 
which are without effect on the unperturbed energy. Such quantum 
numhera are, of course, found only m degenerate systems The letter 
n will designate the remaining quantum numbers Thus two stationary 
states having the same n but different m’s will possess the same onginal 
energy, so that frequencies of the type v{nm',nm) will be zero In 
a degenerate system an arbitrary bnear combination 

0nm= 5 SO(nm' (32) 

of the wave functions of all the states having the same eneigy is still 
a solution of the original wave equation, as all the having the same 
« satisfy the same unjierturbed wave equation = 0 We 

suppose for concreteness that there are r states of coincident unper- 
turbed energy, which will be represented symbolically by giving the 
index m or m' the values 1, 2, , r The number r will m general be 
a function of n It is to be especially noted that whereas the summation 
in (IS) was over an infinite number of stationary states, that m (32) is 
over a fimte, reatnoted number, as m any ordmary degenerate system 
only a flmte number of states comcide in energy and so r is a fimte 
number Because of the arbitrarmess (32) in the unperturbed wave 
functions we arc not m general justified in supposing that 

^{nm', nm) — h(nm' , nm) 

by analogy with Eq (20) for degenerate systems Instead S® will possess 
terms which are non-diagonal mm (le of the form m' m) To deter- 
nune these terms we substitute (32) in (16), use (18), and equate to 
zero the coefficient of the first power of A, remembering that then the 
coefficient of each ip must vamsh separately This is tantamount to 
adaptmg (19) to the case {nm,nm') and yields 

'^yjt'^\nm’ ,nm')—h{:m" = {m" — f, ,r) (33) 

m'-I 

Although the onginal system of equations (19) was infinite, (33) is a 
fimte set of r simultaneous homogeneous Imear equations for deter- 
mimng /S®(ml,»m), S^(n2,nm), , S'‘{nr,nm) The vanous equations 
belonging to a set are obtained by setting in turn m’ =1, 2, , r In 
other words, we have a fimte number r rather than infinite number of 
simultaneous equations Each value of », i e each family of origmally 
coincident levels, has its own charactenstic set of such simultaneous 
equations Now a set of homogeneous bnear equations admits a non- 
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trivial Bolution only if the detemunant of the coefSoients is zero This 
lequuement gives the determinantaL or ‘secular’ equation 


M‘>(nr;nl} 

A«»(nl;n2) A«‘'(»2.«2)-»;2’ JV<«(n3,n2) . J^‘'’(nr,n2) 
JV'»(nI;n3) Ji«»(n2.n3) JN«'"(»3,n3)-H2:i A«»(nr;n3) 


= 0 


ji<’>(nl,nr} ‘ Al">(n2.nr) J¥<'>(n3inr) . Ji^<^>(nr;nr)-W^>l 


or m briefer notation 

l^‘>(nm'',nm')—S(m‘',m')W^j^l = 0 (m',m’=l,2, ,r) (34a) 

Eq (34) or (34a) is an algebraic equation of degree r and so has r roots 
for the unknown The resulting values of are the first 

approximations to the perturbed energy values of the family of states 
in question If these roots are all distmct, the perturbation has com- 
pletely removed the degeneracy, otherwise not In case the roots are 
not all distinct, difficulty due to degeneracy may be encountered in 
higher order approximations, but discussion of this is beyond the scope 
of the present chapter, and the treatment of degeneracy which is 
removed only in higher-order terms is a fairly obvious extension of the 
method we have given for the first order “ 

Having found the values of we may substitute any one of them 
m (33) and then determine the SHnm',nm) by solving these equations, 
which will be consistent with each other because (34) is satisfied. 
Eqs (33), to be sure, determme only the ratios of the Sf>(nm' ,rm), but 
their absolute values may be found by invoking the aid of the normaliza- 
tion (26) 

Even after solving Eqs (33), and thus findmg the and 
iim), the complete solution of the wave equation has not been 
obtained, as in substituting (33) for (19) we have considered only the 
interaction between states of the same n but different m Actually one 
must include also the effect of the matnx elements m the Hamiltonian 
function of the form ,im), where n' (also the effect of all 

of and higher-order terms) To obtain the complete solution we 
choose the sums (32) as new unperturbed wave functions We may 
then proceed as in a non-degenerate system, and build up a power- 
senes solution of the form (20), with of course the understandmg that 
the ^''’’s rather than ^’s are to be used m equations such as (18) or (16) 
When we employ the ^'’’’s rather than the difficulties characteristic 
of degenerate systems no longer appear, at least in low-order approxima- 

“ Ths procedure when the degeneracy is removed only m Uie higher orders is given 
by ths writer m Phy> Ben 33, 467 (1929], and more folly by Bom and Jordan, Elemm- 
tars Quantenmechanik, pp 209 ff 
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tionB, for use of the linear oombinationB (32) with coefiScients ^(rm' , nm) 
determined by (33) makes diagonal m m the portion of the eneigy 
matrix for which m = m', in other words, 

= WXii «m+ 1 ^<‘>(n'm', nm)0;V 

The energy is affected only m the second approximation (26) by the 
portion of for which n' Hence to a first approximation the 
eneigy is given by solution of (34), and the effect of the ‘high frequency 
elements’ n' # n is only secondary. 

Nearly DegeneraU Systems A case which commonly anses, and of 
which we shall give a specific example m Eq (101), is that in which 
some of the unperturbed eneigy-levels, while not coincident, neverthe- 
less he so close together that their separations are comparable m 
magnitude with the perturbative potential A senes of the usual type 
(20) for non-degenerate systems cannot then be used at the outset, as 
some of the denominators hv{nm,nm') m (26) would be nearly zero We 
here use the notation nm , nm' to denote states of nearly the same energy 
The procedure la quite similar to that m degenerate systems, and con- 
sists m finding a hnear combination (32) of a fimte number of unper- 
turbed wave functions which wiU dispose of the troublesome ‘low 
frequency elements’ » = n', m # wi' m the Hamiltonian function It is 
readily seen that the secular equation now becomes 
l*^nm'8(»i',i?i')-|-AHW(wTO',mTO')— 8(m',wi')lf„„| = 0 

(m',wi'=l, ,r) (35) 

instead of (34) or (34 a) Here the are the unperturbed energy- 
levels, and W„,„ 18 the approximate energy mclusive of the perturba- 
tions, which cannot here be conveniently expressed as a power senes 
in A Such a development is useful only if there is little tendency 
towards degeneracy, or else complete degeneracy (We must, however, 
mention that even in the mtermcdiate case of near degeneracy, the 
secondary influence of the high frequency elements n' can still be 
handled by the senes method ) 

35. Matrix Elements of a Perturbed System. Proof of Spectro- 
scopic Stability 

The matrix elements of any function /m the perturbed system are given 
by the fundamental quadrature (14) if we use in (14) the normalized 
functions appropriate to the perturbed system If we substitute m (14) 
the expansions 

W'm* «*(»'"»»'". w'w'WV'. =_;|,S(«'*»',nm)0«,„. 
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aiitiilaT to (16) for the perturbed in terms of the unperturbed wave 
functions, then (14) yields 

/(n'm',»m)= T S*(n''V'',B'TO')f (ft''W'',«'m')S(nW,«m), (36) 

n'"iH in'w' 

where the/®(»i'" 7 »"',»W) are the matrix elements evaluated for the 
unperturbed system, given by 

fo(n‘V. n'm') = J | dv 

In the brief matnx language (cf Eq (31) ), Eq (36) may be written 

/=iS*/>S = A’-V»S. (37) 

The matnx S formed by the coefficients of the expansion of the per- 
turbed in terms of the unperturbed wave functions is called the trans- 
formation matrix Thus we can evaluate the matrix elements of any 
function for the perturbed system if we know all the elements of the 
same function for the imperturbed state, and if m addition we know 
the transformation matnx The formula (36) or (37) will be entirely 
accurate if we know the transformation matrix accurately, and approxi- 
mate if we know it only approximately by confinmg ourselves to low 
powers 111 the development (20) 

The transformation matnx 8 need not necessarily be used in con- 
nexion with the effect of a perturbation exerted upon a system Another 
common use is in transforming from one system of quantization to 
another in a degenerate system not subject to perturbations that remove 
the degeneracy We have already mentioned that m such a system any 
linear combination (32) of the wave functions of the states of identical 
energy is still a solution of the wave equation When we pass from one 
set of wave functions to another set by constructing arbitrarily 
such Imear combinations, we make what is called a ‘canomoal’ trans- 
formation Such a transformation amoimts to changing the system of 
quantization, as the latter is not umque because of the ambiguity arismg 
from the degeneracy A famihar specific illustration is change in the 
direction of spacial quantization, which is arbitrary in the absence of 
external fields Because we are now usmg instead of the infinite senes 
(16) only the restricted suras (32) over the states of identical energy, 
the transformation matnx will now be diagonal in n, i e will have no 

” Diiao notes [Quantum Mixhamcs, p SZ), that one must be careful in dealing with 
transfortuatioiifl to note whothor one la making a change of variablea or a change m the 
TBpreeontatioii, i o in what we caJl the gyaisia of quantization He proposes the na meg 
* contact * and ‘ canonical ' to deaignate the former and the latter types of transformation 
In the earliOT literature both types of transformation were induerunmately termed 
oanoiucai transformations 
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‘high frequency’ elements m which n' ^ n. Hence (36) may be written, 
on readjusting the prime notation, 

/(wm, = T S*{nm“,nm)P(nm",n'm'")8(n'Tn"',n'm') (38) 

From (38) it is seen that 

"2, f(nm,n'm')f*(nm,n'm')= 2 {/'*(mm',n'm'")X 

m,m* 

xP*(nm^y,n'niy)S*{nin“, nm)S{n'm"', n'm')8(nnfl'' , nm)8*{n'my , n'm')), 

(39) 

where we write for m"", &c Now m the present case the normaliza- 
tion and orthogonality relations (29), (30) yield 

2 8*(nm’, nm) — S(»i', j»w) (40) 

in 

The inversion of mitial and final indices as compared with (29) -(30) is 
legitimate since /§* = 8-^ and since we have 88~^ = 1 as well as 
S-i 8 = 1 There arc, of course, equations similar to (40) m which n, m, 
m”, wiiv are replaced by mv, m"' respectively Thus (39) reduces to 
2 /(»if»,n'»i')/*(nm,n'm')= 2 (41) 

m.m' to'.ih"' 

Now on the nght-hand side we may replace m’, m!" by m, m', for this 
IS only a change m the notation for the variable of summation Also 
the product of a complex number and its conjugate equals the square 
of its absolute magnitude Hence (41) may be written 

2 \f(nm,n'm’)\^= 2 |/’’(nnt,TOW)|* (42) 

m,m' vim' 

This rather formal identity of the sums m the two systems of quantiza- 
tion IS the mathematical expression and formulation of the theorem of 
8{)cctro8copic stabihty, whose far-reaching physical significance has 
already been discussed in § 30 It doubtless seems to most readers a far 
cry from the abstract mathematical result (42) to its superficially not 
at all related physical mterprctation given m § 30 To bridge the gap 
one must examme its application to special degeneracy, which will be 
discussed in the next few paragraphs, and also especially the specific 
use of the theorem m the proof of the Langevin-Debye formula, which 
will not be given until § 46 Before proceedmg to the discussion of spacial 
degeneracy we may note that the theorem (42) apphes to all types of 
degeneracy, not merely to the particular type involved when the direc- 
tion of spacial quantization is ambiguous Also, we may further^ note 
that the expression (42) is mvanant even when n = n', for there is 
nothing in the above demonstration which requires n^n' With n = n' 
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the summation m (42) extends over the various transitions within a 
multiple level rather than over those betwemi two multiple levels. 

Ap^tctUton to Spacud Degeneracy The most important application 
of (42) in calculatmg susceptibdities is to the case where the degeneracy 
arises from the absence of an external field, so that one direction m 
space IB as good as another. Then the various values of the mdices 
m and m' correspond to different values of the axial (often called 
‘equatonal’ or ‘magnetic’) quantum number belongmg to a system of 
multiple levels whose components differ from each other only m that 
they represent different ‘quantum-allowed’ orientations relative to the 
axis of quantization Ordinarily m then measures the component 
angular momentum of the ontue molecule in the direction of this axis, 
m multiples of the quantum umt of angular momentum The 
canonical transformation of the type considered above now simply 
involves a rotation of the coordinate axes, and means that the direction 
of spacial quantization is shifted from one direction in space to another 
Clearly, if A is any vector, the double sum (42) has by symmetry the 
same value whether we take / equal to any one of the three components 
Ajj, Ay, A, provided we average (42) over all possible diiectionB for the 
axis of quantization, for after the average there is no preference between 
the X, y, and z directions m the absence of external fields But we have 
proved an expression of the form (42) mvanant of the axis of quantiza- 
tion, and hence the average over all directions for this axis is unneces- 
sary. Thus (42) always has the same value with / equal to Aj., Ay, or 
Ay Hence it follows that 

2 |Aj(«OT,m'r«')[*= J 2 IA(nm,n'm')l^, (43) 

m,m' m,ni’ 

where 

|A(nTO,n'OT')p— \Ay(nm,n'm’)l‘+[Ay(nm,n'm'){^+Ay(mn,n'm’)\^ (44) 

The expression (44), and hence (43), is clearly invariant of the choice 
of axis of quantization There are, of course, equations analogous to 
(43) for the y and z components Eq (43) shows that summing over 
the axial quantum number has the same effect as a classical mtcgration 
over random orientations, inasmuch as each Cartesian component con- 
tnbutes one-third of the total Thus a quantum average over a discrete 
series of ‘allowed’ orientations is eqmvalent to a classical average over 
a contmuous distribution of orientations 

An example or two will perhaps make these results more concrete. 
If A be a umt-vector matnx, then Ay. may be regarded as the cosme of 
the angle between this vector and some fixed direction in space chosen 
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as the X asis. In other words, is then a matrix representing a direc- 
tion cosine. Eq. (43) shows that fhe. mean value of the aqvare of a directwn 
cosine te one-third when we average over the various allowed orienta- 
tions relative to the axis of quantization This is the same mean value 
08 classically 

Another simple illustration of (42) is furnished by the theory of 
diamagnetism It can be shown (see p 01) that the diamagnetic 
susceptibdity of an atom is proportional to if the magnetic field 

is apphed m the z direction Now the average value of for the 
state n 18 ^ ^ 

— y x\nm,nm) = — 7 \x(nm,n'm')\^ (45) 

tin ^ Qn 

fn m,n ,311 

Here we have utilized the matrix multiplication law (0) Hence n' is 
to be summed over all possible states, including n' = n The ‘a pnon 
probability’ g„ is the number of different values of m belongmg to the 
multiple state n The multiplicity is, of course, due to the fact that 
the axial quantum number m may m general assume a variety of values 
for a given assignment of n A diagonal matrix clement x\nm,nm) is 
the time average of for a component state having a particular value 
of m Summation over m followed by division by jr,, is necessary m order 
to yield the mean taken over the various components Now (45) is 
an expression of the form (43) summed over n', and there are, of course, 
similar expressions for the y and z components Hence by (43) the 
average values of r*, y*, z* are equal, and since r* = x*-)-y*-t-z*, we can 
take x^+p — |r^, just as in classical theory This has an important 
experimental appbcation, as it shows that has the same mean 

value as |r“, with or without spacial quantization, so that it is immaterial 
whether or not there are frequent colhsions to upset the spacial 
quantization Thus there should be no variation of the diamagnetic 
susceptibility per molecule with pressure due to change in the colhsion 
frequency, and hence no basis for the Glaser effect (§ 29) on the ground 
of change m quantization 

Application to the Intensities of Spectral Lines Eq (42) has an 
important application to the intensities of spectral Imes Let us suppose 
that the imtial and final levels involved m the emission of a spectral 
line are both multiple, but that the sjiectral instruments do not have 
sufficient resolving power to reveal the multiplet structure The ob- 
served intensity is then the sum of the multiplet components and is 
thus projiortional to the sum of the squares of the matrix elements 
for the electric moment over all values of the subordmate indices m, m' 
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consistent with given n, n’. In other words, the intensity is proportional 
to an expression such as (42) If the multiplet structure is very narrow, 
it IS very easily distorted (as m the Paschen-Back effect), and its pattern 
completely changed By Eq (42), however, the mtensity in the entire 
pattern is the same as without the distortion A magnetic field, for 
instance, should not affect the mtensity of spectral lines unless we cure 
to isolate the intensities of individual Zeeman components 

Invartance of the 8pwr If we take n' = n, m' — m in (38), sum over 
m, and then use (40), we have the very useful relation 
2 /(«»» , nm) = 2 P(nm , nm) 

I’he sum involved in this equation is called the ‘diagonal sum’ or ‘spur’ 
of the sub-matrix {Tedmalnx) formed from / by considering only the 
elements connecting the family of states of given n but variable m 
The spur of any finite matrix is thus an mvanant of a canonical trans- 
formation The infinite matrices formed by varymg » as well as m do 
not in general have bounded diagonal sums, as the sum is now an 
infinite one over both n, m Hence the spur relation cannot lie employed 
when the transformation matrix is not diagonal in «, unless iierchanco 
it involves only a fimte number of states 

The mvananoo of the spur requires that the sum of the mots of the 
secular equation equals the sum of the diagonal elements of the Hamil- 
tonian function calculated in the original system of representation, i c 
in the unperturlied system of quantization This is true inasmuch as 
(33) takes the form = /S®- in matrix language, so that the 

roots of the secular equation are merely the diagonal elements of the 
energy matrix when transformed mto diagonal form. Thus the sum of 
the roots of (34) is 2 and of (35) is 2 

fM m 

Without using the invariance of the spur, these values can also lie 
verified by expanding the determinants in (34) or (35) so as to yield 
an exphcit algebraic equation IT'-fOiH"'-*-)- -f-o, of degree r The 

sum of the roots is, of course, — Oj, which is found to have the values 
given 

Notation for Diagonal Matrices A special symbolism will be con- 
venient for diagonal matrices, i c matrices whose only non-vanishing 
elements are the diagonal elements A dot over the equality sign will 

** If the multiplot width is at all diffcroiit from zero, tho caso is, to bo sure, that of 
near rather than coinploto degeneracy, and tho transformation matrix will usually con> 
tain dements not diagonal in n, so that (42) is not rigorously applicable, but those *higb 
frequency oloitionts' ore usually small, since the corresponding donominators in (24) are 
relatively small, and so (42) is a good approximation 
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mean that the left-hand side is a diagonal matnx and that the right 
side gives the diagonal elements of this matrix Thus = mihjZir, for 
instance, is an abbreviated way of saying that nm) ~ 

p^[ntn,n'm') = 0 {n' =^n,m' ^m) A symbol resembling an equality 
sign as much as possible has been desirable because the physicist hkes 
to picture the diagonal elements of a physical quantity represented by 
a diagonal matnx as the values which it can assume in the stationary 
states Thus one speaks of the axial component of angular momen- 
tum as betTig m a stationary state On the other hand, the 

equality sign without the modification of the dot over the equality sign 
would not be mathematically correct as one cannot equate an entire 
matrix (the left side) to a diagonal clement thereof (the nght side) 
A bar is unnecessary to designate the time average of a function capable 
of representation by a dotted equahty, as its matrix consists solely of 
diagonal elements and hence it is constant with respect to time 

The diagonal elements of a diagonal matnx are called its charac- 
teristic values We tacitly consider throughout the volume only 
matnees in what is called the ‘Heisenberg scheme of representation’ in 
the parlance of the transformation theory of quantum mcchames We 
do not need to occupy ourselves with the theorem of transformation 
theory’ that any matnx can he brought mto diagonal form if we are 
willing to sacrifice the diagonal form of the Hamiltonian function 
When we say an expression is a diagonal matrix we mean that the 
diagonal form can be achieved without impairing the diagonal form of 
the energy This restriction is necessary because we are dcahng with 
conservative systems, otherwise every matrix would be potentially a 
diagonal matnx 

36. Formulae for the Electric and Magnetic Moments of a 
Stationary State 

The average electric and magnetic moments m any given stationary 
state arc obtainable from the formulae for the energy by a simple 
differentiation, viz 

dW ~ bW 

Pa'«».= TtXnm, nm) = - mn(nm, nm) = — (46) 

The bar denotes the time average for a given stationary state, and is, 
of course, the same as a diagonal element of the Heisenberg matrix for 
the electric or magnetic moment Thus if the series development of the 
energy in the field strength is IF = , then 

Pg.(nm,nm) = - W(^-2EW)^i+ (47) 
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To obtain specifio formulae for IT***., we use (24) and (26). We 
assume that the system is non-degenerate or, if degenerate, that it has 
had the troublesome ‘degenerate elements’ » = »', eliminated 

from the Hamiltonian function by findmg a new set of wave functions 
by a proper Imear transformation (32) In case the only external field 
is the given electnc or magnetic field, the degeneracy difficulty due to 
the arbitranness of spacial orientation in the absence of the field is 
avoided by taking the direction cd the axis of quantization as identical 
with the direction of the apphed field The matrices representing the 
components of electric and magnetic moment in this direction are 
readily shown to be diagonal in the axial quantum number m 
We shall first derive formulae for and If® in the electnc case 
As usual, we suppose the apphed field along the z axis. Here we may 
take the parameter A to be the field strength E, and comparison with 
£q (2) shows that 

A«« = - 2 e.2, = - Pa, .A<® =0 (48) 


Except for sign, the matnx elements .^®(«m,n'OT') involved in the 
perturbative potential EA*® are thus identical with those p^.(jwn, n'm') 
of the electnc moment, provided the latter are calculated m the absence 
of the field, as indicated by the superscnpt ® This proviso is necessary 
since the unperturbed wave functions are used in the defimtion (18) of 
the elements A<®(nm,w'OT') These elements may be calculated by 
means of the fundamental quadrature (14) taking /= 2 ®i*t> the 
wave functions to be those of the unjierturbed state By (24), (26), 
and (48) 

== - P® {«»«. nm), = 

and hence by (47) and (49) 


2 ' \p^ [nm,n m 
, hv(nm,n'm') ' 


( 49 ) 


since 


p^(nm,nm) = pg{nm,nm)-\-2E 

n'Tn* 


hv(n'm',nm) ’ 


( 50 ) 


p^(nm,n'm')p^(n'm' ,nm) = p^;{nm,n'm')p^*(nm,n'm') = |p^(n»n,»'m')|® 
in virtue of the Hermitian property of the electric moment matnees, 
and since by (25) v{n'm' ,nm) = —v{nm,n'm') The presence of the 
second nght-hand member of (.50) means that the average electrical 
moment p^{nm,nin) of an atom or molecule in the presence of the field 
IS not the same as the average nm) for the same stationary state 

in the absence of the field This is, naturally, because the presence of 
the electnc field distorts the electromc (and nuclear) motions, and 
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polarizes the atom so that there is an indueed moment, given by the 
second term of (50). 

In the magnetic case we have X — H, and Eq (2) of the present 
chapter or Eq (48), Chap I, shows that 


J^(*>(nm,m'm') = —m^{nm,n’m'). 


M^\nm,n'm')='y -‘-- {x‘+y‘){nm,n'm'), ( 51 ) 

where m^(nm,n'm') denotes a matrix element of V (^iP^—ViPn) 

evaluated in the unperturbed state, i e an element of the magnetic 
moment m the absence of the magnetic field The presence of the 
second-order term .A'® m (51) is because (2) contams a non-vanishing 
quadratic term in U, which has no analogue in the electric case Pro- 
ceeding as before, we find from (24), (26), (40), and (51) that 


, nm) 




( 52 ) 


The last term of (52), which is not jiaralleled in (50), is a diamagnetic 
one, as can, for instance, be seen by companson with the classical theory 
of magnetism previously given on p 91 As we have mentioned on 
pp 22-4, this third term is essentially a eoirection for the fact that m 
a magnetic field the ‘canonical angular momentum’ P~^ = x^p^—y^p^ 
IB not the same as the true angular momentum j»,(r, y^r,) Hence 

in the field a matrix element mn(nm,n'm') of the true magnetic moment 

IB not the same as J (C(/2m,c)/^(n»n,n'm') This distinction disapjiears 
% 

when the field is absent, so that n’m') — ^ (e^j2m^c)PlJ^nm,'n'm') 


Proof of Eqs (46) Having shown at some length how Eqs (46) may 
be used to calculate the moment of a stationary state, it remams to 
give the proof of these equations To do this, we note that Eqs (49), 
Chap 1, VIZ 


Pe= - 


dE' 


m' 


( 53 ) 


are vahd m quantum mechanics provided p^, mg, M are mterpreted 
now as matrices, indicated by the angular parentheses around the equa- 
tion number, and provided in the differentiation the matnx elements 
of M are calculated for the system of representation appropriate to 
a particular field strength, say (or Hg), rather than the variable one 

3591 3 T 
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(or The reaeon that these equations are still valid 

is that the denvation of (49), Chap I, from (48), Chap I, involved no 
operations (such as the multiphcation ff* J>*) which are non-commutative 
in quantum mechanics, and so the various steps in going from (48) to 
(49) in Chapter I retam their validity in matrix as well as ordmary 
algebra. Let now the electnc field be changed from to JSq+A^? 
The term added to the Hamiltonian function is then (dJfjdE)\E, 
neglecting squares of ^E Further, if now we take A = ^E, instead of 
A = J5 as previously, the change A W' in the quantized energy is to a first 
approximation m AF by (21) and by (24) the average or diagonal 
value of the term added to the perturbative potential Thus to this 
approximation we see, usmg (48), that 
SJf 

AW;„= AF (nm,nm) = —AEp^(nin,nm), 

and passmg to the limi t AE = 0 we obtain the first relation of (46). 
The proof of the second relation is similar “ 

Eqs (40) and (53) are not to be confused, as IV is the energy appro- 
priate to any given field strength, and is always a diagonal matrix, 
whereas is the Hamiltoman function expressed m the system of 
quantization appropriate to one particular field strength Ef,, and is not 
a diagonal matrix when E Eg Eq (53) gives the matnx representmg 
the instantaneous value of the moment, whereas (46) gives the time 
average Because the distmction between (46) and (53) is a little subtle, 
some readers may prefer to take (46) to be the defimtion of the average 
moment, rather than falhng back upon the defimtion of moment given 
m Eq (11), Chap 1 This alternative is not without its advantages, 
and IS sometimes used m the literature However, if we regard (46) as 
a defimtion of the average moment, rather than as a consequence of 
(II), Chap I, it IS not at all obvious that the average moment per 
molecule, when multiphed by the number of molecules per c.c , is 
identical with the macroscopic polarization vector P given by the 
famihar macroscopic relation D = E-t-47rP In other words, we have 

** la porfonnm^ the differeutiatjon in \53)> it i3 omentiul that tho systom ol representa* 
tion* 1 o o£ quantization, for ^ bo held faflt to that appropnate to a particular field 
strength Eq Siinilaily Eqe (49) of Chap I ore valid only in systems of coordinates 
obtained from Cartesian ones by transformations which are independent of the field 
strongtli Ef but which < on novortheloss mvolvo tho constant jiaramoter Eq KolationB 
similar to (40) aro readily proved valid ui tiui classical or old quantum theory by esBen- 
tially tho same method as that which wo use m the new Then denotes the energy 
exproasod as a function of the angle and action variables wj, appropriate to the varia- 
ble field strengtli, and so is mdepenilent of tho wq corresponding to the fact that the 
energy is a diagonal matrix in (46) but not m <63> 
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proved Sqs. (12), Chftp. I, viz. 

P = Np, M = im, (12,1) 

from the defimtion (11), Chap. I, rather than from (46) of the present 
chapter Even so, some readers may object that there is still a lack 
of ngour m our proof of the fundamental theorem (12, I) from (11), 
Chap I, in the quantum mechamcal case, as our proof of (12, 1) m § 3, 
which was inevitably rather long, was an entirely classical one, so that 
we are now reasoning only by analogy with classical theory Apparently 
a completely ngorous justification of (12), Chap I, would require a 
quantum theory of the electromagnetic field,*® which is a very intricate 
subject beyond the scope of the present volume However, one can 
always be almost certain that classical averages are replaced by diagonal 
matrix elements in quantum mechames, and this is all we have used 
As a matter of fact, considerable of the work in Chapter I can be 
repeated in the matrix language, at least when the fields are constant 
in time, taking E, H, D, B, &c , to be now matrices, and in this way 
one can see that the vaUdity of the relations (12, 1), with p, m defined 
by (11), Chap I, is virtually unavoidable even m quantum mechames 

37. The Rotating Dipole in an Electric Field** 

It IS customary to treat the ‘end-over-end’ rotation of a diatomic 
molecule by using a simplified, idealized model, sometimes called the 
‘rigid rotator’ or ‘dumb-bell model’ The behaviour of this model m 
an electric field furnishes a simple illustration** of the perturbation 

A tentative form of such a theory has been given by Heisenberg and Fauli^ Zetto 
/ Phymkt 56, 1, 59, 168 (1020), but is not without objections, (cf Oppenhoimer, Phys 
Jiev 35, 461 (1030) 

» This problem was treated more or loss simultaneously by Mensing and Pauli, Phys 
Zetta 27,009(1926), R deL Kronig, Proc Nat Acad Sc* 12, 488(1926), C Manneback, 
PhyB Zetta 27, 5b3 (1926) , and J H Van Vleck, Nature, 118, 226 (1920) (abstract only) 
The wave equation for the lotatmg dipole m the absence of fields was first formulated 
and solved by Schrddiuger, Ann der Phyaxk, 79, 620 (1926) The behaviour m fields so 
powerful as to prevent the use of the usual perturbation theory has been considered by 
Brouwer, Dissertation, Amsterdam, 1930, cf also l^onnard- Jones, Proc Soy Soc 129a, 
698 (1930) 

If the reader desires a eitll sunpler exampio of perturbation theory, ho ma> consider 
the rotatmg dipole m two dimensions subject to on electric field m the plane of motion. 
The unperturbed wave functions are then simple smes or cosmos, and the development 
(15) of the perturbed wave function takes tho form of a Fourier senes, consisting ex- 
clusively of erne or cosmo tonus. The wave equation for the perturbed problem is of the 
form known as Mathieu’e equation, and is similar to the wave equation for the two- 
dimensional simple pendulum, which has been discussed quahtatively by Condon, Pkya, 
Sen 31, 891 (1928) Our tiiree-dunenaional wave equation (54) is, of course, hke t^t 
of the spbenoal pendulum. Despite the very simple foim of the two-dunenaiona lequation, 
its oharactenstio functions cannot be expressed except m senes, as there are no closed 

L2 
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theory given in § 34 If we neglect the molecular vibrations, the nuclei 
of a diatomic molecule remain at a constant distance rg from each other, 
and so the end-over-end rotation may be expected to resemble that of 
a dumb-bell of length rg with masses My, at the two ends, equal to 
the masses of the nuclei The moment of mertia is then 


/ = 




-afi-f Jfg “ 

If the molecule is polar, we may suppose that there is a constant dipole 
moment y, along the axis of the dumb-bell Let 8, ^ he the usual polar 
coordinates speoifymg the position of the axis of the dumb-bell relative 
to a fixed direction in space, which we shall suppose to be the direction 
of an applied electric field K The SchrOdmger wave equation is then 


_ ** [ 


Sir®/ [sill 8 88 




-f- 
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0®^6 Sir®/ 


8in®00^» ' A® 


{ir-t-/tAlco8 0)0j = 0 (54) 


Eq (54) IS the spcciahzation of the general wave equation (1) appro- 
pnate to our particular model 


Tlio term — /iB cos 6 is clearly the potential energy V of the dipole in the applied 
field jB The derivation of the first two terms of (54) is somewhat more compli- 
cated The elassieal Hamiltonian function for the kinotic energy of a rotating 
dipole IS 


(55) 


and if wo rofiliioo Pq, by ftf' the first term of (54) would bo 

{ — Tho (liffiuvilty w tho one Tnontioned at the be^ummg of § 32, 
namely, that the transcription into the oponitc)r language is ambiguous bocause 
d /c$ does not commute in multiplic ationw itli f{B) Tho rlassioal Hamiltonian can 
be written equally well as 



(56) 


since in any ordinary algebra pg sin 6 — tnndpff Eq (50) yields (54) on replacing 
momenta by o{XMators in the fashion doHCiiboil above That we should use (56) 
rather tlian (55) con bo Hoori from a rtilo given by Schroduiger^^ for settmg up his 
wave equation in generalized coonJmates Schrodinger hrst iJenved his rule by 
a variational method, but it ih tantamount to throwing the l^aplocian into 
generalized coordinates In Kpherioal coordinates the Eaplacian operator is 


7a __ \ I L — (sm0— W — 

r*cr\ or J ^ r*Bin^c^\ dB 


formulae for these 'Mathiou functions* The problem which we are treating may be 
roganlod as tho generalization of the Mathiou problem to three dimensions In the 
hypothetical two dnnonsional problem tho factor in the Langevm Dobyo formula is ^ 
rathoT than and the states for wliirh y¥=0 moke a negative rather thun positive 
contribution to tho suscoptibility, whereas in § 45 we shall seo that they do not contribute 
at all with the three dimonsional dumb-bell model 
E Schrudinger, Ann tier Fhymkt 79» 748 (1920) 
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and we obtain the first two terms of (64) on aasunung that dil$ldr = 0, suggested 
by the fact that the inter-nuclear distance r is constrained to the constant value 
Tq This way of treating the constraint is more heuristic than rigorous, as ( 1 ) was 
intended for free particles A better way of denving (54) is to use the complete 
quantum-mechanical representation of molecular motions, takmg into account 
the electronic and vibrational as well as rotational degrees of freedom An 
elaborate theory has been developed by Bom and Oppenheimer^^ for treatmg 
these different degrees of freedom by methods of successive approximations, 
beginning with the motions of largest enorgy, viz the *oloctrontc’ motions rela- 
tive to fixed nuclei It finally turns out that the end-over-end motion is given 
approximately by (64), provided that the molecule is in what band 8poctro8co]>ists 
caU a £ state, and provided oven then that we neglect ‘wobbles* due to nuclear 
vibrations, to departures of the instantaneous forces exerted on the nuclei by the 
electrons from the average of these forcm, Ac These wobbles are important in 
the precise spoctroscopy of rotational fine structure, but are unimportant for us 
By a £ state we moon a state with no electronic angular momentum about the 
axis of figure (see § 63 for further details) All common diatomic moloculos except 
NO have £ states for their normal or ‘ground lovels ’ 

Unperturbed System The unperturbed system we can take to be that 
m the absence of the electric field When we set E — 0 the differential 
equation (54) becomes that of surface harmomes, and can be shown to 
have a solution having the necessary properties of singlc-valuedncss, 
&o , outlined in§ 32 only if the constant ^n^lW/h^ has the value 
where } is an integer, so that “ 


8,r^i 

(57) 

The correspondmg solutions are 



(58) 

1 

where P,"‘ix)— , , (1 — , .(j;^— 1)' 

' 2{;'' ' dx’«+!^ ' 

(59) 


The integer m can take on any integral value in the interval 
— ^ < m < +; 

The functions (59) are called associated Legendre functions, and the 
ordinary Legendre polynomials are comprised as the special case m = 0 
The radical is included as a constant factor in (58) to make the solutions 

** Born and Opponhoimor, Ann der Phytnk, 84 , 457 (1927), or Condon and Morse, 
Quantum Mechonwst P 163 

Wo use small letters for the quantum numbers in the present section despite the 
fact that the latest usage m molecular spoctrosLopy demands capitals We do this for 
two reasons first, because the recursion formulae, Ac would be rnthor awkward with 
capital subscripts and second, because the present 'rotatuig dumb bell* is not necessarily 
to be taken as representing accurately an actual molecule 
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normalized to unity. If we use the usual S-symbol, the normalization 
and orthogonality properties can be expressed in the single equation 

JJ J'*"')- 

Here the element dw — Bmdd8d<j> of solid angle replaces the volume 
element dv m equations such as (3) It is not our purpose to show that 
(67) and (58) are the characteristic values and characteristic functions 
of (64) when JS=0, or that they fulfil (60) In fact, it is not our aim 
to discuss how accurate solutions are found in the rather limited number 
of oases in which the wave equation is exactly soluble, but rather how 
approximate solutions are obtamed for a perturbed system if the unper- 
turbed one has been solved precisely The necessary proofs connected 
with (67)-(69) will be found in all standard treatises on sphencal har- 
momcs, not to mention many recent texts on quantum mechamos,^ 
although it may be mentioned that often the treatments side-step the 
task of showing that (67) and (58) (or linear combinations thereof of 
the form (61) ) are the only charactenstie values and functions How- 
ever, thorough mvcstigation shows that the most general surface har- 
momc of degree j, \e the most general solution of (.54) for E=0, is 
obtamed by takmg an arbitrary Imear combination 

( 61 ) 

of the ‘tesseral harmomes’ (58) over all values of m consistent with 
given j Eq (61) is an illustration of the general theorem (32), and the 
arbitrariness (61) is thus to be expected since m is a 'degenerate’ 
quantum number not appearmg m the energy formula (57) The non- 
appearance of m m (57) expresses the fact that the spacial orientation 
of the axis of rotation is immatenal m the absence of external fields 
The quantum numbers j, m have the following physical interpreta- 
tion The square of the total angular momentum P of the molecule is 
P^ The component angular momentum about the 

axis of the polar coordinate system is p^ = inhl2n To prove the first 
of these statements we have only to use (57) and to note that the 
energy W has the value P^jZI in terms of angular momentum To 
prove the second statement, take / m the fundamental quadrature 
(14) to be the operator M IZmd^ correspondmg to p^ As by (68), 
the integral (14) then differs from the normahzing 
relation (60) only by a factor mhj2u, and hence p^ is a diagonal matrix 
whose elements are = The energy, of 

** Cf , for instance, Sommerfeld, Wellenmeehamecher Ergataungiiband, § 2A 
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oouTse, depends on the total aiDgular momentum rather than on its 
component in a particular direction The latter component merely deter- 
mines the spacial orientation The energy formula (67) is a very familiar 
one m band-spectroscopy Asy(j+1) = (j+i)*— i the energy is, apart 
from an unimportant additive constant, the same as though we used 
half-quantum numbers m the energy expression of the old 

quantum theory 

Perturbed System When jE # 0, it has not been found possible to 
obtam accurate solutions of (54), and it is necessary to resort to the 
methods of perturbation theory, which yield the first few degrees of 
approximation very easily, if we take \ ~E The first step is to cal- 
culate the elements of the perturbative potential = —fiE cob 0 In 
virtue of (14) these are given by 

^™(jwi.y»»') = — pcosfl(jm,/m')=— pj |0}’,*cose^y.„. dco (62) 

Now the associated Legendre functions obey the recursion formula 
(2j+l)ooaei^{ooa6) = (j-l-TO)J^i(co8e)-)-(j— m-(-l)I5Ji(co8e), 

which by (68) is equivalent to the following relation between our 
normalized wave functions; 


ooBe>^%, = J' 


(j-m){3+m) 

(2j-l-l)(2j-l) 




-J 


(2j-^3)(2j+l) 


0?- 


0+lm 


The integral (62) is thus reducible to two mtegrals of the form (60), 
and so one finds that 


(2;+l)(2j-l) 

ooBe(jm,3+\m)^coBe(j+lrn,3m) = J 


(63) 


and that all other elements vanish 
The fact that the non-vamshing elements are all diagonal in m shows 
that the degeneracy difficulty (i e appearance of elements diagonal m 
3 but not in m) is avoided by taking the axis of quantization identical 
with that of the apphed field It has thus been allowable to use (58) 
for our mitial wave functions mstead of the more general hnear com- 
binations (61) As by (62) and (63) contams no diagonal elements 
in our problem, Eq (24) shows that 


1 F <«=0 


(64) 


The summation in (26) reduces to but two terms, whose associated 
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frequencies are by (26) and (57) i'(i,j±l) = *(T2jTl— l)/8ir*/ By 
(62) and (63), Eq (26) yields 


j'-J-l.H 


fc 08 fl(j»i, j'm)]* _ 4rr‘//i® 

1 H3,f) ~ ^ 


\ j(j+l)-3^ ] 

bG+l)(2j-l)(2j+3)J 

(65) 


The case j = 0 requires special consideration Here the summation 
reduces to a single term j' — j+1 = 1 There is no term j' =j— 1 = —1 
as states of negative j are non-existent, and as one can also verify from 


(63) Thus 




/i>[cosfl(00,10)]* 

hv{0,l) 




( 66 ) 


Speclroacopte Siabtliiy From (63) and the rule (9) for matrix multi- 
plication it follows that the diagonal elements of cos®9 are 


This gives the time average of cos^tf for one particular stationary state 
To obtain the average of oo8*9 over all the different allowed spacial 
onontations one must take the mean over the 2j-+-l different allowed 
values of m rangmg from —j to +j Now 

3 ^ ma=(2j+l)j(j+l) (68) 

m — J 

This formula for the sum of squares of integers is one we shall have 
frequent occasion to use It is readily proved inductively as follows 
Assume it holds for a given j Then it also holds for - 1 - 1 as 
6{j+l)*+(2j-fl)j(j-|-l)-(2j+3)(j-hl)(;-f2) 

To complete the proof we need merely note that (68) is obviously 
correct for j = 0 or j = 1 From (66) and (68) it follows that 



in agreement with the statements mode in § 30 and § 35 that the square 
of a direction cosine has the same mean value 1/3 in quantum mechanics 
as in classical theory 

The Symmetrical Top Another, somewhat more general model 


Tho unpi'Tturbod wavo oquat ion for the symmetrical top was first solved by Roiche 
and Hadcmachor / F%stA',39,444,41,453(11126))»byMaiinebatk(P/(j^« ZcOs 28, 
72, 1927), and by Kromg and Rabi {Phy9 Rev 29, 262 (1927)), although Dennison had 
previously obtaincxl formula (7U) by matnx methods [l*hy» Rev 28, 3J8 (1920)) Tlie 
perturbed levels (72) in an elrntru field were obtained by II do L Kronig (i'roc Nat 
Acad Set 12, 008 (1926)), and more especially by C Manneback, le , and Debye and 
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which has been used to repiesent molecular rotations is that of the 
so-called symmetncal top, which is a rigid body having two equal 
moments of mertia I and a third moment of inertia G As compared 
to the rigid dumb-bell, the symmetncal top has an extra degree of 
freedom and moment of inertia, connected with rotation about the axis 
of symmetry and hence with the moment of mertia C In the absence 
of external fields the wave equation for this model proves to be 
ngoiously solvable, and has the energy 


W«: 


'SttH 


rj(j+i)- 

-A* A*| 

L I 

—+c\ 


(70) 


where A is a quantum number specifying the angular momentum about 
the axis of symmetry Perturbation calculations, which we omit, show 
that the change in energy produced by a field E is given by 
EW<^>+EW<-^'>+ 

with 

W(I) /Til 

jU+W 

[C>+l)«-m»I(j+l)»-A<‘]1 

L/(2j- 1)(23+'1) ' 0+l)'‘(2,?+l)(2; + 3) J’ 

under the supposition, of course, that the dipole moment comcidos in 
direction with the axis of symmetry of the top 
The symmetrical top model has two applications to actual molecules 
It can be shown “ to represent (apart from an unimportant additive 
constant independent of m) the rotational energy of a diatomic mole- 
cule mil. A,®, electronic states corresponding to A = 1, 2, 3, The 
£ states which can be represented by the dumb-bell model are com- 
pnsed as the special case A = 0, where (70), (71), (72) reduce to (57), 
(64), (65) In applymg the symmetrical top to diatomic molecules, the 
term A®/C of (70) must be dropped, as it is included m the mtemal or 
electromc energy of the molecule This term would, m fact, be meaning- 
less, as the moment of inertia of a diatomic molecule about its axis of 
figure 18 virtually ml, bemg due entirely to the small electromc masses, 
and 18 not constant m time, as the electrons are continually moving 
A second and simpler apphcation of the symmetncal top model is to 
represent the rotational motion of a non-collinear polyatomic molecule 
wnth two equal moments of inertia, i e molecules such as NHj, &c In 
this case the quantum number A is associated with a rotation of the 
whole molecule about the axis of symmetry, whereas m the previous 


Mamuiback (Nolure, 119, 83(1927)), who oonBiilerod Eqs (7 1)-{ 72) explicitly lu connexion 
With the Stark effect aa well as implicitly in connexion with dielectric constants 



154 QUANTUM-MECHANICAL FOUNDATIONS VI, {37 

applioatioD it was only an ‘eleotronio quantum number whioh deter- 
mined the electromo level rather than the position withm the band. 
A polyatomic molecule has two rotational quantum numbers y, A whioh 
can take on arbitrary integral values subject only to the restriction 
|A| <y, and hence it possesses exceedingly oompbeated band-spectra 
Stark Effea Eqs (64) and (71) reveal an important distinction, 
namely, that there is no first-order Stark effect for an ordinary un- 
excited diatomic molecule m a S state, but that there is such an effect 
for a diatomic molecule not m a S state, or for a polyatomic molecule •• 
Unfortunately, adequate measurements on the Stark effect, i e dis- 
placements of spectral frequencies m electnc fields, are wantmg in 
molecular spectra, but it would be exceedingly gratifying if such 
measurements could be made, as we would then be able to verify the 
theoretical predictions of equations such as (64), (65), (71), (72) on the 
energies of tndtmdudl stationary states in electnc fields, not necessarily 
the electronic ground-levels, whereas measurements of dielectric con- 
stants test only the statistical average of the energies of the vanous 
component rotational states of the ground-level only In other words, 
Stark-effect measurements will isolate individual values of the quantum 
numbers j, m, whereas susceptibility determinations will not The 
techmque of Stark-effect observations in molecular spectra is, of course, 
a difficult one The second-order Stark effect, which is the only type 
found m X levels, is so very small m any ordinary field strength that 
it would be hard to measure with any precision, and even the first-order 
effect in other levels or in polyatomic molecules is very minute except 
for the first few lines of a band, inasmuch as the rotational quantum 
number j appears in the denominator of (71) Hence, mcidentally, 
expenments on the electnc analogue of the Stern-Gerlach effect™ wiU 
produce only very small deflexions m molecules It must be mentioned 
that besides the second-order term (65) or (72) due to the permanent 
dipoles, there is also another second-order term due to the mduoed 
polarization, not mcluded in our simple models Experiments on the 
quadratic Stark effect would measure only the sum of the two terms 
However, if the molecule should happen to be nearly isotropic optically, 


** The first-order effect in such molecules should, however, sppoar only when the enet^ 
due to the external electric field is large compared to the so-called *A-type doubhng* 
See S 70 This restriction docs not appear in Kq (71), as the model is too simple to take 
account of the A-doublmg phenomenon If h^v{y) denote the width of the A-doubletf 
the true formula is instead of (71), where is defined by (71), 

of W G Penney, Moff , tl, 602 (1931) 

** For references to such oxpeninoiita see note 3, Chap V 



VI,|S7 gUANXUM-MECHANICAL FOUNDATIONS 165 

the induced portion would depend but Lttle on m, and detenninations 
of the relative in distinction from absolute displacements of the Stark 
effect components should then furnish a test of (65) or (72). 


38. The Electron Spin 

The writer begms this section with considerable trepidation, as the 
theory of the spm is neither particularly simple nor particularly rigorous 
The concept that an electron has an internal degree of freedom about 
which it 18 free to spm has been extraordinarily fruitful m clanfying 
the analysis of spectra This idea is due pnmanly to Uhlenbeck and 
Goudsmit,“ although the spm has been proposed m other connexions 
at earher dates by Compton, Keimard,®^ and others The theory of the 
electron spm may be presented m two ways, viz by means of what we 
shall call a semi-mechamcal model or by means of Dirac’s ‘quantum 
theory of the electron’ 

In the semi-mechanical model, matrix expressions for the spm angular 
momentum are written down by analogy with the orbital angular mo- 
mentum matrices, with certam postulates regarding the occurrence of 
a half-quantum of spm per electron which will be explained below It 
is further assumed that the ratio of spin magnetic moment M, to spm 
angular momentum P, has twice the classical value — e/2mc for the 
ratio of orbital magnetic moment to orbital angular momentum, so that 

^ 

P~ me 


(73) 


The assumption (73) is made to explain the fact that in experiments on 
rotation by magnetization (the Einstem-Bichardson-de-Haas effect) as 
well as on the converse magnetization by rotation (Barnett effect), the 
ratio of magnetic moment to angular momentum has approximately 
the value (73) instead of the classical orbital value The anomalous 
ratio (73) for the spin is also required by the anomalous Zeeman effect, 
as will be seen more fuUy in § 42 Lande found that his celebrated 
g-formula could be explained, except for certain characteristic modi- 
fications resulting from the new quantum mechanics not understood 


Uhlenbeck and Qondamit, Du Naturumtenachaftm, 13, D53 (1926), Nature, 117, 
264 (1626) 

A H Compton, J Franklin InatUuie^ 192, 145 (1921), E H Kennord, Pkys Bev 
19* 420 (1022) (abstract) Konnard’s noto is often overlooked, m it the spm was proposed 
explicitly m connexion with the gyromagnotic anomaly 

** For desenption of these gyromagnetio experiments, and references, see Stoner, 
Magnetiam and Atomic Structure, p 184 

n E Land4, Zeits f Physik, 15, 189 (1923) or Back and Land4, Zeemaneffekt und 
MtdhpleUHrukfur der SpektraUinien, pp 43, 79 
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prior to 1926, by asBuming that the atom contamed a rather mysterious 
‘atom-core’ (Atomrumpf) whose ratio of magnetic moment to angular 
momentum has the value (73) This mystical ‘atom-core’ now turns 
out m reality to be the spm 

Besides the arbitrary character of its postulates, the semi-mechanical 
model has the drawback that it is able to descnbe only to a first 
approximation (i e through terms of the order 1/c®) the mtemal mag- 
netic forces of the atom That is to gay, it does not furnish an adequate 
dynamics of the interaction of the spins with each other and with 
orbital forces PracticaUy, this is not a serious handicap, as the terms 
of higher order 1/c* are entirely too small to be of any consequence m 
the optical region, although they are large enough to be observable in 
the case of X-ray doublets in heavy atoms The mteraction of the spm 
with external magnetic fields, which is our particular concern, is handled 
perfectly well by the semi-mechamcal model However, an approximate 
theory of mtemal magnetic forces is never as satisfying logically as an 
exact theory, and because these forces are only approximately described, 
the Hamiltonian function used in the semi-mechamcal model does not 
behave proiiorly under a Lorentz transformation, and so does not meet 
the requirements of the special theory of relativity 
It 18 this need of relativity invariance which led Dirac to the discovery 
of his brilliant ‘quantum theory of the electron’ In the case of a 
system with one electron, he boldly replaced the single second-order 
SchrOdingor wave equation by four simultaneous first-order wave equa- 
tions, involviug the use of four wave functions In a system with / 
electrons there would bo 4/ wave functions, but the extension of Dirac’s 
theory to many electron systems is at present m a rather unsettled state, 
and this is one reason we do not incorporate it in the present volume 
Previously to Dirac, Pauli had shown that the existence of two wave 
functions per electron, and of two corresponding simultaneous second- 
order equations, was necessary in order to interpret m wave language 
the spin matrices of the semi-mechamcal model One wave function 
corresponds m a certain sense to the almement of spin parallel to the 
axis of quantization, and the other to it anti-parallel Four wave func- 
tions are twice too many, and in order to vest them with a physical 
interpretation it seems necessary to mterpret certain states as repre- 

“ P A -M IJirai', 1‘roi, Roy Sor 117a, 610, 118a, 3.81 (1028), or Tho Pnnevpla of 
Quantum Mwhanm, Chap XllI The expliut ealculation of the euaceptibihty of an 
atom with one \ aleni o elec tron by means of Pirai *n four aimultanooua equations is given 
by Sommerfold m the report of the 1030 Solvay Congress The results are the same as 
with the semi-mechaiiioal model except for terms too small to be observable 
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aenting an electron of negative mass If Dirac’s quartet of wave func- 
tions were separable mto two non-combining pairs, i e into pairs such 
that mtegraJs of the form (14) always vanish if the two wave functions 
belong to different pairs, the difficulty would not be so senous Actually 
the two pairs of wave functions do ‘combme’, so that m the ordmary 
quantum-mechamcal mterpretation of wave functions there is a non- 
vamshing probabihty of the mass of the electron changmg sign, an 
obvious absurdity This difficulty is probably the most serious flaw in 
the logical framework of present-day quantum mechamcs,®* and very 
hkely wdl not be cleared up until the long-awaited theory is evolved 
which explams the differences in moss of the electron and proton How- 
ever, Dirac’s theory is marvellously successful m explammg aU spm 
phenomena After setting up his four first-order equations, Dirac 
magically extracts aU the properties of the spm, such as the anomalous 
ratio (73) His equations have the necessary relativity invariance, and 
give the internal magnetic interactions exactly rather than approxi- 
mately They yield spin doublets of exactly the same width as Sommer- 
feld’s relativity doublets in the old quantum theory, thus 5 ueldmg one 
of the most amazing fortmtoua comcidenoes m the history of physics 
The previous scmi-mcchamcal model gave this coincidence only to terms 
of the order 1/c* inclusive 

To many readers it will doubtless appear a step backwanls that we 
shall dismiss Dirac’s theory after this cursory quahtativc discussion, and 
present the quantitative aspects of the spm entirely with the aid of the 
older semi-mechanical model However, besides the difficulty of the 
physical mterpretation of the superfluous pair of wave functions, Dirac’s 
theory, with its four simultaneous equations, has necessarily a certain 
amount of mathematical complexity, and the seim-mechamcal model 
IS easier to visualize — more ‘anschauhch’ as the Germans say This pro- 
perty makes results on susccptibihties easier to remember and mteipret, 
and perhaps less hable to computational errors if the semi-mechamcal 
model is used There is no loss of rigour, as it can be shown that Dirac’s 
theory yields the same matrices for the spin energy in an external 
magnetic field as the previous Uhlcnbeck-Goudsmit model Wo can 
thus regard Dirac’s theory as the most refined way of deriving the 

** Dirac (Proc Roy Soc 126a, 360 (1930)) has made tho bold but interoHtiiig sugges- 
tion that the states with negative mass may bo nearly ' all full \ os the Pauli ox( lusion 
prmnplo allows each state to occur only once What we interpret as onlinary oloctric 
neutrality is then really a maximum, infinite charge density of oloetrons with nogativo 
mass and a proton is a vacancy or *hole’ in the mfimty of negative states This idea, 
however, encounters many serious difficulties, and its ultunato significance is uncertain 



ISS QUANTUM-MECHANICAL FOUNDATIONS VI, §88 

matrix elements of the spin, which m the semi-mechanical model are 
taken as sheer postulates Our omission of derivation of the spin matrix 
elements by Dirac’s method is m accord with our policy of not attempt- 
ing to solve dynamical problems exactly, but only to show how the 
perturbed energy can be approximately found once the matrix elements 
of the perturbative potential are known One reason that we use the 
semi-mechanical model is that while Dirac’s quantum theory of the 
electron is discussed m most recent texts on quantum mechanics, 
Heisenberg and Jordan’s very compact and elegant treatment of the 
anomalous Zeeman effect by means of the pure-matnx theory is too 
generally ignored 

We shall present the semi-mcchamcal model in the pure matrix 
language, without giving the alhcd wave functions, as the latter do not 
help in setting up the appropriate secular equations (36) The first 
attempt at findmg wave functions associated with the spm was made 
by Darwin ^ In natural analogy with orbital motions he supposed that 
there was an azimuthal rotational coordmate if), associated with pre- 
cession of the spm axis The wave function would then contam a factor 
where m, is a quantum number specifying the axial component 
of spm angular momentum Unfortunately this function then does not 
have the necessary property of smgle-valuedness, as for a single electron 
w, has the values ±4 instead of being an mteger, and 
Because of this difficulty we speak of the Uhlenbeck-Goudsmit model 
as ‘semi-mechamcal’ rather than ‘mechamcal’ As a matter of fact 
Darwm mgeniously found that spin matnx elements could be calculated 
by means of the fundamental quadrature (14) even with multiple-valued 
wave functions, but this appears a httle fortuitous Pauh ^ later showed 
that the difficulty of multiplc-valnedness could be overcome by takmg 
the arguments of the wave functions to be the axial component of 
spin angular momentum instead of a rotational coordinate The Dirac- 
Jordan transformation theory mdeed permits us to use any set of 
coordinates and momenta as arguments of the wave function, which is 
a special case of a ‘probabihty amphtude’ Now has only the two 
discrete characteristic values ±|(h/2ir), whereas assumes a con- 
tinuous range of values A function whose argument only assumes two 
values IS equivalent to a pair of functions, so Fauh’s scheme mvolves 
two wave functions per electron. For defimtion of the operators corre- 
spondmg to spm angular momenta, which cannot be expressed as 

C G Darwm, Pros, Ray Sac 1I5a, 1 (1927) 

»’ W. Pauli, Jr , Zeita / Phytxk, 43, 601 (1927) 
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differentiations, and for modification of the fundamental quadrature 
(14) to include summation over the discrete spm characteristic values 
as well as integration over the contmuous orbital coordmates, the reader 
is referred to Pauh’s paper®’ and closely aDied work by Darwin.** The 
treatment of the anomalous Zeeman effect either by the Pauli operators 
or by Darwm’s multiple-valued wave functions is, of course, only super- 
ficially different from that with matrices (§ 42). All methods inevitably 
lead to the same secular equation 

39. Orbital and Spin Angular Momentum Matrices 
First let us consider the matrix elements of the orbital angular momen- 
tum of a smgle electron m a central field Although we are now aimmg 
to study the spm, these orbital elements will be useful for purposes of 
comparison It is well known that m a central field the wave functions 
of a smgle electron, neglecting spin, are 

where Pf' is an associated Legendre function (69), and where iJ is a 
radial wave function, which we suppose normalized separately to unity, 

«D 

80 that ^ |i2«il V* dr—\ The factors involving ^ in (74) are the same 

as m (68), and the present calculations of angular momentum matnees 
are similar to those for the rigid rotator of § 37, except that the notation 
I, nil rather than j,m is now used because the angular momentum is 
purely orbital and electromc The quantum number I is the famihar 
azimuthal quantum number having the values 0, 1, 2, for a, p, d, 
electromc states The maximum value of I is n—1, where n is the 
principal quantum number The non- vanishing matnx elements of the 
X, y, and z components of orbital angular momentum are 

(i*±»i,){nH± 1 > = [*(^+ 1)]*. g 

ljifdmi,7dni^ = mi ' ' 

Here and throughout the balance of the volume we measure angular 
momentum m multiples of the quantum umt %/2ir, as this saves con- 
tmuaUy writing A/2i7 on the right-hand side of equations such as (76). 
Also we give the x and y components in the combination, as this 
makes the formulae more compact and simpler To prove the relations 
(76) we take m tum/m the fundamental quadrature (14) to be one of 

•• C Q Darwm, Proc Roy Soe. 116a, 227 (1627). 
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the following operators. 



The operator on the second hne is, for instance, that corresponding to 
the 2 component of angular momentum, smce has the value ^'Py—yPx 
in terms of the components p,., p^, p^ of Imear momentum, and smce 
the operator to be identified with ^ jimdz, &c. The factor h/2ir 
can he dropped because of our choice of imits In (76) we have also 
stated the form which the operators take when transformed m an ele- 
mentary way to polar coordinates The integrals are readily evaluated 
if we use the relations 

e-t'^ cotfi^j jF7''(cosfi)e*'"'^ 

(t— m,)' 

A JY'(oos '(cos 9)e""'^ 

d<p 

obeyed by the associated Legendre functions, as then the integrals are 
rc-ducible to linear combinations of integrals of the type form (60) 
From (7.')) one, of course, finds that 

P{nlm„nlm,) — 2 [\lx{nlm,,nlm',}\^+\lii{Tdm,,nlm',)\^]+[l,(nlm,,nlm,)]* 

Tn<-wi»±l 

= 1 ( 1 + 1 ). ( 77 ) 

in agreement with the value of the square of the angular momentum 
given in § 37 

Angvlar Momentum Matncea for Spins Subject to Individual Space 
Quanlizaivm Let us hypothetically imagine that the spins are subject 
to no forces whatsoever from withm the atom If now an external 
magnetic field is applied, it will exert the only forces on the spin axes, 
which will hence be quantized individually relative to the direction of 
this field By analogy with the orbital case, the matrix for each spm 

** Tho second relation is trivial and the first relation with the upper sign is readily seen 
to bo an identity whon one makes the substitution (59) The first relation with the lower 
sign iH perhaps most readily oatablished inductively, as by differontiating the relation 
with respect to x — cos 6 and using (59), one can venfy that if the relation is true for any 
given mj it holds also for t»j one unit larger To complete the proof one has only then to 
note that the formula is true for the easy case mi — — ^ + 1 Eqs (75) follow when we 
express the formulae in torms of the normalised ^*s instead of the P's, as on p 251 
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angular momentum can be assumed to be of the form (76), except that 

l, m, are replaced by quantum numbers s, m, determining the resultant 
spin angular momentum of an individual electron and the axial com- 
ponent thereof It is further supposed that for each individual electron 
« so that m,, which can range from — « to -f «, has only the two 
values This is demanded by the fact that two deflexions are found 
experimentally m the Stem-Gerlach effect for hydrogen atoms or alkali 
atoms,**’ which, of course, resemble hydrogen m having only one valence 
electron All such atoms are normally m S states, so that the magnetic 
moment is entirely due to spm and must have two positions of quantiza- 
tion to give two deflexions The result « — ^ is also demanded by the 
fact that the alkahs have a doublet multiplet-structure The doublet 
structure requires two orientations of the spm, here relative to mtemal 
rather than external fields 

By substituting s, «>, for I, mi in (75) and further setting s=l, 

m, = ± ^ see that with individual quantization, the spm angular 
momentum matrices of any electron are “ 

(«^-w,)(-J,J) =(«^+t«y)(i,-l)- 1, 

( 78 ) 

We here, for brevity, write m only the mdices m,, m', in which the 
matrices are not diagonal It is to be clearly understood that experi- 
mentally it is impossible to achieve a magnetic field so extremely 
powerful that the ‘mtemal forces’ exerted on the spin can be neglected 
in comparison therewith, except for the valence electrons of hgbt atoms 
in unusually strong fields producing a Faschen-Back effect Hence the 
case represented fay (78) is an idealized one, but it is nevertheless useful 

Phipps and Taylor, I^hys Hcv 29, 309 (J927), Wrodo, Zeite f Phyathf 41, 569 
(1927), and reforonces to earlier literature The old quantuni theory would give a third, 
undeflocted beam contrary to experiment, unless one ruled out 0 as sometimes 
proposed For in the old tlieory the lowest stato of hydrogen had I ~ 1, making 
wij 5= — 1, 0, -I ] , OB compared to the new mi+ 2m, ~ 2m, - ± 1 

Eqs (78) are really tlie etartmg pouit of the VaiiU operator theory From Kqs 
(78) one can verify the celebrated ‘Vbrtatischuzig* relations 

for the matrices reprosontmg the various components of spin angulai momentum 
Analogous formulae for I can be donionstratod from (75) or more elegantly, directly from 
the quantum conditions (12) (cf Dirac, 2*he Prtnctplee of QuanUtm Mechantes, p 138} 
These relations moasurmg the non-commutativeness of the multiphoation of various 
components of s or of 1 are very important for the establishment of general theorems 
mvolvmg angular momentum, but we shall not liai’e particular occasion to use them 
Angular momenta of different electrons, also the spm and orbital angular momoiita of 
the same electron are commutative, so that ~ 

~ 0 including j = % 

3096 s 


M 



162 QtTAKTUM-HECHAKICAL FOUNDATIONS VI, i 80 

m exhibiting the simplest form of the spin matiioes, and permits the 
most elementary formulation of the Pauh exclusion principle (viz. that 
no two electrons have the same », I, m,, m,) The appearance of half- 
quantum numbers, of course, shows a fundamental difference as com- 
pared to orbital motions, but all the necessary so-called boundary 
conditions on the matnces (zero probabihty of transition to non-existent 
states) are fulfilled qmte as well with half as with whole integers In 
fact, in the early days of quantum mechanics, Bom, Heisenberg, and 
Jordan could not discnmmate between whether half or whole quantum 
numbers should appear (Their mvestigations demanded umt spacing 
of the values of m, from —a to -|-8 This is possible if, and only if, a is 
an integer or haJf-mteger ) 


40. Russell -Saunders Coupling, Spectroscopic Notation, &c. 

In the previous section we have neglected internal forces, but actually 
there arc powerful forces of this character tending to couple together 
the vanous angular momentum vectors of the atom The simplest 
assumption is that the energy of interaction between any two vectors 
IS proportional to the cosine of the angle included between them or, 
what is eqmvalent, to their scalar product The Hamiltoman function 
will then contain terms of the form 

s*, h,*l. 1*. 8*. (».*;■= 1. ,v)> <79> 

where ij is the number of electrons m the atom Throughout the rest 
of the volume all expressions m bold-face type are to be construed as 
vector matnces, i e vectors of which each component is a matnx rather 
than an ordmary number The proportionahty constants a,^, bfh, c,,, 
will in general be functions of all quantum numbers (such as, for 
instance, n, 1) other than those quantizing the relative onentations of 
the vectors mvolved The expression o,*!,- s^, for instance, means the 
energy associated with the force which the orbital angular momentum 
of the ith exerts on the spin of the Mh electron Ordinanly it turns out 
that meaning that the orbital angular momentum 

of a given electron interacts more strongly with its own than with other 
spms It can be shown that^® 


®« = 


8ir®ro*c* r®’ 


(80) 


** Born, HojROiiborg, and Jordan, ZeUe / Phyaik, 35, 600 (1026) They have since 
been able to prove that the orbital mi must be a whole integer by matrix methods 
without using the wave functions (74) 8ee Elementarr AtomTnechamk, p 162 

« L H Thomas, Nfrfurf, 117,514 (1928), Phil Mag 3, 1 (1927), J l^nkel,Zeito / 
Phynk, 37, 243 (1926) Formula (80), wluch is of course also yielded by Dirao*s 'Quan- 
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wheie r is the distance of the electron from the nucleus, provided the 
given electron is not so highly perturbed by other electrons but that it 
may be regarded as movmg in a Coulomb field Although the vahdity 
of the oosme law (79) is only approximate, and can be justified theoreti- 
cally only with the aid of many simplifying assumptions, the departures 
from (79) need not cause us concern, as the general different types of 
quantization which we delineate by means of (79) arc sigmficant even 
when (79) is not stnotly apphcable Actually, the coupling of the 
I vectors often departs widely from the cosine form given in the second 
term of (79) Also our arguments are not affected by the fact, to be 
discussed in § 76, that the constants couphng the various spin vectors 
with each other are due primarily not to magnetic forces but to the 
Heisenberg exchange effect 

Rvsaell- Sound ere Couphng ** If the constants o, 6, c m (79) are all 
of the same order of magmtude, the problem of the energy and nature 
of the atomic motion becomes one of extreme complexity Very often, 
however, the factors a,j. (includmg t — fc) arc small compared to the 
factors bfii, or to the factors c,j, or both In other words, often the 
interaction between spin and orbital angular momenta is small com- 
pared to the interaction of orbital angular momenta among themselves, 
or else of the spins among themselves Then the spins form a resultant 
S, and similarly the orbital angular momenta form a resultant L If 
no external field is apphed, the vectors S and L arc compounded 
together to form a resultant J The correspondmg quantum number 
.7 can assume the range of values 

J- 1L-S|, |L-«-l-ll, , L+S-l, L+S (81) 

The number J measures the resultant spin plus orbital angular momen- 
tum of the atom Its projection along the axis of quantization is the 
‘magnetic quantum number’ Jlf, which can have the values 

M=-J, —J+i, . J-i, J (82) 

and which determines the component of total angular momentum m 
the direction of the axis of quantization, which we take as the z direc- 
tion The present case of Bussell-Saunders quantization is illustrated 
in (b) of Pig 6 All such attempts at geometrical pictures should not, 

turn Theory of the JSIoctrou' with appropriate approxuiiationn^ rliffcra by a faot^ir 2 from 
what one ‘would oxpect from elementary, over-sunphhed oaU ulations 
^ For moro complete discussion of the various coupling possibilities in this so called 
‘vector model of the atom’, and comparison with experimental spiM'troscopy, see 
Pauling and Goudsmit, T/te Structure of L%ne Spectra KussclL and Saunders first sug- 
gested their type of couphr^ in AHirophys^cal Jvurnalt 61, 38 (ltt25) 
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however, be taken too seriously, as in quantum meohamos angular 
momentum vectors are matnoes rather than orthnary geometrical 
magmtudes We shall frequently use rather loosely geometnoal terms 
which must not be taken too literally, and which aim merely to mdicate 
heunstically the analogues in classical mechanics Thus we may say m 
a certain sense that the maximum and mmimum values of J in (81) 
correspond respectively to S and L bemg mutually parallel and anti- 
parallel, and the maximum and mimmum values of M in (82) to J being 
parallel and anti-x>arallel to the axis of quantization. However, the 



inadequacy of this geometrical interpretation is shown by the fact that 
the matrices for both L and S always contain non-vamshmg components 
perpendicular to J " Also, the matnx elements for J| and never 
vanish for any state, mdicatmg that there are always components of 
J perfiendicular to the axis of quantization, so that the alinement is 
never perfectly parallel or anti-parallel relative to this axis Whenever 
we use terms such as ‘S and L form a quantized resultant J’, or that 
‘J measures the total angular momentum’, this does not mean that the 
resultant angular momentum is equal numerically to the inner quantum 

^ Thts IS a cotisequonoe of the f^ct that in £q (68) the elomente {JM , and 

(t/Af , J ^ 1 Af ) never vanish Bimultanoously, except in the trivial oaso that S or Lib zero 
These olemonts are seen by the correspondence principle (§ 41) to ariee from the part of 
S or L which is porpondicular to J, inaamuch as non diagonal elements in J correspond 
to classical trigonometric t>nrtns involving the frequency toj of precession about J (cf 
Bq 95) This frequency clonrly appears only in the perpendicular in distinction from 
parallel components (The first and second terms of (95) or (95) embody respectively 
the parallel and perpendicular components ) 
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number J Instead, the square of the total angular momentum is a 
diagonal matrix of elements J{J+l) rather than J*, with analogous 
relations for S and L, so that 


L»=HL+1), S* = 5(/S+l), J*=J(J+1) (83) 

On the other hand, the projection of the total angular momentum J m 
the direction of the axis of quantization is a diagonal matnx of elements 
M rather than \M ( j|f -f- 1 )]* This may seem rather paradoxical, but the 
reason for the difference as compared with (83) is that we are dealing 
with a component of angular momentum in a single direction rather 
than with the sum of squares of three Cartesian components. 

The maximum values of L, 8 are, of course, J and 2 = iv> 

where ij is the number of electrons. The minimum values are the 
smallest expressions of the form J ±^1 or ^ obtamable with any 
choice of sign e g — llj— 1*1 for a system with only two electrons, 
while more generally = 0 or J, depending on whether t) is even or 
odd 4* The quantum numbers 8, J, and M are half-mtegral or integral 
according as the number of electrons is odd or even, whereas L is always 
integral For given 8 and L, the various values of J give the various 
components of a multiplet level For example, the two upper levels 
involved m the J) hnes of sodium both have L—1, — J, but one has 

J ==i, the other J =- J, and their difference in energy is such as to 
make the two D hnes differ by 6 AngstiOms By (81) the number of 
multiplet comjionents is 2S-)-l if S, or 2Z<-|-1 if L^S The multi- 
phcity of a spectral system is by defimtion 2iS+l The full multiphcity 
IB not developed in levels for which L <8 For mstance, if S = 2, 
L 3= 1, the multiplet level has only three components, but is still spoken 
of as a ‘quintet level’ In Bussell-Saunders couplmg the multiplets 
conform approximately to a cosine law of the form 


M« = J¥oo+AL S, (84) 

so that (84a) 

Here denotes the part of the Hamiltoman function which is m- 
dependent of the coupling between L and 8 and which hence does not 
involve J Eq (84 a) has been obtained from (84) by using the vector 
addition relation 


J2 = (L+S)» = L*+S»+2L S 


(85) 


4* In case there are ‘equivalent* electrons, le electrons with Klonticul n, It not all 
combinations of L and S prodictod by this rule ore compatible with the Pauli exclusicm 
prmoiple For mstanoe, with two equivalent p electrons (fi = — 1) this rule gives 

£ » 0, 1 , 2 , =: 0, 1 , 1 e ^3t *S, ^P, *F, ^D, *D, but out of these six terms only the throe 

^St *Pt are m accord with the Pauli pnnciple For details on which states must be 
ruled out see Pauling and Qoudsmit, { c or Hund, Lwxenaptctra, p 118 
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together ■with (83) It can be shown that S and L ‘commute in multi- 
plication, 80 that in (86) it has been unnecessary to distinguish between 
S • L and L • S The constant factor A is not the same as that Off given 
in (80) for a single electron, but can often be calculated in terms of the 
Off for the individual electrons by methods developed by Goudsmit 
A multiplet IS called ‘regular’ or ‘mverted’ according asA>0orA<0 
Spectroscopic Notation In the now commonly accepted notation due 
pnmanly to Bussell and Saunders,*’ a spectral term is indicated by 
a symbol such as Iaa2a’2p«3p6d ’J* (86) 

The small letters give the azimuthal quantum numbers of the individual 
electrons, and the numbers preceding them their principal quantum 
numbers The superscripts following each small letter give the number 
of electrons of each type Thus in (86) there are two electrons having 
n — 1, 1 = 0, two having m = 2, Z = 0, six having n = 2,l= 1, one having 
w = 3, 1 = 1, and one having n~6,l—2 Kach electron, of course, has 
a spin s = 5, which it is unnecessary to record m the notation The 
value of the capital letter gives the value of L, with the usual under- 
standmg that 8, P, D, F, 0, mean respectively 1/ = 0, 1, 2, 3, 4, 
The subscript attached to the capital letter is the value of J, and thus 
fixes the multiplet component The superscript preceding this letter is 
the multiplicity 2>‘?4- 1, and has the values 1, 2, 3, 4 for singlet, doublet, 
triplet, quartet terms Very often the small letters specifying the 
quantum numbers of the individual electrons are omitted, in fact almost 
invariably those of electrons in closed shells Otherwise the notation 
would be too cumbersome for a heavy atom such as uranium Thus in 
the alkaline earths one gives only the quantum numbers of the two 
valence electrons The normal state of magnesium, for instance, may 
be written as 3«’ ^S, and a singlet state in which one electron is excited 
to a 3p level as 3« 3p IP, omittmg ten electrons in closed shells which 
were wntten out explicitly in (86) Since L = l when the second valence 
electron remains in its normal s state, it is not really even necessary in 
these examples to list the mdividual quantum numbers of the valence 
electrons, so that the terms given m the preceding sentence are usually 
wntten as merely 3 'jS, 3^P (also as 1*S, 2*P or even l^S, PP as, 
unfortunately, there is at present considerable diversity in usage m the 
choice of ongin for the so-called ordinal number) When both valence 
electrons are excited, as in (86), this is sometimes indicated by attaching 

*’ S CSoudsmit, Jiev 31,946(1928) 

For oompleto details on approved spectroscopio nomenclature see report of an 
informal committee on notation in Phi/s Jiev 33| 900 (1929) 
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a prime instead of wntmg out the quantum numbers of the two 
individual elections. 

It IS to be emphasized that the above notation is intended only for 
Bussell-Saunders coupling Spectra possessing this type of couphng are 
sometimes termed ‘normal multiplet structures’, and fortunately they 
are characteristic of the simpler t3rpes of spectra, us, for mstance, the 
alkahs, alkabne earths, and earths, except perhaps for compbcated cases 
in which more than one election is excited Bussell-Saunders coupling 
IS also the rule m the iron and rare earth groups, so that it is the only 
type of quantization which we need consider for our magnetic work. 
Two commonplace illustrations of Bussell-Saunders coupling are atoms 
with one valence electron, where L, S are identical with I, «, and inert 
gas atoms in then normal state, as completed shells {K, L, M shells, &c ) 
have zero resultant L, 8, making them magnetically dead, so that they 
are in a sense Bussell-Saunders quantized to a null resultant Excited 
inert gas atoms have exceedingly compbcated s])ectra and do not con- 
form to any simple system of quantization 

AngvJar MomeiUum Matrices for Russdl- Saunders Couphng in Weak 
Fields {b, Fig 6) Let us suppose that external fields are either absent or 
too weak to upset the tendency of L, S to form a quantized resultant J 
Let us as usual take the z axis as the direction of spacial quantization 
Then the non-vamshmg elements for the z components of orbital and 
spin angular momentum can be shown to be 


S,{JM, JM) = ^^^J^[/(J+l)-|-S(S+l)-L(L-l-l)]Jlf, 

, JJlf ) = J [J(J+ 1)+L(L+ 1)-- S(-S+ l)]ilf , 
S,{JM, J+IM)^ S,{J+ IM, JM) =/, 


( 87 ) 


L,(JM, J+ 1 M) = L,{J+1M, JM) = -/, 


where 


/ = 


x(j+z-g-i-i)(j+iif+i)(./--af-n) 


( 88 ) 


i(j+m2j+i)(2j+-i) 

Elements of the form (J—IM, JM), &c , are, of course, obtamable from 
(88) by lowering J oneumt From(87)and(88)itfollowsthatSj-|-L2= Jf, 
as IS to be expected from our previous remarks regarding the signi- 
ficance of the magnetic quantum number M Formulae could also be 
worked out for the x and y components, but are not needed for our 
work " 


** The X and y components differ from the t only as regards their factors depending 
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Paachen-Baek Effect, and Angular Momentum Matrvxa for Busadl- 
Saunders Cowphng %n Strong Fields {e. Fig 6) Suppose that a magnetic 
field 18 apphed which is so strong as to produce a change m energy 
large compared to the couphng energy AL S, but at the same time 
small compared to the terms m (79) Then the spin 

and orbital angular momenta will contmue to have quantized resultants 
S, L respectively, but L and S will no longer form a quantized resultant 
J, as the field is by hypothesis strong enough to overpower the mter- 
actions between L and S, but not between the or between the 
among themselves Instead, L and S will be separately quantized with 
reference to the field, as illustrated m (c) of Fig 6 The projections of 
L and S along the direction z of the applied field are diagonal matrices 
whose non-vamshing elements are respectively and Mg, where 
Mi^——L, ,+L,Mg = —8, ,+/S The sum Mj^+Mg is the magnetic 
q uantum number M previously used As one might expect, the formulae 
for the matrix elements of S,., 8, and L^, -L„, L„ are similar to (75) 

except that I, mi are replaced by L, Mj_ or S, Mg Thus their non- 
vamshiiig elements are 

(L^±iL„)(LMj,±l,LMr.) = [HL+l)-MdMi,± !)]», 

L,{LMj,,LMj) = Mr,, ’ 

(Sy±.tS„)(8Mn± 1 . SMg) = [S(hH- D]*, 

8,(LMg,LMg)^Mg ’ 

From (89) and (90) it, of course, follows in a fashion similar to (77) that 
L*, S® are diagonal matrices as given m (83), but J — L+S is no longer 
quantized as in (83), and (87) and (88) are replaced by (89) and (90) 
since now L, S are not coupled together to give a constant resultant 
The distortion in the spectroscopic multiplct structures and Zeeman 
pattern when a powerful magnetic field causes a jiassage from the 
quantization (6) to (c) in Fig 6 is caUed the I’aschcn-Back effect A stiU 
more powerful held might in principle overpower all the interactions 
in (79) and so give space quantization for individual electrons, studied 
in § 39 and illustrated m (a), Fig 6, but wo have already mentioned 
that sulfacicntly powerful fields to do this cannot usually be built 
experimentally 

3 ■} Couphng If the terms of tlie form Ouh 8| m <79> are large compared to the 
other terms CuS. 6^, . b, s^ (t ¥ k) then the spms no longer form a quan- 

tized resultant 8, or the orbital angular momenta a quantized resultant L Instead 

on Af and independent of L, S Such factors are easier to work out than those mdependent 
of M, and so are com-nonly found in text-books (o g Bom and Jordan, EUmentare 
QuanUnmechanik, p 150) 
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the Z| and of on individual electron form a quantized resultant associated with a 
quantum number = UHi so that each electron has, so to speak, its own private 
or individual inner quantum number The total angular momentum of the whole 
atom IS conserved, and this is expressed by the fact that the various j vectors 
form a quantized resultant J, whose projection m the direction of the axis of 
quantization is M This is illustrated m (d) of Fig 6 Angular momentum 
matnces, and various stages of the Faschen-Back effect can be worked out for 
j-j coupling, but we oimt them, as this type of coupling is much less i oinmon tlian 
Bussell-Saunders coupling, especially m the case of the ‘normal’ or ‘ground’ 
levels such as are mvolved m the study of magnetic susceptibilities The j-j 
coupling IS most likely to be realized m heavy atoms or m atoms which are 
multiply ionized The reason for this is that the internal magnetic forces rospon 
sible for the constants Ou m <70> increase lapidly with the effective nuclear 
charge In order for j-j couplmg to occur it is usually necessary for there to be 
more than one ‘uncompensated* electron havmg 2/0 and so certain atoms may 
exhibit this type of coupling in excited states even though they do not in the 
normal level Fur mstance, high members of the ‘primed’ senes of the alkaline 
eortlie, which represent excitation of both electnms, show some tendency towards 
]-} coupling 

41. Classical Analogue of the Angular Momentum Matrices, 
and the Correspondence Principle 

We have stated that Eqs (73) and (78) are the basic spin postulates, 
and so equations such as (87) and (88) or (811) and (90) should be derivable 
from(78)andtherelatedorbitalformula(75) Eqs (89) and (90) arc con- 
siderably easier to deduce than (87) and (88), although we shall not give 
the denvation of either Formulae more or less equivalent to (89) and (90) 
were deduced in the early days of quantum mechanics by Born, Heisen- 
berg, and Jordan, and by Dirac with matnx and ‘g'-number’ methods 
respectively, as a consequence of the ‘Vertausohuiig’ relations satisfied 
by angular momentum matrices “ Their papers considered explicitly 
the compounding of orbital rather than spin angular momenta, but 
their results are readily adaptable to the spin because of the paraUclism 
between (76) and (78) When there are several electrons, the proof of 
(89), which forms a part of what Dirac calls ‘the chmmation of nodes’, 
IS much more compheated by means of the SchrOdinger wave functions 
than by use of non-commutative algebra, and the derivations of (89) 
and (90) by means of wave functions which have so far been published 
all mvolve rather abstruse group-theory considerations 

*** Born, Hoiaonberg, and Jordan, f Fhysik, 35, 603 (1920), I)irno, Frttc Hoy 
Soc 110a, 661 (1026) 

Woy], QrttppefUheone und QvanUnmechanxkt p 166, K Wignor, ZeUs f Phyatkf 
43, 624, 45, 601 (1927), Neumann and Wigner, tlnd 47, 203, 49, 73 (1928) One must 
not confuse formula (89) for the resultant of several electrons with the easily pro\od 
similar formula (76) for one electron. 
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Eqs (88) have seldom been expbcitly given m the literature, but 
are adaptations of general intensity formulae derived on semi-empinoal 
grounds by Kromg, Bussell, and Sommerfeld and Honl®* just before 
the advent of quantum mechanics The details of the adaptation are 
explamed m an accompanying footnote, and were carried out by E Hill 
in work unpublished except m abstract These seim-empincal formulae 
have been justified quantum mechamcally by Dirao,“ so that their use 
implies no loss of rigour 

It IS a general characteristic of the Heisenberg matrix elements that 
they merge asymptotically mto the coefficients m classical Fourier 
expansions when the quantum numbers become very large ®® It is easy 
to work out the classical amphtudes for various precessions of the 
angular momentum vectors, and it is illuminating to venfy their 
asymptotic agreement with our previous quantum-mechamcal formulae 
(87), (88), (88) and (90). This serves as an interestmg check, but, of 
course, not a denvation of these formulae 

First consider case (c), Fig 0 Heie L has a constant component 
along the 2 axis Hence LJ equals as m the old or 

‘classical’ quantum theory the square of the total angular momentum 

AtA J^orinulae HulMtantially <M]iiivalont to (S8) have, liowovi^r, boon given by BoBonfeld 
m hiB ])apor on the Faraday offfx t, ZeUtt f Fhynkp 57 » B$r> (1929), eepecially hie Eq (76) 
Ho <lorivo4 thorn by a group inoihod due to Noutnaim and Wagner, %btd 51,844 (1930) 
U do li Kromg, 31, 885, 33, 201 (1925) , H N Rusfsoll, /'roc Nat 

Acad 11, 114, 122 (1925), Sommorfold andHonl, SUz Premg Akatl 9, 141 (1936) 

” E Hill and J 11 Van Vlock, i'/tyA Rev 31,716(1927) To got tlie matrix elenionta 
or ‘amplitudoR’ for i/ given in (87) and (88) from Kromg 'b fonnuloe, one takes tho Kromg 
formulae for Zoornan coinpoiioiitH relating to transitions of tho form Al/ ~ 0, given on 
p 893 of his paper, and nonnalizos his constant B in such a way that L' ~ L{L-^\) 
This gives if — j-, as his elomonts sum to Kioiiig's K, if, J are the same 

as c/ + | in our notation, and his elements arc intensity ones, and hence pro> 

portjorml to tho squani of ours Tho Kromg elements for AL =■= 1 do not need to be 

considered for our purposes, os L lias no component perpendicular to itself The formulae 
for S given in (87) and (88) follow on interchanging L and S, with allowance for phase 
differeiice of 180^ in tlio paits of L and S perjiondiciilar to J, or more simply, on 
noting that L+S — J 

P A M Dirac, Proc Roy Soc 111a, 381 (1926) Alternative methods of derivation 
have reioritly been given by Kiainers, Proc Anvterdam Acad 33, 963 (1930) and by 
(luttingiT and Pauh, Zetts J Phyaik, 67, 754 (1931) Kramers employs the group theory 
of invariants, while Guttinger and Pauli use elementary matnx algebra Their proof 
unfortunately appeared too late to include ui the present volume 

For exposition of liolir's correspondence prmciplo see N Bolir, The QuarUutn 
Theory of hint SpeUra^ ui for a more elementary disctission, Kuark and Urey, Afoms, 
Moleculea, ami QuatUa, Chap VI That amplitudes (le matrix elements) m the new 
mechanics do really merge asymptotically mto classical Fourier coefficients has been 
shown by C Eckart, Proi Nat Acad 12, 6B4 (1926) and by J H Von Vleck, ib%d 14, 
178 (1927), the related questions of convergence have been covered by Jeffreys, Proc 
Lon MofA Soc 23, 428 (1024), cf also Eckart, Zetts / PAynk, 48, 296 (1928) 
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IB I? lather than L{L-\-l) If ^ be the angle between the x axis and 
the projection of L on the xy plane, then cosif), 

Ly = But we may write </> = where is 

a trivial epoch constant, and where is the frequency of precession 
of L about the z axis, i c the frequency associated with the quantum 
number Thus 


L^±tLy = L„ = Jfi (91) 

Now according to Bohr’s correspondence principle, a quantum- 
mechamcal matnx element approaches asymptotically a coefficient 
in a classical multiple Fourier expansion 

2 g8in(T,<»,HT,ti),f y+ttTiT, (92) 

T,.Ti 

provided we select the particular overtone for which each Ty (i = 1, 2, ) 
equals the change (i e (hffeience between initial and final index) m the 
quantum number associated with the frequency oi, Comparison of (89) 
and (91) shows that the requirements of the correspondence principle 
are indeed fulfilled, as is asymptotically the same 

as if L, Mj^ are very large The fact that in (89) all the amph- 

tudes for L^, Ly vamsh unless M'l, — Mj^±_ 1 is an expression of the fact 
that the first part of (91) is a special case of the general senes (92), in 
which all amphtudes for Lj., Ly vamsh unless t — ± 1 The diagonahty 
of (89) in all quantum numbers other than is because (91) involves 
a sole frequency oiy, i e is simply rather than multiply periodic The 
proof of the asymptotic identity of (90) with classical theory is entirely 
analogous, as S, Mg simply replace L, Mj^ 

In case (6), Fig 6, S and L precess around J, and J m turn processes 
around the axis z of quantization Let O be the angle between the 
plane determined by the vectors J, fl, L, and the plane determined by 
the vector J and the z axis Then from the geometry 

liy -- S cos(iS, ./)cos(./, z)+/S sin(iS’, J)sm(./, z)cosiI (93) 

But fl inaijt+fj, where oij is the frequency with which .S', L prccess 
about J, and further 


cos(.Sf, J) - 


J^+S^-L^ 

2SJ 


cos(J, z) 


J, 

J 


M 

J 


(94) 


Thus (93) becomes 

I (95) 

where 




(J+L+S)(-J+L+S)(J+fl-L)(J+L-S)(J-M){J+M) 
16J* 
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And we see that the three non-Tanishing amphtudes m (96) do indeed 
agree asymptotically with the corresponding elements of S, in (87) 
and (88) The proof for the elements of mstead of 8^ is entirely 


similar 

It 18 possible, m the following elementary way, to obtain the diagonal 
elements (87) from the constant term of (95) exaeUy rather than 
asymptotically, thus achievmg what Fowler terms a ‘refined’ apphca- 
tion of the correspondence prmciple The constant term of (95) is the 
classical value of 


J,(J»+S»- 

2J* 


■L“) 


(96) 


Now with the Bussdl-Saunders coupling presupposed m case (5), Fig 6, 
</„ J‘, L‘, and S’ are all diagonal matrices, i e constant in time, and 
hence (96) is also diagonal Furthermore, 

JM) = IjJ^JM, JM) 

because J’ is diagonal Also J^=M When we mterpret (96) as a 
matrix expression, and substitute the values (83) of the elements, we 
have mdeed the first equation of (87) The proof of the second equation 
of (87) is similar 


42. The Anomalous Zeeman Effect in Atomic Spectra 
Once the matnx elements (87) and (88) or (89) and (90) are granted, the 
formulae for this effect arc very easy to deduce by the perturbation 
theory of § 34 Eq (48), Chap I, winch corresponds to the wave Eq (2) 
of the {iresent chapter, gave the Hamiltonian function exclusive of spin 
If we neglect the motion of the nucleus, we may take ej/m, = —c/m, 
and then the part of this function which is Imear m H may be written 
{Hehl4mne)L^, where is the component of orbital angular momentum, 
measured in multiples of hj^n, m the direction z of the applied held 
To incorporate the spm, wc add a term (Hehl%iimc)8^ due to the action 
of the external field II on the spm, not to mention new spm terms 
m the part A'® of the Hamiltonian function which is independent of H 
The factor e/27rtnc rather than ejirnne appears m the spm term propor- 
tional to H because of the anomalous ratio (73) of spm magnetic moment 
to angular momentum Thus if we neglect the ‘diamagnetic’ part 
jff’e’ 2 (®'?+J/r)/8mc’, which is quadratic m //, the Hamiltonian func- 
tion IS Tf , 

•^ = ■>*^"+£^(^=+28,) (97) 

For arbitrary couplmgs of the spm, i e arbitrary values of the constants 
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a, b, c in (79), the problem is excessively complicated.^' We shall there- 
fore henceforth assume that the atom has Bussell-Saunders coupling 
If we further assume the ‘oosme law*, then is of the form (84), but 
this extra restriction is unnecessary. As our unperturbed system let us 
take that of the atom in the absence of the external field Then by (87), 
(88), and (97) the non-vanishing elements of the perturbative potential 


are 




_ Heh r J(J-|-l)^S+l)-L(L-f 1)] 
4vr«c[ 2J(J+1) ■ "J ’ 


J-f 1 Jlf ) = M), 

4rTTmc 

J-\M) = ~ f(J- 1, M), 


(98) 


where f{J, M) is defined as in (88) 

If there were no spm, i e if 8=0, J L, ns is the case in singlet 
spectra, then/ would vanish and the perturbing potential would consist 
solely of diagonal elements HdiMj^Trtnc This can also readily be seen 
to have been the case if we had omitted to insert the anomalous factor 
2, so that we had L,-\-8^ rather than in (97) The energy would 

then be given rigorously (negleotmg the small diamagnetic effect to be 
discussed in § 43) by the formula 

W--Wo+-^^ M 
ijrmc 


There would then bo only a normal Lorentz triplet v = i'„±Up/47rmc,^^ 

since the selection principle for the magnetic quantum number allows 
only AM = 0, i 1 

Actually the perturbative iiotential is not a diagonal matriic except 
when 8 or A vanishes If the apphed field is small enough compared 
to the multiplct width to permit a senes development (21) in the para- 
meter A — ff, then Eqs (24) and (26) show that the energy is 

W= IfS-f 

where !/=l+ 2/(,/+ir 


+ f , ,001 

4‘iTtnc'^ ~^\Q7ThnH^\hv(J hv[J / 


Tho ^-factors and honco the energy to a first approximution in II liavo hot n gi\ cn 
for and some Imutiiig forms of ooupliiig other than Ku8Sol]>Saufidon> Goudsnnt 
and Vhlenbork, f Phymkt 35,618(1926) 

^0 suppose tlie reader at least a little familiar with tho theory of the noimal 
Zeeman effect, and the solectiou rules Soo, for mstanco, lluark and T^roy, Atmna^ 
Molewles and Quanta^ pp 138, 143, 568 
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The frequencies appearing m the denominator of (99) are those separat- 
ing adjacent levels in a multiplet If we assume the cosme law expressed 
inEq (84a), then 2hv{J , 1) = —A'^(2J+\)A, but this specialization 
18 unnecessary and it is better to substitute the expenmental values of 
the multiplet intervals m (99), as the cosine law seldom holds precisely 
In applying the Bohr frequency condition to get the spectroscopic 
frequencies predicted by (99), one must not forget that the selection 
pnnciple allows only A J = 0, ^ 1 , AM = 0, ± 1 

The first-order term in (99) is the familiar Lande ^-formula “ The 
presence of second- and higher-order terms is too commonly overlooked 
The second-order term is, to be sure, ordinarily so small with the values 
of H used experimentally that it is confirmed by only a very hmited 
amount of spectroscopic evidence, but is often quite important m the 
study of magnetic susceptibihties (ctde §§ 56-9) The second-order terms 
were calculated in the old quantum theory by Lande himself,'’' and the 
form (99) which they take in the new quantum mechames was obtained 
by Hill and Van Vleok The physical significance of the second- 
order Zeeman term is that there is a component of magnetic moment 
perpendicular to the axis J of angular momentum, since the moment 
vector (— e/2»ic)(L-|-2S) clearly is not m general parallel to L-|-S 
because of the factor 2 The ordmary first approximation mvolved in 
the Land^ ^-formula utilizes only the component of magnetic moment 
along J, since by (24) the perturbed energy is to a first approximation 
the perturbative potential averaged over an unperturbed orbit, and 
such an average introduces only the component of moment parallel to 
J. This IS most quickly seen by consulting the classical Eqs (93), (94), 
(96), as the constant term m (95) mvolves S only through the projection 
8 oos{8, J) along J, and similarly for the contribution of L 
Land6 has shown that the second-order term in H is confirmed by 
a certain amount of direct spectroscopic evidence on the Zeeman effect, 
despite the smallness of this term in ordinary fields The agreement 
with experiment is somewhat improved by using formula (99) instead 
of Lande’s analogous formula with the old theory This is illustrated 
by the following table for the Mg triplet, 5184, 5173, 5167 A at 38,900 

For the abundant speotrosoopic ovidoiico conilrming the {/-forinula nee, for instance, 
Back and I,<and^, ZeemaneffeH und MuUijjleiMruktur 

A Lande, Zeito / Phytnkt 30, 320 (1924) 

Kq (00) has also been given independently for the special case of triplets by A 
Zwanii, Zeita f Phyaikt 61, 62 (1028) Extensive calculations of tho energy •levels of 
triplets at intormodiato field strengths by numerical solution of the secular equation, 
hero a cubic, have boon made by K Darwin, /’roc Boy Soc 116a, 264 (1028) 
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gauss, which is the most oompiehensive example quoted by Lsnd6 
The entnes in the table aie the ratio q of the energy separation between 
components with the second-order terms to the separation without this 
term Experimentally this ratio is determined from the dissymmetry 
between the two sides of the Zeeman pattern, as the departures of the 
ratio from umty gauge the distortion from a stnctly hnear or sym- 
metrical pattern 


<^15 “ *^14 

"11 ■“‘'w 


Wg — JT 4 

TTg-aj 


cTa-a] 

0 89 

1 11 

102 

1 00 

0 06 

1 04 

0 06 

0 02 

1 08 

101 

0 90 

0 98 

1 02 

1 01 

0 80 

1 11 

L02 

1 00 

0 96 

104 

0 07 


The notation of the components is explained in Lande’s paper ™ Out 
of the fifteen ratios recorded m his table, we give only the seven w'hich 
are changed by the new mechames The writer is indebted to E HiU 
for his calculation (unpubhshed elsewhere) of the above from 
Eq (119) 

Eq (99) ceases to be a good approximation when the field is so 
powerful, or the multiplets so narrow, that there is an appreciable 
tendency towards a Paschen-Baok effect, i e considerable progress m 
the passage from case (6) to case (c) in Fig 6 We must then use the 
perturbation technique for nearly degenerate systems By Eq (3S) the 
energy-levels are the roots of the secular equation 

J'flf)-f 8(J, J'){H S- W’) = 0, (101) 

where J,J'=-Q,g+l, , t-^Swith if |Jf|, while 

Q— \M\ii\M\'^ \L — jSI Each value of Jlf furnishes a different secular 
equation Eq (98) shows that the determinant involved in (101) has 
zeros everywhere except along the prmcipal diagonal and elements 
adjacent thereto Even so, (101) cannot in general be solved cxphcitly, 
as it furnishes an algebraic equation of order i-fS— Q-fl Hence it is 
solvable in an elementary wav for all allowable values of M only for 
the case of doublet spectra Then (101) yields a quadratic equation 
for W, whose roots are 


W = Mv„[-¥±iy[l-f 


4MAv 


(2Z,-|-l)Av„ 


+ 


(^.)1 


-)- const , 


( 102 ) 


as can bo seen by specializmg (98) and (101) by setting S — l,J = 

Here Av denotes the doublet separation in the absence of the field and 


The case M = requires spectal coneideratioti* as [lorti the secular equation 

18 lineair instead of quadratic, and has Iho solution "W = ±(-^44 , 

the same as (102) only if one makes the proper choice of sign for the radical which is 
arbitrary for other values of M Tlie physical significanco of this is that only ono of the 
doublet oomponeuts can have Af — d:(-^ i }■)* as Jlf cannot exceed J in magnitude 
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18 the normal Lorentz displacement = if e/4:irmc Eq (102) has, 

rather fortuitously, the same form as Sommerfeld’s adaptation^ of 
Voigt’s classical formula based on a model not in accord with modem 
knowledge of atomic structure 

The quantum mechanics of the anomalous Zeeman effect was first given by 
Heisenberg and Jordan One slight difference, however, may be noted between 
their procedure and that just given They use as the unperturbed system of 
quantissation that appropriate to a magnetic field powerful enough to give a 
Zeeman effect large compared to the multiplet structure, and hence separate 
spacial quantization of S and L, as shown m (c). Fig 6 The energy due to fhe 
external magnetic field is mcluded m the unperturbed system, and the coupling 
forces between S and L treated as a perturbation, just the reverse of what we 
have done Tims with the cosine law <84>, the perturbing potential is Ah 8 
If the external field is really so strong that (c), 6, is a good approximation, 

one may replace AL 8 by its mean value, which is readily seen^ to be AMjMa 
with the separate precessions of S and L Thus for vary staxing fields, which 
produce a complete Pasohen-Back effect^ the energy-levels are 

w - Ty"«+ (103) 

More accurate fonuulae than (103) can, of course, be obtained by taking mto 
account the nuii-diagonal terms arising m the Hamiltonian function for case (c) 
because L S is not identical with L S Eq (21) then takes the form of a power- 
senes development m a parameter of the order instead of the order 

h^vJA as in (99) Hero is the ‘normal’ Zeeman displacement HfjifTrmc, and 
A gauges the magnitude of the multiplet interval Thus the neglected terms in 
(103) are of the order of magmtude A^jhdkV^ Tlie development (103) m Ajh^v^ 
IS, of course, a poor approximation if AJh^v^ is large, i e if the field is not great 
enough for an almost complete Poschen-Back effect, and one can instead use the 
perturluitiou te(*>ini<pie for nearly dc^enerato systems, and set up the proper 
secular equation This Heisenberg and Jordan proceed to do Their secular 
equation, being figured from (<*) rather than (6) m Fig 9 has a different super- 
ficial appearance from (101), but must yield the same algebraic equation for W 
as (101), since the method based on the secular equation is always rigorous 
regardless of whether or not the assumed imtial system of quantiration is a close 
approximation to that appropriate to the actual field strength A direct general 
proof has not yet been given that the two secular equations are the some, or what 
IB partially equivalent, that our secular equation has asymptotically the roots 
(103) for very large H, or that Heisenberg and Jorrlan's secular equation has 
asymptotically the roots (99) for small H*® Such a proof would be of interest 

Sommorfold, Aiomhau, 4th od , p 972 

Heisenborg and Jordan, Zeiis f Phy9%k, 37, 263 (1926) , see Darwin, 2 c*® for the 
tianscnption into wave language 

This can be seen classically by taking tlw constant tenn of the multiple Fourier 
senes for obtained by multiplying (91) with the corresponding 

formulae for tho components of , or quantum mechanically by the taking diagonal 
oloinente of this scalar product when formed by multiplying together the matnoes whose 
oloments are givon by (89) and (90) 

To show rigorously that the two secular equations are the same one would have to 
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only as mathematical manipulation, since tlie physical knowledge of the vanous 
appropriate quantizations assures tho results must bo the same with either method 
In the particular case of doublets, it is, of course, directly verifiable that either 
secular equation yields the same quadratic equation (102), which agrees asymp- 
totical^ with (99) and ( 103) specialized to iS^ = i, J" =- Zf±i Heisenberg and Jor- 
dan treat weak fields separately, and deduce tlie first-order terms m (99) by the 
same quantum-meohonical refinement of the constant term of (05) as that already 
discussed after (95) The firat-order terms in (99), and hence the celebrated Land4 
g-factor, are deducible m this elementary fashion involvmg only the quantum 
formulation of the oosme law, whereas, as already mentioned, the derivation of 
the non-diogonal elements (88) and hence of the second-order terms m (09), which 
are the only thmg of consequence not given m Heisenberg and Jordan’s eventful 
paper, are more difficult Their use of case (e). Fig 6, as compared to our use of 
(5) for the point of departure for deducing the ngorous secular equation liHS tho 
advantage in that the matrix elements (89) and (90) are easier to deduce from the 
basic spm postulate (78) than are the non-diagonal elements (88)of (87) and (88), but 
the disadvantage m that with ordinary field strengths cose (c) is a poorer approxi- 
mation to the true state of quantization than (6), and so furnishes a loss natural 
starting point even though use of (c) entails no loss of rigour or generality Our 
use of (6) rather tlian (c) perhaps frees us a httio more readily from tho specializa- 
tions appropriate to tho cosine law Wo have, for instance, shown that the Voigt 
formula (102) lu valid without tho assumption of tlie cosine law made by Heisen- 
berg and Jordan, but this is not at all surprising when it w romemU'nnl that tho 
doublet case mevitably leaxls to a quadratic seeulai equation 

Wo have mentioned tliat, except when jS = J, it is impossible because of 
algebraic diilioultieH, to tra(*o leadiiy tho transition of individual roots of tho 
secular determinant from (99) to (103) os the field is made vory gimt However, 
it IS quite easy to verify that tho sum of all tho roots of the secular determinant 
pass properly from one liimt to tho othci As mentioned on p 1 42, this sum is tho 
‘spur’ or diagonal-sum of tho Hamiltonum matrix Keferonco to tho diagonal 
elements of the determuiant (101) eliows that tins sum mubt bo linear in //, ho 

I a,H, (104) 

J 

where and a, are constants inde|xmdont of H Explicit formulae could be given 
for and but are rather cumbersome inasmuch as it is necessary to differen- 
tiate lietweon different coses dcponduig on tho relative magnitudes of <S’, L, M 
Now it iH not hard to verify that Kqs (99) and (103) yield identical values of Ui 
or of a. With (103) wo of course sum over oil values of M^, Ms consistent with 
given M rather than over J That (104) is linear in H is tho so-callcd principle 
of permanence of T- and y-sums,** which was known on semi -empirical groundH 
before the advent of quantum mechanics Tlio terms F-surn and {/-sum are used 
to designate tho parts of (104) which aro independent of H and imiportional to 
if, 1 0 the parts and respectively 

prove tliat their roots whon expanded m some paramoter, say HAvhIA, arc the soino to all 
powers in H rather than merely to tho second power given in (99) I'ho identity to the 
first power has been shown by Darwin ** 

** For olaboration of those perrnnnoiice principles, soo Back and Landc, Zeemaneffekt 
und MulUjileUatTukbirt pp 62-82 For oiqihcit verification of tho mvanonco of 
Bee the writer’s Quantum Prtncxplea and L*ne Spectra, p 244 Panh has shown {Zeita 

3S9t.S -jg 
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43. The Diamagnetic Second-Order Zeeman Term 
rinally, we must not fail to note that besides the term in (99) propor- 
tional to there is another kind of quadratic term in H which we have 

so far neglected, viz that arising from the term J 
in Eq (48), Ohap I, or Eq (2) of the present chapter If we call this 
term and if we remember that diagonal matrix elements have 

the physical significance of being time averages, Eq (26) shows that 
its effect on the energy is approximately 

SZ<=M). (•«») 


provided degeneracy difficulties are not encountered We have assumed 
the nucleus at rest at the ongin, so the sum is only over the electrons, 
for which = — e, m, = m The expression (105) is very small unless 
one or more of the orbits is very large Let us suppose for simplicity 
that there is only one electron not m a closed shell Then (105) is veiy 
small compared to the quadratic term m (99) unless the valence electron 
has a very large prmcipal quantum number n The magnetic couplmg 
IS veiy small for such an orbit, as the factor A — an (84a) can be 
shown to vary os ’ Thus under the conditions, viz high field strength 
and large orbits, under which (105) might be capable of observation 
spectroscopically, there is certam to be separate spacial quantization 
of the orbit and spm, and (105) must then be added to the energy 
expression (103) rather than (99) Thus the two tyjies of quadratic 
terms are never simultaneously of importance When the spin is 
quantized separately, the time average (105) can be calculated as though 
the spin were entirely absent By settmg/ = in the fundamental 
quadrature (14), and taking the >j)’a to be of the central form (74), it 
follows®’ that for an electron movmg without spin subject to a central 


field, one has 



21^+21— 2+2m;^ 
“(2i— l)(2<-f3) 


(106) 


/ Phya%kf 16, 155 (1923)) that tho pnrmaueuco of g Burns porniitB talculation of the 
(/•factors for weak fields from tho strong field formula (103), assuming the liuoar term m 
// to bo pro|K>rtional to M in weak fields 

Because the wave functions (74) aro products of the form i?(r)^(9,^), it follows from 
(74) that r^(I— coB^0) — f*(l— co^) Also the value of cos^dhas already been calculated 
m Kq (67), as tlie factor S[Bt ^) is identical ui form with the wave functions of tlie 
'dumb bell' used ui § 37 Incidontly, group theory considerations show that the depen- 
dence of xf-\ yf on Mj is of tho fonu whenever thei'e is RussoU-Sauaders 

coupling and separate spacial quantization of 8 even though the dynamical problem is 
that of many electrons rather than one (cf H A Kramers, Proc Amaierdam Acad 32, 
1179 (1929)) 
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The mean square radius r* depends on the nature of the central field 
It can be shown*’ that if it is Coulomb, 




A* 



3/(1+ 1) n 

2n* 


( 107 ) 


Unfortunately this value is never rigorously apphcable to our Zeeman 
problem, for if the field is Coulomb the system is degenerate in the 
azimuthal quantum number I Instead of using (106) one must then 
set up a secular equation, which has been given by Halpern and Sexl*’ 
and which proves to be not exphcitly solvable except for the unmtcrest- 
ing case of small values of n If on the other hand the field is non- 
Coulomb, (106) IS not accurate It will perhaps be an approximately 
correct expression for a non-Coulomb central field if one uses in place 
of n the so-called effective quantum number n*, defined by n* = n — A, 
where A is the ‘quantum defect’ m the Rydberg formula iJ/(»— A)* for 
a spectral term To avoid degeneracy difficulties, the expression (106) 
must be small compart'd to the departures from Coulomb character, 
which decrease rapidly with moreasing n, as R/{n — A)®— 

Fortunately the case of greatest interest, that of small values of I along 
with great values of n as m e g high numbers of the pnncipal senes of 
sodium, IS accompanied by comparatively large values of A, at least in 
the alkahs 

We shall not discuss this matter further, as suitable experimental 
evidence on the Zeeman effect of very large orbits, needed to test the 
theory, is wanting The quadratic term (105) is of vital imjiortance for 
the theory of diamagnetism, but the theoiy of this does not mvolve 
or test experimentally the mathematical problems connected with the 
degeneracy, as the susccptibihty mvolves only the statistical average 
over all orientations, pcrmittmg us to replace x^-\-y^ by |r*, n'gardlcss 


Thci result ( 1 1)7) i8 obtained by ubuik a method «lo\ < lojx d by \\ alter for o\ nliint mg 
tho mean \aluu of any jiowoi of r in Koploiian motion f Phy^tk, 38t (1<)20)) 

Tho result ix, of f uurso, tho xaine oe ovaluatioii of Uio fundunuMital quadmtuio (14) with 
/ r“, n -- n\ which is todious if done by ordinary inothoilK 

O Halporn and Th Soxl, /Iwn drr /•'AyvwX, 3» 5fi'» (1920) ’Phe aniilogous piobleni 
III the old quantum theory was considered by Bui^rs, DisHertutiun, p !()(>, also Halpern, 
ZeiUt / Phytnk, 18| 252 (192S), and likewise was nut soluble in clusod fuini Thu order 
of magnitude of tho quadratic effect aiisuig fiom (lUo) has bt>oii estimati'd by H (lulh, 
ZeUa J Phynk, 58, 368 (1929) Ue fiiido it cannot give a displacement of more tlian 
0 08 A for tho 13th Ralmor lino of hydrogen, ui a field of iO,0(K) gauss, whereas tho 
normal first order diRplat oinont la 0 19 A If wo wont to still higher lines tho quadratic 
term would booh becomo more important, as it varans as ti* .All the w ritera considc r 
pnmanly hydrogen, although the alkalis, wiiero the degeneracy diihciilties are loss 
bothersome, would appear likewise easier to test experuneiitally 
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of the type of quantization For the particular cose when (106) is 
apphcable, one can verify that the statistical average is fr® not 
only by virtue of the general proof of spectroscopic stabihty, but also 
by direct evaluation of the summation over by means of Eq (68), 
as already virtually done in Eq (69) 



VII 


QUANTUM-MECHANICAL DERIVATION OF THE 
LANGEVIN-DEBYE FORMULA 

Thboughout the present chapter we shall suppose that we are dealing 
with electric rather than magnetic polarization The few modifications 
necessary to adapt the analysis to the calculation of magnetic instead 
of electric susceptibilities will be given in § 53 


44. First Stages of Calculation 

In § 36 we showed that if an atom or molecule is in a given stationary 
state n, j, m, the time average of its electrical moment in the direction 
of the apphed field E is given by the formula 

,njm)=- , - 2 A’ , ( 1 ) 


where the are the coefficients in the development 

(2) 

of the energy in terms of the field strength A We now use- tliree 
indices to specify a stationary state, rather than two as in most of 
Chapter VI, inasmuch as later in the pmseiit chapti'r it will bo necessary 
to distinguish between three kmds of quantum numbers Eq (1) gives 
only the moment for a single stationary state The total polarization 
or moment P per iimt volume is the statistical mean over all stationary 
states, weighted according to the Boltzmann factor and 

multiplied by the number N of molecules per c c Thus 


A = xV 




Pf (njm , 


2 


( 3 ) 


Eq (3) IS, of course, the quantum analogue of (58), Chap I We assume 
hero, and elsewhere unless otherwise stated, that the medium is suffi- 
ciently rarefied so that one may use the Boltzmann instead of the Fermi 
statistics This assumption is fully warranted except for conduction 
electrons m sohds That the probability of a state is proportional to 
the factor e~**W**’ follows from exactly the same sort of statistical 
jiremises as in classical theory,^ discussed on p. 25 The only difference 
IS that there is now a discrete rather than contmuous distribution of 
configurations It is to be understood that we employ as many quantum 
numbers as degrees of freedom even though some of them arc really 


‘ Soe 11 H Fowler, Statxetvcal Mechamat, Cliap II 
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superfluous in degenerate systems, and we regard states of different 
quantum numbers as distinct even though they happen to have coinci- 
dent energies We adopt this convention to avoid the necessity of 
introducmg an ‘a pnon probability’ or ‘statistical weight’ If mstead 
we treated a family of states of comcident energy as a single state, we 
would have to take the Boltzmann factor as rather than 

g-w,jjkT^ where the weight is the number of states so coincidmg. 

We can immediately substitute (1) and (2) in (3), and by expanding 

the exponentials as senes — — j ®> 

we can then develop the numerator and denominator as power senes 
in E We shall neglect saturation effects, and so consider only the 
portion of the susceptibility x — which is independent of field 
strength This means that we need develop the numerator of (3) only 
to the first power of E inclusive, and retam only the portion of the 
denominator which is independent of E With this approximation 


2 [{ 




2 e-»%«/A7- 
njm 


( 4 ) 


In deducing Eq (4) from (3) we have assumed, as is always done in 
calculations such as the present, that 

IfJM 

or, in other words, that the medium does not possess a ‘permanent’ or 
‘residual’ polarization jier c c in the absence of the field E This 
assumption clearly involves no loss of gcncrahty, as such residual effects 
arc ordinarily found experimentally only m crystalhnc dielectrics, which 
are beyond the scope of the present volume Also, from a theoretical 
standpoint, the expression (5) clearly vanishes on symmetry grounds if 
we neglect inter-molecular forces, for m the absence of all fields there 
can be no preference between directions parallel and anti-parallcl to E. 
In sohds there are in reality important mter-molecular fields, but if 
these directions are random, the sum (5) still vanishes by symmetry on 
averaging over a tremendous number of molecules If there is some 
other applied external field, namely, say, a magnetic field, which remains 
even in the absence of the given electric field E, one might think that 
(5) could be different from zero due to almement of molecules in this 
other field, but m § 70 on the non-existence of a magneto-electric 
directive effect we shall show that at any rate a magnetic field cannot 
make (5) appreciably different from zero 
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45. Derivation of the Langevin-Debye Formula with Special 
Models 


Eq (4) IB the initial stage m the calculations of the susceptibility in 
quantum theory Before one can proceed farther it is necessary to 
examine the structure of the formulae for IF® and If® The completion 
of the calculation was first achieved simultaneously by Mensmg and 
Pauh, Kromg, Mannoback, and Van Vleck* for the special model of the 
‘rigid rotating dipole’ or ‘dumb-bell’, whose charactenstics have been 
explamed and energy -levels determined m § 37 As two quantum num- 
bers suffice for this model, we may omit the index n in Eq (4), and 
take j and m to be respectively the inner and axial or magnetic quantum 
numbers, just as m § 37 Now m § 37 we supposed that the electric field 
E IS the only field to which the molecule is subjected, so that the energy 
in the absence of E is mdejiendent of spocial orientation, and hence 
has a value If® independent of m (cf Eq (57), Chap VI) Also 
we showed that this model had no first-order Stark effect, i e = 0 
(Eq (64), Chap VI) For a given value of there are 2j-)-l possible 
values of TO, VIZ — — (j— 1), ,3 Thus Eq (4) reduces to 


y=—2N ’ ’" 

j 

Now by Eqs (65) and (68) of Chapter VI, 


( 6 ) 


= 0 (3-/0) (7) 

m——j 

In other words, oven the second-order energy vamshes on averaging 
over all values of the quantum number to consistent with a given 3 An 
exception is the lowest rotational state j = 0, in which the summation 
involved in (7) reduces to the single term 

Pa) 


(of Eq (66), Chap VI) Here ja and 7 denote resjiectivcly the mole- 
cule’s dipole moment and moment of mertia 

Eqs (7), (7a) bring to light the very remarkable fact that all the 
contribution to the susocptibihty comes from the molecules m the lowest 
rotational state y == 0 ® This result is the very interesting quantum 

• For references, see note of Chap VI 

* This result cannot hold ^hen higher poMors of tho field stroiigth, and llio resulting 
saturation effects are considered, aa in infinitely strong fields all molecules, regardless 
of aline themselves practically parallel to the field and contribute an amount ^ to 
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analogue of the fact that with the dumb-beU model m classical theoiy 
only the molecules whose total energy is less than [lE contnhute to the 
susceptibility This property of the model m classical statistics was 
shown by Alexandrow and by Pauh « In other words, classically the 
Busceptibihty arises entirely from molecules which possess so httle 
energy that they would oscillate rather than rotate through complete 
circles in case their axis of rotation happened to be perpendicular to 
the axis of the field Most molecules, of course, have some angular 
momentum about the axis of the field, so that their axes of rotation 
are not perpendicular to the field, and we mention the perpendicular 
case only because it admits a particularly simple interpretation ana- 
logous to the two types of motion for a simple pendulum As the 
temperature is increased, the fraction of molecules which are located 
in the ‘lazy’ states that contribute to the susceptibility wiU steadily 
diminish, and hence we can see qualitatively why the susceptibility due 
to permanent dipoles decreases with mcreasmg temperature It must 
be cautioned that these theorems, both quantum and classical, that the 
susceptibility arises entirely from molecules of certain particularly low 
energies, arcjieouhartotho ‘dumb-bell’ model In the general dynamical 
system to be considered m § 46, or even m the symmctncal top model, 
which IS almost as simple ns the dumb-bell, the higher rotational states 
will make some contribution to the susceptibility Even then usually 
the bulk of the contribution comes from molecules with small rotational 
energies, since nil rotational motions show at least a httle resemblance 
to that of the dumb-bell, and since the susceptibility experimentally 
almost invariably decreases with increasing temperature In the old 
quantum theory the susceptibihty did not arise uniquely from the 
lowest rotational state even with the dumb-bell model, and this is per- 
haps one reason why the old theory gave such nonsensical results on 
dielectric constants (§ 28) 

When we substitute (7) and (7a), and utihze the familiar expression 
(Eq (57), Chap VI) for the field-free energy of the rigid 
rotator, the quantitative expression (6) for the susceptibility becomes 

X 5 \P) 

tho polanzation V Thi8 la alao o\ ideiit fromtho classical analogy, as when E is arbitrarily 
large oi\cw tlio higlvor rotational staton ha\o oiigmal kinetic ene^es small compared to 
/lEt and so Ihen correspond to classical motions which contribute to tho susceptibility 
* W Alexoncirow, Phij/t Zitla 22, 268 (1^21), W Pauh, Jr, Zata f Phyatk, 6| 319 
(1921) 
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If the temperature is sufficiently high so that most molecules have 
fairly large values of j, as is ordinarily the case, the summation m the 
denominator of (8) does not differ appreciably from the integral 

0 

The formula (8) for the susceptibilifyr, with this approximation, becomes 
X — Nfi^jSkT, which is exactly the same as the part of the elassieal 
Langevm-Debye formula which arises from the permanent dipoles 
Characteristic deviations from the classical theory will, however, be 
found at low temperatures, where the summation cannot be replaced 
by an integral In classical theory it is not legitimate near T = 0 to 
neglect saturation effects and consider only the first term m the expan- 
sion of the Langevin function (4), Chap II, as the ratio x = fiHjkT 
becomes very large At T = 0 the classical theory will by (4), Chap II, 
give the full saturation polarization Nfi for mfimtcsimal fields, and 
hence an infinite susceptibility for such helds On the other hand, the 
quantum theory expression (8) for the susceptibihty has the fimte value 
STr^Nfi,^! j'ih^ at T — Q, as here only the state j = 0 gives a significant 
term in the denominator of (8) Thus even at the absolute zero the 
polarization is jiroportional to the field strength unless the latter is 
exceedingly large 

After the asymptotic derivation of the Langevm-Debye formula for 
the dumb-bell model, the next calculations of the susceptibility were 
made for the symmetrical top model (p 153) independently by Kronig 
and by Manneback ® Here also it is found that the susceptibility has 
asymptotically the Langevm-Debye value at high temperatures We 
shall not give the details of the calculations, as the results are all a 
special case of the general derivation to be given m § 46 We may, 
however, mention that it is unnecessary to replace the summation over 
the quantum number A used on i) 153 by an integration, as A drops 
out of the formulae on mtegratmg overj Hence the results apply for 
either use of the symmetrical top model mentioned on p 153, viz either 
to represent the rotational motion of a polyatomic molecule with two 
equal moments of inertia, m which A is a quantum number assummg 

* K de L Kronig Proc Nat Arad 12, 6()8 (1U26), C Mannoback, Phys Zetia 28, 
72 ( 1 927) Thera -writers considered the appbcstion of tho model to polyatomic molecules 
The application to diatomic molecules was treated by the writer, the details being unpub- 
lished except in abstract {NcUvrCt 118, 226 (1926)) Kronig and Manneback summed over 
A BO that their publications do not show explicitly that each value of A contributes the 
same susceptibility 



180 QUANTUM-MECHANICAL DERIVATION OP VII, §46 

a loi^e and sensibly continuous range of values like j at ordinary 
temperatures, or to represent the motion of a diatomic molecule not in 
a S state, m which A is regarded as a fixed electromc quantum number 
Induced PoUmzation We have so far considered only the part of the 
susceptibihty arising from the permanent dipoles It is clear that the 
contnbutioii of the induced polarization (p 211) should also be con- 
sidered If we adopt the common but rather cowardly artifice of 
attributing the induced xxilanzation to a set of isotropic harmomc 
oscillators, the calculation is, as usual, particularly simple The wave 
equation for a harmomcally bound particle of charge and mass m, 
subject to an impressed field E along the z direction is 




( 9 ) 


If we make the substitutions z' = z—e^Eja,, W = W+^e^E^/a^, this 
wave equation is of exactly the same form as in the absence of the 
field Hence the charactenstic values m the field differ from those m 
its absence by an amount so that® WW_--0, 1^®= —ef/2a(, 

(y(*) _ „ 3 ^ 4 ^ ) jjy Bq jjjjg polanzation of one oscillator is 

Ee‘laf. To obtain the total polarization per imit-volume we must sum 
over all the oscillators in the molecule and multiply by the number of 
molecules per c c Weighting of the various states in accordance with 
the Boltzmann factor is unnecessary because the polanzation of the 
oscillators has turned out not to mvolve the vibrational quantum 
numbers If wo set a = 2 ej/a,, and if wo assume that the induced 

I 

polarization from the oscillators can be sujierjiosed additively on 
the polanzation previously calculated for the permanent dipoles, we 
have the full Langcvin-Dcbyo formula 


46. General Derivation of the Langevin -Debye Formula^ 

The models used in the preceding section to obtam Eq (10) are clearly 
too special, especially the ascnption of the induced polarization to 


* One can also as u nice easy exainplo of perturbation theory that Eqs (24) 

and (26), Chap VI, when tipec lahml 1<o tho harmonic oRcillator, give these same expres* 
sions foi II or This is done m Condon and Morac, Qiiantum MechanteSf p 122 

Theao wnt-ei'S also give and solve the wave Eq (9) as above The displacement 
in energy < aused by the field A is, incidently, exactly tlie tota.1 internal and external 
potential energy m the classical theory at the position r — e^Kjot of static equilibnum 
between the electric field and the restoring force 
’ This motliod was given by J H Von Vlock, Phya Rev 29, 727 (1927) 
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harmonic oscillators, which involves the same kmd of crude over- 
simplification as the first or prehminaiy classical treatment given m 
§ 11 In the present section we shall therefore give a general derivation 
of the asymptotic vaUdity of the Langevm-Debye formula at high 
temperatures, which frees us from the necessity of using special models 
Thus in dealing with the polarization due to the permanent dipoles, 
we arc no longer compelled to assume that the molecule has two equal 
moments of inertia, as in the symmetrical top model Also, especially, 

the mduced polarization can arise from real elec- 

tromc motions rather than from harmomc oscillators 
The vibrations of the nuclei are, to be sure, very 
approximately simple harmonic, but have been 
shown in§ 15 to give only a very small portion of 
the total mduced polarization, which is mainly elec- 
tronic The general derivation is really simpler than 
the special ones, and is illuminating m that it shows 
generally under what conditions departures from the 
Langevm-Debye formula should be expected, and 
hence what is the meaning of such departures when 
observed experimentally (cf § 47) 

The only two assumptions which it is necessary to make in the general 
demonstration are that the atom or molecule has a permanent moment, 
and that the moment matrix involves only frequencies which are ‘low’ 
or ‘high’ compared to kTjh What is meant by the latter terminology 
may be explained more fully as follows We shall classify a state as 
‘normal’ if its Boltzmann distribution factor is appreciably 

different from zero, i e if its excess of energy over the very lowest state 
IS either smaller than or comparable with kT An ‘excited’ state is one 
which has such a small Boltzmann factor that its probability of being 
occupied IS negligible, and whose energy thus exceeds the energies of 
the normal states by an amount lai^c compared to kT An energy -level 
diagram illustrating graphically the dehncation into normal and excited 
states IS given m Fig 7 In order for the Langevm-Debye formula to 
be valid, it is vital for the electrical moment to involve no ‘medium 
frequency’ elements, which involve energy changes of the same order 
of magmtude as hT 'Thus here and throughout the remainder of the 
volume, the equipartition allowance kT of energy enters as the unit for 
determimng whether an energy change is ‘laige’ or ‘small’ for our pur- 
poses, or m other words, whether a frequency is ‘high’ or ‘low’ It is 
essential that the spacing between consecutive normal states or energy- 
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levds be small compared to kT In Fig 7 an mterval such as b-6 must 
be much less than kT It is not necessary to demand that the energy- 
difference between two widely separated normal states, such as a-c m 
Fig 7, be small compared to kT, as ordinarily there wiU be selection 
principles which require that the matrix elements connectmg two nor- 
mal states be zero, or at least very small, unless the two states are 
adjacent, or nearly so (of the famihar selection rule Aj = 0, ±1 for the 
inner quantum number, as a special example) It is clear that it is 
impossible to require that the enei^-differences of two widely separated 
normal levels such as a-c be small compared to kT, as the eqmjiartition 
theorem demands that at high temperatures the average excess of rota- 
tional eneigy over the very lowest state be kT itself At very low 
temperatures the ‘umt’ kT will become much smaller, and the separa- 
tion between adjacent normal states will become comparable with kT 
Special calculations, dependmg on the model, must then be made, which 
yield a more complicated variation with temperature than that given 
by the Langcvm-Dcbyc formula An example of a case where such 
calculations are required will be encountered in § 67 in connexion with 
the magnetic susceptibihty of NO Dielectnc constants do not appear 
to have been measured at low enough temperatures to make the correc- 
tions to the Langevin -Debye formula appreciable, as wdl be discussed 
more fully in § 47 

The vanous normal levels usually result from giving the molecules 
different amounts of ‘temperature’ rotation about their centres of 
gravity, different orientations relative to the external fields, or from 
allowmg the spin axis of the electron to assume different onentations 
relative to the rest of the system Hence the frequencies v — (W■^—W^jh 
associated with transitions between any two normal energy-levels W^, 
are connected by the corresjiondence jirinciple with classical fre- 
quencies of rotation or procession Thus another way of stating the 
fundamental assumptions is that the molecule possesses a permanent 
moment which has precession and rotation frequencies all small com- 
pared to kT/h It 18 to be imdcrstixid that such terms as precession 
are not to be taken too literally m quantum mcchames, as the atom 
has no ordinary space-timc geometry It is immatenal for the proof 
how many frequencies are superposed, i c how compheated the motion 

The low- and high-frequency dements mil be found to contribute re- 
spectivdy the first and second terms of the Langemn-Debye formula (10) 
Thus the high-frequency elements of the moment matrix are responsible 
for the induced polanzation term, while only the low-frequency elements 
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contnbute to the permanent dipole term which is inversely proportional 
to temperature The hypothesis of a permanent dipole moment means 
that the square of the low-frequenoy part of the moment matnx has 
the same value for all the normal states This is not at all a drastic 
assumption, as it is involved m all permanent dipole theories, and with- 
out it the expression y. in (10) would have no mcamng In non-polar 
molecules y may be regarded as having the special value 0, and then 
the moment matrix will contain exclusively elements of the high- 
frequency type 

Let p = 2 Le the vector moment matnx of the molecule A typi- 
cal element (exclusive of the exponential time faetor) of its component 
m the direction of the apphed field may be denoted by n'j'm!) 

Such an element is associated with a transition from a state specified 
by indices n, j, m to one by n', j', in! We shall let the first of the three 
indices be identified with quantum numbers (e g ‘electronic’ and 
‘vibrational’) which have an effect on the energy large compared to 
Vr, so that one particular value of this index gives states of especially 
low energy This value will be denoted by m, and yields the normal 
levels of the atom or molecule The second index y ory' corresponds to 
quantum numbers (e g ‘inner’, ‘rotational’, ‘spin’) whose effect on the 
energy is comparable with or smaller than IcT We do not, however, 
include in the second index the ‘axial’ (also called ‘equatorial’ or 
‘magnetic’) quantum number winch specifies the spacial orientation by 
quantizmg angular momentum about some fixed direction m space 
Instead, the third index m or m' is to be considered as repiesentmg the 
axial quantum number Thus the various component levels of the 
normal state correspond to fixed n but different values of y and ire, 
whereas the excited states have an index re’ different from re It is 
clearly to be understood that each mdex, except the third, in general 
symbolizes more than one quantum number Hence we designate re, y, ire 
as ‘indices’ rather than quantumnumbers Our proof is thus by no means 
confined to systems with three quantum numbers or degrees of freedom 

If we substitute in Eq (4) the formulae for IK® given in Eq (49) 
of Chapter VI, generabzed to three rather than two mdices (or what is 
equivalent, substitute in (X) the formula for the perturbed moment 
given m (50) of Chapter VI and expand as m § 44), the formula for the 
Busceptibihty becomes 

^ B V f y 2|p«(reyire ,re'y'ire')P] „ 

ylsU M»ym,reyi«') r r'' ’ 
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With the abbreviation 






( 12 ) 


In (11), as in § 34, the prime means that the state n' — n,]' =},m' — m 
IS to lie excluded from the inner summation 

Eq (11) IS a perfectly general expression for the suseeptibihty not 
requinng either of the two fundamental hypotheses of a permanent 
moment, and of the existence of solely ‘low’- and ‘high’-frequency 
elements in tlie moment matrix It is perhaps well to restate these two 
hypotheses m equation form The latter of them is that 


]/ii;(iy»«,»y«i')|>I:7’ (»Vn), | 

and that p^(njm,nj'm') = 0 miless \hv(njm,nym')\<^lT ) 

To exhibit most explicitly the significanee of the other hypothesis of 
a permanent moment, it will be eonvement to use a distmetive notation 
for the unperturbed matrix elements of the low-frequency part of p 
We shall therefore use |i to denote the matrix formed from p® by 
dropping the high-frequency elements n' associated with transi- 
tions to excited states, so that 


Pg{ 3 m„j'm')=p'^(njm,nj'm') {q = x,y,z) (14) 

It 18 unnecessary to use an mdex n or n' in /x, as it is formed from those 
elements of p" in which the first mdex has the same value 7i m both the 
initial and final states The matrix p is thus just a small square out of 
the larger matrix p“, and is what Bom and Jordan call a ‘Teilmatrix’ 
The assumption of a jiermancnt moment means that the scalar magni- 
tude of the vector matrix p is constant with respect to time, and the 
same for the vanoua normal states The vector |i will usually not be 
constant in direction Hcncc the mdividual Cartesian components 
Py, p. will vary with time, having ‘low’ -frequency elements arising from 
the various precessions and rotations Tliese time variations, however, 
drop out of the scalar magnitude p which is indejiendent of j, m, and 

thus 2 1, PQ{ 3 m, 3 'm')pg{ 3 'm',j’m") -S{jm,3’77i")p^, (15) 

g=x yfi y ,m 

with S as on p 132 In other words, |i® is assumed to be a diagonal 
matrix whose elements are all equal, and in the terimnology of Dirac 
it would be called a ‘c-number’, which is the square of the moment p 
entering m Eq (10) 

In terms of the distinctive notation mtroduced for the low-frequency 
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-2B y 

^ hvinim.nt'm') 




1i,v(n'j'm’ ,n}m) 


Here the first two and third lines represent respectively the contribu- 
tions of the low- and high-frequency elements To bnng out the fact 
that the third line is mherently positive, we have here introduced the 
IKDSitive or emission frequencies kv(n,’j'm' ,njm) m place of the negative 
or absorption frequencies hv(njm,nym,') In (16) we have written 
for ,3rn)'W which is legitimate since the diagonal 

elements of Hermitian matrices are real 

The terms m the summation in the second line of (16) may be grouped 
together in pairs of the form 

p _2p|ll*A'0l%Ja»"2)l*g_I>»,,„f*;7’_|. iMA(j^2>Jl«l)l_“p 11 /H'j 


Now fij,( 3 im 2 , 3 jtfii) is the conjugate of /i*(^iWij, JjOTj), and so has the same 
absolute magnitude Also the denominator of the second term of (17) 
18 the negative of that of the first term We next make the substitution 
— l^njirni+^f'fnjjmj.TyiTKi) in the second exjioncntial of (17) and 
develop this exponential as a power sciies in the ratio 

Then (17) becomes 

O I? 

If the fundamental hypothesis (13) is valid, m will be a very small 
quantity, and we may without senous erior neglect terms of the order 
w® and beyond in the bracketed factoi of ( 1 !)) With this approximation , 
(19) IS the same as 

^’la = ^ . Ja»«2) P lf‘£(ja»«a. Ji%) Pe-« ( 20 ) 

It may be objected by some readers that by givmg the molecule suffi- 
cient quanta of rotation, the ratio (18) may be made as large as we 



192 QUANTUM-MEOHANICAL DERIVATION OF VH, $ 46 

please, as the separation of consecutive energy-levels for the simple 
dumb-bell model by Eq (67), Chap VI, mcreases bnearly with j. In 
other words, the spacing of the normal levels is not uniform as in Eig 7, 
but becomes steadily greater as we go to higher normal states. Eor- 
tunately, however, this consideration gives no trouble, for the numerical 
magmtude of the exponent m the Boltzmann distribution factor 
increases much more rapidly than iv (One varies approximately as the 
square, the other as the first power of the rotational quantum number ) 
Hence terms for which w is comparable with umty wdl have such a 
small exponential factor or prohabihty that they can be disregarded. 
As still further assurance that the higher powers of w can be discarded 
under the hypothesis (13), we shall give in § 47 the quantitative correc- 
tion to the Langevm-Debye formula which results when the develop- 
ment IS broken off after to* rather than w‘ This correction proves to 
be very small if the fundamental hypothesis (13) is valid 
When we utihze (20), Eq (16) becomes 

y ( 21 ) 

where now the first sum includes the diagonal elements njm, njrn 
The first two lines of (16) have been melted into a single line in (21), 
as the first line of (16) supphes just the diagonal elements wantmg from 
its second after the simplification (20) 

In writing (21) we have introduced two simplifications Firstly, in 
the second line we have replaced v{n’fm',njin) by a number v(n',n) 
independent of the indices j, m, j’, m' This is clearly allowable as the 
separations between the various normal states are by hypothesis small 
compared to the mterval between normal and excited states, and hence 
the ‘high’ frequencies v{n',n) (»' #») are affected but little by j, m, 
m' Secondly, we have replaced by an expression which 
IS independent of m This presupposes that the influence of orientation, 
1 e of the axial quantum number m on the unperturbed energy 
18 small compared to kT, & condition which is certamly fulfilled with 
a high degree of precision m gases In fact the ideal case ordinanly 
considered is that in which the molecule is subject to no external field 
except E, and then the unperturbed energy (i c the energy in the 
absence of E) is mdependent of onentation, so that the index m has 
absolutely no effect on W” To allow for the possibihty of simultaneous 
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eleotnc and magnetic fields, or mter-molecular fields m hqmds and 
solids, we admit the more general assumption that is not 

identically zero but small compared to kT Thus our derivation of the 
Langevin-Debye formula is apphcable to sohds provided, of course, the 
two fundamental hypotheses given on p 187 are fulfilled, and provided 
the effect of orientation is small compared to kT In other words, the 
‘turning over’ of an atom or molecule against the mter-molecular field 
must require the expenditure of an amount of work considerably less 
than kT This condition is really already embodied in our second 
fundamental hypothesis, as the requirement \W\,^—W^„<\<^kT is a 
special case of (13) 

It was proved in § 35 that m virtue of the high degree of spectroscopic 
stability characteristic of the new quantum mechanics, an expression 


of the form 


2 \A.{njtn,n'j'm')\^ 


IS invariant of the direction of the axis of quantization, and equals 


m,vi q x,v,z 


This consequence of spectroscopic stability is vital, as it underhes the 
general occurrence of the factor ■J in the temperature term of the 
Langevin-Debye formula Let os suppose that the field E is along 
the 2 axis Then by taking A=ii (» = »') and A=p'^ (n^n'), one 
sees that (21) may be written 


J W,J ,Vl 

y (22) 

^ hv(7i\n) 

j,mn ,j ,tH ' ' 

Simphficahon of Low-frequency Elements From the rule for matrix 
multiplication (Eq (9), Chap VI) it follows that 

Here the nght-hand side is a diagonal element of the matrix p?, which 
IS the square of the absolute magnitude of the vector matrix |i formed 
from the complete moment p by deleting the high-frequency elements 
The index m is not needed on the right side of (23) because the 
magmtude of a vector is independent of its spacial orientation 

Now if the hypothesis of a permanent moment is valid, we may apply 

9595,9 Q 
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Eq (15), which makes (23) independent of j, and the first line of (22) 
becomes n . 

^ ( 24 ) 


Now we have already supposed that can be replaced by IFJj in 
the exponential factors, and so the sum in (24) is identical with the 
denominator of (12) Hence (24) is simply Nn^jSkT, which is the 
‘temperature part’ of the Langevin-Debye formula (10) It is clear that 
if the hypothesis of a permanent moment were not vahd, the first Ime 
of (22) would become instead 


},m 

3ler 2 e-**^*^ 


■ikT 


( 25 ) 


Here y? denotes the statistical mean square of the moment /t, i e the 
time average /i’(j,j) of /i® for a given state j, m, with this average m 
turn averaged over all the normal states weighted in accordance with 
the Boltzmann factor Eq (25) represents a sort of generalized Langevm 
formula, somewhat analogous to the generalized classical expression 
which we denved in (22), Chap IT 
SimphficatuM of High-frequency Elements The important thing about 
the second lino of (22) is that for given N it is independent of tem- 
perature and BO may be denoted by a constant Na, as in Eq (10) The 
demonstration is an easy consequence of the ‘sum-rules’ * for intensities, 
apphed to absorption rather than emission, for it is the essence of these 
rules that on expression of the form 

'^\p\njm,n'3'm’)\^ ( 26 ) 

y,m' 


IS mdependent of the indices ] and m The sum-rules were first estab- 
lished on senu-empirical grounds, but the work of Bom, Heisenberg, 
and Jordan, and of Dirac shows that they are required by the quantum 
mechames,® provided g is associated with the one type of precession 


* For references and description of the sum rule soe Fauling and Goudsmit, The 
Strudure of Ltne Spectra^ p 137 The ordinary statoment of the sum nilo for the inner 
quantum number is that the sum of the mtensitios of the multiplot oomponmts which 
have a common initial (or else coimnoii final) state j is x>roportional to its a pnor% 
probability Tins statoment, howovor, presupposes a summation over m inasmuch as 
the Zeeman components are assumed unresolved The sum rule for tlie magnetic quan> 
turn number shows that all the g^ components of the state 3 contribute equally to the 
sum over m Consequently when, as in (26), we do not sum over m, but only over m', 
the factor gj cancels out 

* Bom, Heisenberg, and Jordan, Zeite / Phynk, 35, 605 (1926) PAM Dirac, 
Froc Roy 80 c 111a, 281 (1926) The former deduce the formulae of Goudsmit and 
Kronig for the intensities of Zeeman components Dirac proves the more difficult formu- 
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ordmanly identified with the inner (or rotational) quantum number 
Actually we have already stated that the index j may correspond to 
several quantum numbers, and hence represent the eSect of several 
superposed precessions* e g. simultaneous precessions resultmg from 
mteraction with electron spin and from molecular rotation However, 
Dirac’ notes that there is no difficulty m extending the proof of the 
mtensity- or sum-rules to systems that are composed of any number 
of parts, and that so contain any number of precessions, provided the 
parts are coupled together by ‘secular’ forces which do not distort 
the motion but which instead give nse only to pure precession This 
result IS also obvious from the correspondence principle, inasmuch as 
the sum-rule is the quantum analogue of the fact that classically the 
intensity of radiation is not appreciably affech'd by precessions which 
do not sensibly alter the sizes and shapes of the orbits This rules out 
centrifugal expansion and similar effects, but their effect is only sub- 
ordinate, as we shall see more fully m § 47 The obseivcd existence of 
a term in the dielectric constant which is indeiiendcnt of temperature, 
also especially the allied independence of the index of refraction of 
temperature’®, discussed in § 16, must be regarded as indirect but 
nevertheless very good experimental evidence for the vahdity of the 
sum-rules 

From what has been said in the preceding paragraph we may replace 
(26) by an expression |p“(»i,m')l’ independent of j and m, and so the 
second line of (22) reduces to 


I { 

n(n /n) ' 


lp«(«,»')l’ Y 

livin' ,7t) ^ 

' j,m 


c-i> 


( 27 ) 


The double sum in this equation is, os before, the same as the denomina- 
tor of (12) Thus (27) becomes on expression 


Nci:^iN 2 

n(n'/n) 


|p®(n,7i')l’ 
hv{n',n) ’ 


( 28 ) 


which IS independent of T and which constitutes the ‘constant’ part 
of the Langevin-Debye formula Combmation of the simplifications 
affected in the high- and low-frequency parts of (22) yields the complete 
Lange vm-Dehyc formula (10) 


IopO of Kroiiigy RusBell, Sommerfekl and Uonl (note Oiap VI) for intoiisities m 
multiplotB These formulae contain more information than the sum-rules, but neressanly 
demand the vahdity of the latter 

The proof that rofractivities in the optu al region are independent of temperature 
IB smular to that of Eq (28) Cf Phya Rev 30, 41 (1927) 

02 
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Remeui Now that the proof is over, it is perhaps well to caution 
against the nusconception prevalent among many physicists that the 
reapportionment of molecules among the different stationary states due 
to alteration of the Boltzmann factors hy the apphed field is responsible 
for the term of the Langevin-Debye formula which is inversely propor- 
tional to T, and that the distortion of the motion withm a stationary 
state gives nse to the term independent of T Actually the distortion 
usually contributes to both terms, if we use the word ‘distortion’ m the 
sense of any change in the motion produeed by the field, such as, for 
instance, alteration in the end-over-end rotation (Alteration m the 
internal structure of the molecule, such as stretchmg of the orbits, &;c , 
us distinct from changes in the motion of the molecule as a whole, or 
perhaps its couplmg to the spm, does, to be sure, give a term indepen- 
dent oi T ) Tn fact, in the dumb-bell model (§ 45) it was not necessary 
to consider the reapportionment at all, i e it was adequate to take 
li’' = lyo m the Boltzmann factors, as the first-order Stark effect IT® 
vanished (Note that in § 44 wc showed that to obtam the portion of 
the susceptibility independent of field strength, the energy is needed 
to the approximation IT'®* m connexion with the moment factors 
(1) involved m (3), but need be earned only to the approximation Ift*) 
in the Boltzmann factors ) It may seem rather surpnsing that distortion 
without reapportionment can give rise to a term inversely proportional 
to r, but the situation is roughly the following The ‘low-frequency part’ 
of the distortion of the moment by the applied field may be enormous 
because of the ‘low frequencies’ v{njm, nj'm') in the denominator, but the 
different normal states would just compensate each other as regards 
this part, except for their differences m the value of the unperturbed 
Boltzmann factor, which after series expansion are found to have the 
effect of introducing kT in the denommator in place of hv (of Eq (19) ) 
Only in the sjiecial case of the magnetic susceptibilities of atoms without 
spin or else with very wide multiplet structures does the l/T term arise 
entirely from If® without the aid of the low-frequency part of 
(cf Eq (13), Chap IX) The popular misconception has doubtless 
arisen as an incorrect gcnerahzation of this special case The high- 
frequency part of IT®, of course, gives the term independent of T 
Case of a Simultaneous Magnetic FiM The expression (28), also of 
course the jiermanent moment jt, does not mvolve the index m, or the 
direction of the axis of quantization, and so the choice of this axis 
cannot influence either term of the Langevin-Debye formula. Hence, 
unlike the old quantum theory (§ 31), a magnetic field cannot distort 
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the dielectric constant merely by changing the direction of the axis of 
quantization. Instead a magnetic field will influence the dielectne con- 
stant only through higher-order terms, which we have neglected and 
which are analogous to saturation effects Because of the spectroscopic 
stabihty charactcnstic of the true quantum mechanics, these small 
terms will he proportional to H\ and of the same order of magmtude 
as we calculated m § 31 with classical theory 

Special Case that E is the only External Fidd In case other external 
fields, such as, for instance, the magnetic one just considered, are absent, 
the axis of quantization will coincide with the direction of E The third 
index m will then have no infiuencc on the energy m the absence of E, 
and consequently all frequencies of the form v(npn,njm') will vanish, 
as it IS understood throughout that the frequencies v appearing in the 
denonunators arc to he calculated for the unperturbed system Never- 
theless, there will be no trouble with zero denominators,^^ masmuch 
as the matrices or will contam no elements m which my^m' , 
since the component of moment m the direction of E clearly cannot 
involve the frequency of precession about the direction of E, which is 
the frequency associated with the quantum number m Thus the 
summation over m' may bo replaced by the substitution m' -= m 

47. Limit of Accuracy of the Langevin -Debye Formula 

It IS clear that if the temperature is diminished sufficiently, the separa- 
tion of the normal levels cannot continue to remain small compared to 
kT Hence at low temperatures there should be appreciable departures 
from the Langevm-Debye formula, which is, strictly sjieakmg, m quan- 
tum mechanics only an asymptotic fonnula valid at high temperatures 
This has already been emphasized in § 45 in connexion with the ‘dumb- 
bell’ model It was shown that for this model, Eq (8) is a rigorous 
expression (ncglectmg saturation) for the susceptibility, valid right 
down to T = 0, whereas the Langevm-Debye formula is not One could 
form an idea of the range of temiieraturcs over which the latter formula 
IB substantially vahd with this model by determimng the critical tem- 
perature at which it begins to dejmrt appreciably from Eq (8) We 
shall not do this, but instead shall give an approximate correction for 
the departures from the Langevm-Debye formula with a more general 

Conceivably there might bo dogoneracies other than the spacial onOt and which give 
nse to zero donommatora Thoro is, however, no iliffiLulty, as the degeneracy may be 
removed by applymg a hypothetical infiniteamal field which removes tlie degeneracy, 
and the theorem of spectroacopie stability shows tliat the results are mvariaut of the way 
the degeneracy is removed 



198 QUANTUM-MECHAKICAL DERIVATION OF VII, j 47 

model of a molecule, with three momenta of mertia none of which are 
neceaaanly equal This correction consiats in determining the effect of 
the retention of terms to w* inclusive rather than to as previously 
in the senes expansion made m the bracketed part of Eq (19) A 
ngorous formula would mvolve the retention of all terms m this expan- 
sion, but such a formula would be inlxactable and umllununating except 
for simphfied models such as the dumb-bell or symmetncal top The 
temperatures at which the terms in «’®, vA begin to appreciably modify 
the susceptibility are evidently the temperatures at which we may begm 
to expect appreciable corrections to the Langcvin-Debye formula We 
shall not give the details of the calculation of this second approxima- 
tion to the susceptibility by mcluding the effect of vfl, vj*, but shall 
merely state the result, viz 


(29) 

where 


Here A, B, 0 denote the moments of inertia of the molecule about its 
three prmcipal axes x',y',z', and pj., fiy., are the components of the 
permanent moment y, along these axes For either the ‘dumb-bell’ or 
symmetncal top models, i c for either diatomic or symmetrical poly- 
atomic molecules, wc may take p.' — /ij,. -= = 0, A = H = 7, and 

(30) then reduces to 


f(T\^ _l-32xl0-» 

' 2i-nHiT' IT 


(31) 


The factor l—f(T) evidently enters in (31) as a correction to the 
Langevm-Debyc formula To obtam a numerical estimate of its im- 
portance let us consider the particular case of HCl Substitution in 
(31) of the value 1 = 2 05 x lO-^gm cm “ appropnate to HCl yields 
/= 5 O/T, so that at room temjieratures f{T) is only 0 010 To make 
the correction as great as 5 per cent it would be necessary to reduce the 
temperature to 100“ K , or below the freezing-pomt of HCl, which is 
obviously not feasible Gases which have low boihng-i>oints, and which 
hence might be measured when the denominator of (31) is small, are 
mvanably non-polar (e g Oj, H^) or nearly so CO and NO are two 
** Soo J H Van Vletk, Phi/s /frr* 30, 46 (1*)27) The correction (31) appropriate to 
diatomic and HjmirnotricHl rnolocuIoH Iiok altso Itoori deduied by Kronig and by Manno- 
baik {I c also ref 21 of Cliap VI) by a different method than ours In the case of the 
diunb bell model their method consists m finding a somewhat better approximation to 
tlie denommator of (8) than merely replacing the sum an integral aa on p 185 An 
analogous method is also used for the symmetrical top 
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common slightly polar gases which have relatively low boihng-pomts, 
but this feature is more than offset by their moments of mertia bemg 
over five times that of HCl, so that the values of f[T) obtainable 
expenmentally for them are even smaller than for HCl. 

These numerical considerations show that the correction f(T) to the 
Langevin-Debye formula is ordmanly far too small to be of conse- 
quence, and experiments would have to be very sensitive to detect the 
departures from linearity which it occasions m the graph of x against 
l/T at constant density The mam value of the calculation of the 
second approximation involving f{T) is hence pnmarily to reassure us 
that in the case of dielectnc constants the asymptotic agreement of 
classical and quantum theories is nearly completed at any temperatures 
ordmanly obtainable (barring possible ‘internal rotations’ in orgamc 
molecules discussed on p 76) (In magnetism, because of the spin 
multiplets,^ we shall later see that there may be important deviations 
from the classical Langevm law even at room temperature ) The cor- 
rection factor 1-/(7') does modify slightly the expenmental values of 
the electnc moment determined by the method I which was desenbed 
in § 19 In this method n is ordinarily calculated from the temperature 
coefficient of x m the vicinity of a room temperature TJ, and hence 
with the correction fi* must be increased by a factor about 1-f 2/(7],) 
to give this coefficient the same value as previously Correspondingly 
the effect of this correction is to increase the contribution of permanent 
dipoles to the susceptibihty by a factor [l+2/(7J)][l— /(7J)]~ 1-1-/(7J|) 
and hence to dimimsh Nat, as determined by method I, by an amount 
NiJf(T„)j3kT„ In case most of the susceptibihty arises from the per- 
manent jiolanty, this diminution in a may reduce slightly the dis- 
crepancy between the values of Na determined by methods I and II 
(respectively temperature variation and extrapolation of optical data), 
discussed at length m §§ 14, 15, 19 In HCl, for instance, the correction 
raises the value of /i with Zahn’s temperature data from 1 034x 10~** 
to I'OSO X 10“^", and correspondingly diminishes iirNa. from 0 00104 to 
0 00099, m somewhat better accord with the optical value 0 000871 
furnished by method II 

“ Spin multiplota comparable with hT may exist in the present electrical case, but 
do no harm This is primarily bocanso tho electrical moment has no matrix components 
between states which differ solely as regards the abnemeut of the spin relative to the 
rest of tho molorulo, thus avoiding the comphcation of * medium frequency demonte* 
Although tho multiplet structure thus does not mfluenoe tho electnc susceptibility, it 
does modify the Stark effect, as the latter involves tho stationary states individually 
rather than collectively m summations 
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Cometum for CerUrtfugal Expansion Because of centrifugal force the moment^ 
IS never ngorously ^permanent \ i e the same for all rotational states as supposed 
in 1 46, but mcreases slightly with the rotational quantum number and hence with 
T We may calculate quantitatively the correction resulting from this effect by 
replacing the first term of the Langevm-Debye formula by the more graeral 
expression (25), which does not assume a permanent moment To evaluate p? let 
us take a diatomic molecule whose nuclear separation, moment of inertia, and 
electrical moment are respectively r^, /«, and when the molecule is at rest, 
completely devoid of rotation or vibration If now the molecule rotates with an 
angular velocity the centrifugal force Mroi!^ must equal the restoring force 
47r^vW(r— fp) Here v is the frequmey of vibration, supposed simple harmonic 
A small expansion of the molecule by an amount r— mcreases the electrical 
moment by where is by definition the ‘effective charge* (see p 47) 

Consequently we have approximately 








since classically tlio mean of tlio rotational kinetic energy is A;T, and quan- 
tum mechanually this value is valid at ordmary temperatures, as they are high 
enough to make rotational specific heats have substantially the classical equi- 
partition magnitude The effect of centrifugal expansion is thus only a contribution 
Po^eft rJZTT*! to the constant oc tn Eq ( 10) This contribution is, imlike the correc- 
tion (31) previously considered, as important at high as at very low temperatures, 
but 18 usually quite negligible In HCl, for instance, if we use Bourgin*s value 
(§ 15) of the effective charge, the centiifugal expansion gives rise to only 1 percent 
of CK, and so may be neglected without appreciable error 

Correction for Vilirattonal Distortion By supposing a permanent moment we 
liave assumed that the electrical moment is independent of the vibrational quan- 
tum number or else that all vibrational states but the lowest have negligible 
Boltzmann factoi'H The latter assumption is sufficiontly warranted m onlmory 
stable diatomic molecules such as HCl at ordinary temperatures, but compli- 
cated polyatomic molecules may have some of their vibrational degrees of freedom 
less firmly bound, and ho sometunos be in liiglier vibrational states where the 
moment of inertia and lienco the electrical moment is appreciably different from 
m the normal state Tins effect has been considered in considerable detail by 
Zahn ** *J'he correctuin can again bo calculated approximately by rc].>lacing the 
first term of ( 1 0) by (25) For stable diatomic molecules such as HCl it is readily seen 
to be of the same cider of magnitude os that for rotational distortion and likewise 
inde})endent of the temperature In complicated polyatomic molecules whei’o the 
vibrations are of large amplitude and not siinplo harmonic, this vibrational correc- 
tion may be more important and yield a complicated temperature de])endenco 
Wo have already mentioned on p 76 that m molecules possessmg pliable bonds 
there will bo dojmrtures from this formula if tho radicals arc only partially free to 
turn Tins is closely akin to tho effect considered by Zalm, the difference bemg that 
the non-iigidity is due to twisting rather than stretchmg 

Correction for Saturation By neglecting terms beyond in Eq (2) we have 
disregaided all saturation effects The effect of mcluding terms through E* m (2) 


C T Zahn, F/tyM Hev 35,1047,1056(1830) HisEq (10) is essentially tho same as 
(25) Tho depuiture from the Debyo formula which he finds experimentally in acetic 
acid 18 probably duo to molecular association, cf. Phya Eev 37, 1516 (1931). 
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has been calculated by Niessen” for the general quantum dynamical system, with 
the two same fundamental hypotheses as m § 40 His results, especially the mode 
of temperature dependence have already been discussed in § 22 Tho numerical 
estimates there given show that the saturation offsets are very small at the largest 
field strengths E yet obtainable eicperimentslly, but have nevertheless been 
detected by Herweg and others ( § 22) We may mention that if one considers only 
the permanent dipole moment, or m other words retains only the low-frequency 
part of the total moment p, then Niessen lias shown that it is possible to calculate 
asymptotically the effect of all powers of £ m Eq (2) He finds that then the com- 
plete Langevm formula NLiiiEILT) (Eq 4, Chap II) fur the polarization is vahd, 
but it may be cautioned that this result applies only when the coirection for 
saturation is larger than, or at least of greater interest than, corrections such 
as (30) for the finite magnitude of rotational energy intervals In other words 
saturation is the main correction if /lE^LT' and kT'<C_kT, where T' is the 
molecule’s ‘ characteristic temperature’ Existing ex}>ci iments on clectnc 

saturation ore not tniule at fields so large that ulthoiigh miule at 

temperatures for which T' <^T Under tiiese conditions one can still use Niossen’s 
value of the correction for saturation, as tho corrections for finite intervals and for 
saturation are approximately additive if neither of them is great 

Comparison with Experiment As the quantum mechanics has re- 
stored the Langevm formula under ordinary conditions, the comparison 
with experiment, and deduction of numerical dipole values from the 
latter, proceeds as in classical theory, and so the matcnal given m 
Chapter III is still applicable The discussion of tho effect of infra-red 
vibrations proceeds exactly as m § 13 We have seen on pj) 30 and 180 
that the classical and quantum theories give exactly the same value 
2 for the polanzability a of a system of isotropic harmonic oscil- 
lators The identity of results is also readily established'*’ m the more 
general case of jieriodic rather than static impressed fields, and of one- 
dimcnsional harmomc oscillations along the figure axis instead of 
isotropic ones Spectroscopic stability shows that the factor \ arises 
from the spacial onentation, regardless of the tyire of spacial quan- 
tization or molecular rotation Thus (4), Chap III, which was 

FC F Nioaaen, Phys Pev 34, 253 (1920) 

>“ See Phya Pev 30, 44 (1927) 

Complete smnlarity with clustiKal results on harmonic oHcillatorB is an almost 
invariablo charat toristic of the new morhauK^ On tho other liuiid, tho 'anharmonu 
correction * winch rosults because tlio roBtonng fon os on the nuclei are not strictly linear, 
has a differont effect on the suBcnptibility than in i lassu al tlieory S Bognslawski {Phya 
ZfUs 15, 283, 1014) and K Czukor {Verh <1 DeiU Phys Oea 17, 71 (1010) showed 
that classically this correction modified eoiiiewhat tho nature of tbo temperature depen- 
dence of tho dielectric constant, whereas lu quantum mechanics it merely alters slightly 
the magnitude of ac, inasmuch as (28) is a perfectly general expression for tho contribu- 
tion of high-frequency eloment« Such a divergence from classical results is, of course, 
only possible bocauso tho vibrational energy intervals, os distinct from the rotational, 
are usually largo compared to kT in stable diatomic molecules The v ibrational intervals 
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our focal point for discussing infra-ied vibrations, still letains its 
validity. 

cease to be large compared to hT when there is an appreciable vibrational speoifio heat 
The correction which then results to the Langovin-Debyo fOTmula is, however, very 
sh^t, as the nuclear vibrations are usually very nearly simple harmonic, and solution 
of Eq (9) has shown that harmonic osoiHators have exactly the same polanzabihty m 
all stationary states Tho form of temperaturo dependence is altered only by super- 
position of the anharmonic correction and that for the excitation of hi{^er vibrational 
states than the lowest 
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THE DIELECTRIC CONSTANTS AND DIAMAGNETIC 
SUSCEPTIBILITIES OP ATOMS AND MONATOMIC IONS 

It may seem strange that wc mix electnc and diamagnetic suscepti- 
bilities in the same chapter, but m the monatomic case it is convenient 
to discuss them together because of parallebsm in the rigorous theory 
for hydrogen and m the adaptation to other atoms by the method of 
Bcreemng constants, 

48. The Dielectric Constant of Atomic Hydrogen and Helium 

As the electrons are on the tune average symmetrically located with 
respect to any plane containing the nucleus, atoms and monatomic ions 
have no iiermanent moments, and so have only the term Na of the 
Langevm-Dcbye formula which arises from ‘high-frequency’ matrix 
elements (cf Chap Vll) It has so far lieen possible to determine the 
numerical magnitudes of fx, and a. for molecules only by the experimental 
methods of § 19, but on the other hand it is easy to calculate by pure 
theory the absolute value of a for monatomic hydrogen 

Tlio rigorous proof that atoms have no permanent moments runs as follows.^ 
In tho absence of exiernal llohls, the wave equation of any atom or molocule rora- 
posod of particles is mvariant with respect to tlie substitution 

y, V). ,n) (A) 

Hence its wilutions iji, may always bo chosen to be either even or odd os regards 
the substitution (A) The conjugate “ even or odd like and is then 
even If wo take / — n' — nm tlio fimdamental qiiudraturo (14), Chap VI, 

its iiitogrund 0a0*Zlc,r, is odd with respect to the substitution (A) and so the 
integral IS zero when token o\orthoontireeoordinatos{)ace Honco the unperturbed 
elm ti ic moment of any atom or molecule has no diagonal elements To be sure, 
Kq (1) of this chapter and (71) of Chap VI display first-oisler Stork offocts, 
which would seem to imply the existence of hikIi elements, but (1) neglects the 
relativity and spin jiiefessions,* and tho ‘symmetrical top’ model used to obtam 
(71) IS too simjilo to include ‘A-type doubling’ (see note 28 of (’hop VI ond § 70) 
To jirove that there is no permanent moment we must allow that tho moment 
matrix has no low-frequency os well ns no diogonal elements There can be no 
low-frecjuonty elements if the separation of all levels, other than those differing 
only as regards spacial quantization or of quantization of spin relative to tho rest 

* K Wigiior, Zeits f Fhynk, 43, 046 (1927) 

* For calculation of the Stark effect of atomic hydrogeu to a first approximation mtlu- 
sivo of these precessions BOO B Schlapp, Proc Boy Soc 119a, 313 (1928), V Rojansky, 
Bhys Rev 33,1(1929) Because of a fortuitous degeneracy with respect to the azimuthal 
quantum iiuiiibcr 1, tho excited states of atoimc hydrogen in tho new quantum mechanics 
retam a portion of their linear Stork effect even when tho relativity and spm corrections 
are mcluded This was not true in the old quantum theory. 
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of the atom, are separated by mtervals large compared to In other words this 
condition is that there be only one ‘normal electronic* level This is ordmanly 
the case in atoms, as electronic absorption frequencies are certainly large com- 
pared to kTt but not in molecules, as there is always a sequence of closely spaced 
rotational levels Although we have thus shown the desired result that ordinary 
atoms have no ‘dipole term * proportional to 1/T m the Langevin>Debye formula, 
such a term would be found for excited hydrogen atoms Such atoms are exceptional 
because of degeneracy with respect to the azimuthal quantum number I The 
calculation of the 1 jT term for excited hydrogen is, of course, a purely academic 
affair,^ which we omit, os susceptibihtiesmvolve only normal states, and the normal 
state of hydrogen has only the one l-value 0, and hence no bothersome degeneracy 
and no lirst-ordor Stark effect oven m Eq (1) When there m near degeneracy, an 
exponmon tally obtainable field may greatly distort the symmetry pi-operties of the 
wave function, and so the linear Stark offeetH predicted by (71) of (hap VI and 
by (!) aie a good appioximation to reality m strong fields lu iion-hydrogonic 
atoms the effect of I on the energy is usually largo, and there m no first-order Stark 
effect, except perhaps for a few exc tied states of very small quantum defect The 
kinematical meaning of this is that non-hydrogemc atoms have fust orbital 
processions owing to the departures of the field from (‘oulomb character, whereas 
hydrogen atoms have only the slow relativity precession which is easily stopped 
by on applied field resulting m the ahnement of the semi-major axis in this field 
and a first order Stark effect * 

To determine the moment of hydrogen in a definite stationary state 
one has only to calculate to terms in the characteristic values of 
its wave equation m an electric field — m other words, to compute its 
second-order Stark effect This has been done by Wentzel, Waller, and 
Epstein® with neglect of relativity corrections and spin, which permits 
a separation of variables and which does no harm for the normal state 
owing to the absence of fine structure (cf end of fine print, p 213) 
They find 

_chRZ^ Zh^n{ni—n^E 
STrhneZ 


10247r'»i:®e«m» 




( 1 ) 


* For this caUulation sec J IT Voii Vlwk, Pror Nal Anvl 12, 665 (1926), and 
especially rovision in footnote 31 on p 37 of J*hyE Pev 30 (1027) 

* For aiiiplifioHtion and referencos on this distinction between hydrogonie and non- 
liydrogiMiic atoms see liuark and Urey, AUnna, Molecules, and Quanta, pp 147, 343, or 
the wnter^s Quantum Prinfiplta and Line Speitra, pp 62 and 131 A w'oaltli of theoretical 
and expcninontal work on the bordor-lino case of the Stark effect of non-hydrogonic 
atoms, especially neutral He, so highly oxcited that the field is nearly Ckiulomb, has been 
performed by J S Foster and by Mias Dewey, Proc Roy iSec 117a, 137 (1927), Phya 
Rev 30, 770 (1027), and roferonoes, also Y Fujioka, «Sic Rep Phya Otem Rea Tolsyo, 
10, 09(1929) 

* G Wentzel, Zeiis f Phyatk, 38, 527 (1926), 1 Waller, %hwi 38, 035 (1020), F S 
Epatem, Phya Rev 28, 605 (1926) 
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where ni, n,, are a eet of parabolic quantum numbers, such that the 
pnnoipal quantum number n is »i+»a+|»8l+^> while «j quantizes the 
angular momentum about the field and so is similar to the quantum 
number wij of § 39 

The normal state of hydrogen has = »j = 0, Z—1, so that 

by (1) its moment —dWfdE is 9ft®J5/128ir*c*m®= 6 63x with 

the usual neglect of saturation effects resulting from higher powers of 
E not included in (1) Its polarizability is thus a = 6 63x 10-“ The 
corresponding numerical value of the ‘molar polarizability’ iirLalZ 
mtroduced on p 53 is k— 1'68, and of the dielectric constant at 0°, 
76 cm , IS e = 1-000225 Unfortunately it has not yet been possible to 
make a direct experimental confirmation of these unambiguous theoreti- 
cal values, as it would be necessary to have a gas composed entirely of 
monatomic rather than molecular hydrogen 

The dielectric constant of neutral hchum has been calculated indepen- 
dently and simultaneously by AtanasofI® and by Hasse ’ Both utilize 
the fact that the perturbed wave functions of the normal state are of 
the form i<' = iA®(n.»'s.>'is)+^{*i/(»'i.»‘ 2 '»‘i 8 )+* 2 /(»‘*.»'i.»’i 2 )} (neglecting 
E^, A’®, &c ) and determine / by the Bitz method, while they take 0“ 
from the work of Hyllcraas The dependence on the coordinates can be 
shown to bo necessarily of this form by extension of Wignor’s methods, 
though this IS not demonstrated exphcitly in either paper ® If one uses 
Birge’s ‘most probable values’ of the atomic constants, Atanasoff’s 
solution yields « = 1 0000653 at 0° C , 76 cm , while Basse’s first calcu- 
lation gives 1 0000691 in excellent accord with the experimental value 
1 0000693 This gratifymg agreement, however, turns out to be rather 
accidental, as in his second paper Basse finds 1 000079, using a pre- 
sumably more accurate unperturbed wave function ipg Still more 
recently, a theoretical value 1 0000715 is reported by Slater and Kirk- 
wood,® also by the Ritz method The diversity in results seems to arise 
largely because the calculations are exceedmgly sensitive to the choice 
of the unperturbed wave function 

* J V AtanasofT, -Kco 36, 1312 (191U) 

’ H R Haea;, Proc Comb r?iti Soc 26, 542 (1030), 27, 06 (1931) 

* Tho proof conBiBts in showing that mvolvoB a rotational gioup (‘Darstellmig’) 

of tho typo 7/ =s 1 amco is of the typo L = Oand is proportional to eos 0 Properties 

of tho rotational groups aro developed by Wigner, Zetts / PhytnL 43, 640 (1927) 

* Slater and Kirkwood, PAys Bev 37,682(1931) 

By a well-known tbeorom, tho Bitz method always yields too high a value for the 
total energy, but one cannot toll whether it yields too high or too low a value of tho 
coefficient of E*, as tho JS* term is only a portion of the total energy Hence it may 
yield too small or too large a dielectric constant A small alteration in ^ can make 
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49. The Diamagnetism of Atoms, especially Hydrogen end 
Helium 

In considering diamagnetism, we may suppose the atoms m singlet 8 
states, as otherwise there is an overwhelming paramagnetism. In such 
states the paramagnetic terms m the Hanultoman function, which were 
given in Eq <97>, Chap VI, and which jueld a perturbative potential 
proportional to the first power of H, disappear completely This is so 
inasmuch as in aUmx the squares of the orbital and spm angular 
momenta are respectively L{L-\-\) and iS(jS+ 1), and consequently m 
the ‘/S states, which have 8 = L = 0, there cannot be even an instan- 
taneous magnetic moment in the absence of external fields It may be 
cautioned that moleevles have such a moment even in states, and 
for them the following formula (2) must be modified, as will be done 
in § 60 In ^8 atoms, there remains only the diamagnetic term in the 
perturbative potential, which is proportional to H^, and the magnetic 
moment is entirely an induced one coming from the Larmor precession 
The resulting change in energy due to this term was seen m Eq (105), 
Chap VI, to be J and furthermore, it was shown 

in § 35 that on averaging over the different spacial orientations one 
may replace by |r* because of spectroscopic stability This, of 

course, assumes that the Boltzmann factor is sensibly the same for the 
different allowed spacial orientations, which it surely is in gases, and 
also in solids as long as the energy of orientation in the solid’s intcr- 
molecular field is small compared to kT If we suppose that the atoms 
arc all in the same stationary state except for spaeial orientation, as is 
usually the case because the first excited states involve energy incre- 
ments large compared to kT, it is unnecessary to average over diflFcrent 
electromc states weighted m accordance with the Boltzmann factor 
The susceptibihty Li^—dW jdU)jU per gramme mol is then 

( 2 ) 

where r® is the time-average value, i e the diagonal matrix element for 
the state under consideration Eq (2) is exactly the same as the Pauh 
form of Langevm’s formula in classical theory, already given in (2), 
Chap IV Thus again the new mechanics restores a classical formula 
Eq (2) IS valid reganlless of whether or not the atom is hydrogenic 
For hydrogen-like atoms, wo may, however, proceed farther and use 


n consulcrablo error in the ooofhcieiit of K*, as only the unperturbed energy is stationary 
with respect to the parametors varied in obtaining the unperturbed wave funetion 
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the formula for the mean value of r* given m (107), Chap VI, and then 

— 07»0xI<.-['^^«|,+y+”‘] (3) 

The normal state of atomic hydrogen has »=1,1=0, Z=l, and thus 
its molar diamagnetic susceptibility is — 2 37 x 10~* This value cannot, 
of course, bo tested directly because of the difficulty of dissociatmg 
molecular hydrogen, also because monatomic hydrogen has a normal 
state and hence would be highly paramagnetic because of the spin 
Instead we have only Pascal’s^* indirect value —2 93x 10-*, obtained 
by applying the additivity method to diamagnetic orgamc compounds 
contaimng hydrogen Exact agreement cannot be expected, as we have 
seen m § 2 1 , on refractivities, that the analysis of compounds by assumed 
additivity rules does not necessarily furnish true atomic properties The 
error, however, is probably not so great as to permit the discrepancy 
by a factor about 3] which there was between his value and that 
— 0 79xl0~® furmshed by the old quantum theory (p 210). Thus 
Pascal’s result must be regarded as distinct evidence favouring the new 
mechanics in preference to the old 

Direft Cakulation of from the Wave Funchmis for Heltum Tummg 
now to non-hydrogenic atoms, the theoretical calculation of ihamagnetic 
susceptibilities is much easier than of the electric, as in the diamagnetic 
case it 18 only necessary to know the unperturbed wave function of the 
normal state Once this is known, the requisite mean value needed for 
(2) 18 given by the simple quadrature 

J (4) 

the integration of course being over the coordinate space of all the 
electrons On the other hand, to make calculations of electric suscepti- 
bilities such as were quoted on p 205 one must know the effect of the 
perturbing electric field on the wave function This is because the per- 
turbmg potential was linear in the field rather than quadratic as in the 
magnetic case, and so to obtain the energy to the second power of 
the field strength, as needed for susoeptibihties, it was necessary to find 
a second rather than a first approximation to the effect of the perturba- 
tion, which demands knowledge of the wave functions to the 1st rather 
than 0th approximation in E 

A Pascal, numoroiiB rofotviicea listed m Jo/irt d Rad und ElcHr 17,184 (1920), 
cf also Weiss, J de Physique, 1 , 18S (1030) 
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The requisite quadrature (4) has been perfomed for neutral hehum 
by Slater, using a wave function which he shows to be a good ap- 
proximation to the three-body problem of the normal state of helium. 
He thus finds Xmoi = —1 SB x 10“*, m gratifying accord with Hector and 
Wills’ expenmental value — l-SSxlO-* The discrepancy is less than 
the expenmental error, as weU as less than the amount of uncertainty 
m our knowledge of the hehum wave functions The quadrature for 
hehum has also been evaluated independently by Stoner^® with Har- 
tree’s wave functions He finds Xmoi = — 1 90 X 10“®, hkewise in exceed- 
mgly good agreement with exxieriment 
Direct calculations of Jr® from the wave fimctions obtained with 
the Hartreo method of the self-consistent field have been made for the 
alkali ions and for Cl- by Stoner i® His results will be given in § 52 
Similar calculations are at present wanting for other heavy atoms 
Because it is easy, it is tempting to try calculating the mean value of 
r® and hence the susocptibdity for the general heavy atom by means 
of the Thomas-Fermi^® charge distribution p In the Thomas-Fermi 
theory the mean value of J r® is e"® JJJ pr® dxdydt, where the integra- 
tion IS 3 rather than 3Z-dimensional as m (4) One thus finds that 
Xmoi ~ ~ *9"® 2*, where Z is the atomic number, and where the factor 
10~® has been estimated by a very crude numerical quadrature This 
formula 18 not in accord with experiment, as according to Ikenmeyer 
(§ 52) observed susceptibihties in heavy atoms fit roughly the formula 
Xmoi = — 0 8 X 1 0-^Z The disagreement is not surprising, as the Thomas- 
Fcrmi field is primarily a good approximation to the distribution of the 
large number of inner electrons, rather than the few outer electrons 
that contribute the bulk of the susceptibility The sensitiveness to 
errors in the outei distributions is illustrated by the fact that, acconhng 
to Stoner, 33 per cent of the susceptibdity of Cl“ comes from the 3'46 
per cent of the charge at a distance greater than 2 06 A from the 
nucleus. Better results than with the Thomas-Fermi charge distnbu- 
tion are obtainable not only by the more refined Hartree self-con- 
sistent field, but also by the method of shielding constants to bo now 
given 

'■JO Slat or, r/it/n Her 32, 34<) (1028) 

K C Stoner, J*roc Lrrrffi l*hi[ Soc 1,484(11)20) 

“UR Hfl-rtn'ts Proc Cavibr Ph%l Nve 24, 89, 111, 420 (1928) 

L ir ThomoH, Proc Cambr Phit Soc 23, 542 (1027), E Fermi, Zeita f Phynkf 
48, 73. 49, 550 (1928) 

This proportionality to has also boon noted by T Takeuclu, Phya MatJi Soc 
Japan 12, 300 (19J0) 
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50. Adaptation to Other Atoms by Screening Constants 

Because direct tests on monatomic hydrogen have so far been precluded 
by the difficulty of obtaining complete dissociation, the best existing 
way of testmg the formulae for the susceptibihties of hydrogen atoms 
IS to apply them to non-hydrogemc atoms by using screening constants 
As a rough approximation one may assume the orbits are hke those of 
hydrogen except that the effective nuclear charge is instead of the 
true charge Ze, The simplest illustrations are the helium atom and 
hydrogen molecule, even though the latter is not an atom, as each 
coniams two electrons and so may bo assumed to behave hke two 
hydrogemc atoms in the normal state n = 1 but with the effective 
charge Z^/je The formulae for the energy, dielectric constant, and 
diamagnetic susceptibilities are, then, respectively 
ir=-27 1%volt8, « = 1+0 0004.50 Z-„*, Xm,.i= -4 74x 10-«Z-„2 
These may now be equated to the experimental values,^® viz 
(He) W = —78 8, e = 1 0000693, Xmoi=- 88x 10-', 

(Hj) IF = - 31 4, e = 1 000273, - -3 94 X 10-® 


We then have three 
as follows 

From 

Ho 

H, 


independent estimates of the effeetive charge Z^g, 

Rffectty'r Cftarqe Z,fi 

Energy Dtdectrw ConatafU Diainfignittam 

171 ( 171 ) ! 51 ( 110 ) 151 ( 0112 ) 

108(1 06) 1 14 (0 78) 1 11 (0 63) 


Tho value 1 0000697 for Ho is that oblaincvl by Herzfold an«i Wolf, Ann drr Phyaikt 
76, 71 and 567 (1925), by extrapolation of tho optical rrfmction, and if» probably more 
accurate then direct detormination't Tlio \ahin 1 (XH)277 fur Ug jh that obtuiiuHl by 
Tangl, it iH foi 0° C rather than iO'' C cotitiary t-o the statemont in the Lnndolt- 
Bonifltom tabloH (5th ed , p 1041), and ao ib in f;ooil agrei^niont with dwpoiwion data 
Tile dioniagnotio values are thoao of WiUs and Hixtor, Phya Hev 23, JOO (1026), also 
Hector, \bui 24, 416 Their measurements are the only rohiiblc ones at proMent available 
for He, while m tho coao of If, they reiiNSuringly agrt'O within 2 per cent w ith an indopen- 
dout detonmnatioii by Sono, Ph%l Maq 39, 305 (1920) A much higher value 5 1x10^ 
for Hg 18 reported by liohrer, Ann dtr Phystk, 81, 229 (1020), but he liimRolf HtaioA this 
may not bo accurate because of uiicortaintiee in taUbiation A value oven higher than 
I.<ohrQr’8 18 apparently mdicatod by tho giaphs m a preliminary paper by tJ W llaininar, 
Proe Nat Acad 12, 594 and 597 (1920), but iiero likewise it is not clear uliothcr there 
has been an accurate calibration of absolutti values 

ThiR table is taken from Proc Nat Ata/t 12, 662 (1920) Tho calculations of the 
theoretical dielectric constant 1 000225 of atomic H from tho Stark effort fonnulao of 
Wontzel, Waller, and Bpstein, and of its diamagnetism (3) from tho quaiitiun mechanical 
moan square radius were given iiidepeiidoiitly by the u'ntor in this paper mid by I'auhng, 
Proc Roy Soc 114a, 181 (1127) In reproducing the table slight revisions m tho numerical 
values have boon mode due to use of Dirge’s recent estunates of the most probable values 
of tho atomic constants (Phya Rev , 8upp July 1929) We have not, however, made the 
corresponding amn.ll revisions due to these now atomic constants m quoting Faubng^s 
numerical calculations on the following pages 
aSM S ^ 
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The results which would have been obtained with the old quantum 
theory are included m parentheses In the new mechanics the values 
of obtained by the different methods are seen to be roughly the 
same, and vastly more consistent and reasonable than with the old 
theory Exact agreement between the vanous estimates cannot bo 
expected even m the new, since screening constants are only crude 
representations of the interplay between electrons Calculations of the 
dielectnc constant of He by the Ritz method and of the diamagnetism 
of He directly from the wave functions have already been mentioned 
in §§ 48 and 49, and, of course, represent a much higher degree of refine- 
ment A similar improved calculation of the diamagnetism of Hj by 
means of wave functions has been made by Wang and will be described 
in § 69 

T(i calculate the values in paienthesos it hoe been necessary to know the old 
formulae analogous to (1) and (3) Tlieso con be shown to be 


W- 


chR7j‘ 

n» 




nW7 


[17n®-3(ni-n,)»-9ni“], 


(la) 


X..., - 0 790x 10-«[ — , {3a) 

*w)iorQ n - n§ i wheio and V aro axial and azimuthal (xuantum 

numbora one unit larger m numerical magnitude than in t)ie new mocliaincH Thus 
the normal state of hydrogen has |ni| =- oi V - 1, and S, P, P, F tonns mean 
respectively V - 1, 2, 3, 4 as compared to f — 0, 1, 2, 3 In (1 a) and (3a) wo have 
tacitly Mup])o8od the field strong enougli for spaiial quantization m the olectuo 
case, but not in the magnetic In the old quantum theory ono cannot use the 
Pauli formula (2) imlcsa ono assumes nuidom orientations, os otherwise 
and one lias all tlio *Glaaor effect’ difficulties discussed m § 29 If instead one 
assiiinod spuctal quantization m tho magnetic field //, one would have y*— r* 

for the normal state, the susceptibility would bo mcroasod by a factor and tho 
values m parentheses in tlie la«t column would become 1 13 and 0 78 This would 
demand a powerful field, as diamagnetic effects are quadratic in H Similarly 
other old values for use m the second column could bo obtained if wo supposed the 
electric field too weak to effect spocial c|uantization, or to overpowei the relativity 
corrections, tlieie bomg thus e double dc^^oracy difficulty 

The divergoncobotwoon (1) (3), and (la) (3a) is, of course, most accentuated for 
small quantum numbore, and hence for tho state n — 1 such os is mvolved m the 
table, Kor normal monatomic hydrogen (la) and (3a) give € > 1 — 0 000050, 
— (0 528 > ll)"**)* as compared to the new €— 1 -- 0 000225, H = 3(0 528 x 10^®)* 
In other woids tho quadratic Staik effect and moan scpiaro radius for the normal 
state c)f hydrogen ai’o respectively and 3 tunes as large in the new meclumics as 
in tho old For larger values of w, tho discrepancies are, naturally, much less pro- 
nounced, and so wo shall not bother to uiclude a comparison with the old tlieory 
in the discussion tliat follows of gases heavier than He We may mention that for 
the excited states of hydrogen, the new formula (1) is favoured over the old (la) 
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by a oertam amount of direct, though difficult experimental apeotroacopic evidence 
on the second-order Stark effect 

Appltcaiton to Heavier Atoms The most comprehensive and searclung 
apphcation of Eqs (1) and (3) to non-hydrogemc atoms by using 
screening constants has been made by Paubng He considers primarily 
inert gases and ions with ‘closed’ electron shells, owmg to the difficulty 
of obtainmg rehable expenmental data on other monatomic media By 
the Pauh exclusion principle no two electrons have aU their quantum 
numbers the same, and as the axial spin quantum number m, can bave 
the two values (of § 38), there are exactly two electrons for each 
set of orbital quantum numbers m a given complete shell Thus one 
can find the total Stark effect for such a shell by multiplymg Eq (1 ) by 
2 and summing over all positive mtegral values of n-i, (mcluding zero) 
and positive or negative of 1I3 consistent with given n = nj+nj-j- ln3|-(- 1. 
Insertion of the Boltzmann distribution factor would be ex- 

traneous, as we have here really a case of the Pauh-Fermi-Dirac 
statistics, although this name is rather formidable for the simple idea 
that orbits cither occur twice or else practically not at all On per- 
forming these summations “ and remembering that the moment is 
= —8W/8E (Eq (40), Chap VI) one thus finds for the ‘molar 
polarizability’ k = 2 Pj^/'iE of an atom which has all shells com- 

pleted up to n = w* inclusive 


^ (r)n*-l-7n«) _ Q 281 V 

'' 647r®e»m“^ (i5-<»}r’)* ^ (■Z-vYO* 


(5) 


Similarly, on noting that for given I there are 2f-f- 1 possible values of 
m, and two of m,, one finds from (3) for the molar diamagnetic sus- 
ceptibility 


Xmoi --- -0790x10- 


•2zr 

n U=0 


i*(21-M )(5w2-312- 31-M)] 


"-'J (6) 

In these equations we have assumed that the true nuclear charge Z is 
screened by an amount <7, which may depend on n m (5) and on both 


Besides woik quoted by Wontzol and Waller see also II R v Traubeuberg and 
K Gobauor, Zettn f Fhyst.k, 54, 307, 56, 264, 62, 289, Naiunvisaenadmjtent 17, 442 
(1020), C. Lonezos, %buJ 18, 329 (1030), M Kiuti, Ze'Ua f Phystk^ 57, 658 (1020). 

L Pauluig, Proc Hoy JSoc 114a, 181 (1027). 

^ To perform this sununation one notra that and na con each assume integral 

values ranging from ~ (n— 1) to 1, and that the weight of any given value of 

ta 2(n— In^— till) and of ria is 2(n~|n||) These weights follow from counting the 
number of values of tii, rig, rig consistent with given n and with given rii— rig or ng, and 
then multiplying by 2 on account of the spin The resulting sums can bo evaluated by 
means of £q (17a) of Chap IX Passage from (6) to (7) mvolves multiphcation by 
(2{+ l)/n‘ as there are 2n' electrons m a complete shell and 41+2 m a closed sub sliell 

F2 
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n and { m (6) There is an important distinction between (5) and (6). 
Eq (5) supposes that if a shell of principal quantum number n occurs 
at all, it has its maximum allowance of electrons Such a shell we 
shall call ‘completed’ On the other hand, m (6) it has been assumed 
that if any state of given n and I is present, it has its full quota 41-|-2 
of electrons, but it has not been necessary to assume that all values of 
I are represented which are possible for a given n In other words, for 
a given n in (0) we have summed over i up to some value l„, which is 
not necessarily as great as n— 1 A full group of electrons with given 
n and I we shall call a ‘closed’ shell or sub-shell, as its resultant angular 
momentum is zero by the Pauli prmciple A closed shell is with this 
usage not necessarily a complete sheU, as it may be a subdivision of 
the latter. The outermost shells of mert gases beyond neon are closed 
rather than complete Fauhng assumes that (5) may be apportioned 
pro rata among the constituent closed shells composing a complete one, 
and makes use of the fact that practically all the electric polanzabihty 
comes from states with the maximum occurring value of n He thus 
uses the formula 

k =-0 281 

where now we write simply n rather than 7(\ for the maximum n In 
our opmion Eq (7) is not rigorous, smee the prmciple of spectroscopic 
stability applies only to complete shells, as elaborated below However, 
the use of (7) probably does not introduce serious error, as the method 
of screening constants itself is but an approximation 

Eq ( 1 ) IS based on a separation of vonablos in parabolic coordinates peculiar 
to II (dulomb field, and does not apply to non-Ooulomb central fields, such as 
Hartreo'^ lias siiown can bo so chosen us to portray fairly well non-hydrogomc 
atoms Although ( 1 ) fails completely for individual states m such fields, it does 
nevertheless yield a first approximation when one sums over all the states in a 
closed shell Tins con bo soon os follows Consider lust tho port of the perturbative 
potential due to on electric field which is diagonal m n Its effect on the energy 
IS yielded by solution of a secular equation of finite order, embodying all the 
states having a given n Dy tho ‘invariance of the spur’ (p 142) the sum of its 
roots IS invariant of tho system of quantization, and so there is no trouble arising 
from dogonoracy, at least for diagonal elements in n, when we sum over a complete 
shell, but this does not apply to mcomplote though closed shells Incidentally, 
this sum 18 readily verified to bo zero m tho present problem, meaning that the 
first-order Stark effect characteristic of a Coulomb field, also tlie part of the 
second-order effect which has hv(nf ,n2±l) m the denominator in a non-Coulomb 
central held, disappears on summmg over a complete shell. 

Consider now the effect of non-diagonol elements m n having any given initial 


1 ^ (fm«-l-7n<)(2i-f 1) 
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and final valuea of n, say n, n' Their efieot on the energy of the state n, 1, m, is, by 
(26) of Chap VI, given by an expression of the form 

V IPi(”i”h- n7'w/) |* 

Z, hv{ra,n'V) ' ’ 

I'.m' 

Now if we sum this expression over all values of I, mi consistent with n, and if we 
can neglect the dependence of the frequency m the denominator on I (as we can 
approximately unless there are veiy great departures from Coulomb character), 
the sum is invariant of the system of quantization, by Eq (42) of Cliap VI 
(Here 2, m, and V, m\ correspond to m and m' of (42), Chap VI ) Thus the sums 
could be equally well taken over a set of parabolic quantum numbers of given n or 
n' mstead of over 2, mt Here agam the mvariance applies only to complete shells 
It IS evident that it is much loss warranted to use (7) for incomplete than 
complete shells Even with complete shells there is some lack of rigour as soon as 
one lets the scroomng constant a depend on 2, as this implicitly assumes that (S) 
can be apportioned pro nUa to different 2’s The resulting error is, however, 
probably no greater than other unavoidable errors, such us, for instance, those 
resulting from the assumption that the denominator of (8) does not depend on 2 
Tho normal state of hydi ogen, discussed in § 48, has no fine structure and so it 
IS not even necessary to sum expressions such us (8) over 2, m, (m distinction from 
2',mi) to ostnblisli in variance of the system of quantization Thus Eq (I) gives 
the Stark effect of the lowest state of hydmgon rogartlless of whether or not the 
field is able to oveipowor the relativity correction Tins has also boon verified by 
Epstein” by making the perturbation t alt illation fur the wave equation m polar 
coordmutes He finds tho samo result e - 1 00022S os ours 

Pauling calculates the screening constants cr„, m an interesting fashion 
by means of the old quantum theory, but with the substitution of 
/(/+!) for P The various groups of electrons are assumed to influence 
each other like surface sphencal distnbutions of electncity Thus he 
makes approximate allowance for the largo ‘penetration’ effects, but 
not for the smaller polarization terms to be given in § 51 He neglects 
all powers above the first order m < t /2, which seems legitimate in 
view of the approximate character of the calculations The following 
tabic gives the values he thus calculates for the screening constants for 
the clectnc susceptibility of vanous closed configurations first reached 
at the hsted atom or ion The table also gives for companson the 
‘experimental’ values of these screening constants which are deduced 
from observed values of the dielectric constant or polarizability of the 
atom or ion in question by means of Eq (7) 

P S Epntoin, f’roc NcU Acad 13| 432 (1927) 

** Tho cxponmontial values of the refraciivities for the iiiorl gases used by Fauhiig 
are thoso of C and M CutlibertBon, Proc Boy Soc 84a » 13 (1011), extrapolated to 
infinite wave-length by Bom and Hoisonbei^ Tho values for Cu , Ag+, Au+ ore derived 
by the additivity method from Heydweiller's data on salt solutions, with details as 
explained by Pauling, and are, of course* somewhat less certam than tho direct measure- 
ments on the inert gasee 
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o^Cale ^Ewpt 

He{n=l,J = 0) 0301 0397 

Ne (n = 2,1 = 0, 1) 4 45, 6 64 4 31, 6 60 

Ar (n = 3,1 = 0, 1) 970, 1099 11 11, 1240 

Kr (n = 4,1 = 0, 1) 21 28, 22 92 26 69, 28 33 

Xo (n -= 5,1 = 0, 1) 34 29, 36 63 42 26, 44 60 

Cu'(n^- .1,1 = 0,1,2) 144, 161, 19 5 14 9, 16 6, 20 0 

Ag'(n=4,l = 0, 1, 2) 267, 275, 31 1 322, 339, 375 

An'(n= 5.1 = 0, 1, 2) 46 0, 481, 52 4 69 9, 62 0, 66 3 

The (!u+, Ag+, Au+ ions which arc involved are, of course, m closed 
states The values separated by commas represent the various sub- 
shells having the same n As Eq (7) involves a sum over I, the ‘expen- 
mental method’ is not able to isolate the individual tr„,’s connected by 
commas, and in making the calculation from observed data for column 
2, Pauling assumes that their separations arc as given by his theory m 
column 1 Thus only a companson of the means rather than differences 
of the values separated by commas serves as a real test of the theory. 
The agreement lietween the theoretical and experimental values is on 
the whole quite gratifying, especially for He and Ne For Ho it is no 
greater than the experimental error It must, however, be mentioned 
that a small error in a reflects itself m a much greater percentage error 
m K, as (7) involves Z—a to the inverse fourth power Thus, if one 
attempts to compute k for the rare gases from Eq (7) with the ‘ cal- 
culated ’ values for the screemng constants given above, one obtains the 
following results, which show a rather wide discrepancy with observed 
values in the case of heavy atoms 



Uo 

No 

Ar 

Kr 

X© 

K calc 

0 506 

1 14 

1 72 

0 72 

0 88 

K oliH 

0 513 

0 995 

4 132 

6 25 

10 16 


Pauliiig also makes analogous theoretical calculations of the screening 
constant to be used in the formula (6) for chamagnetic susceptibihties 
We shall not give his numerical results in detail, or enter upon certain 
rather elaborate chstinctions between his procedures in the electno and 
diamagnetic cases We must, however, not neglect to mention that his 
theory yields different screemng constants for the same configuration 
for use in (6) than in (7), and it is to emphasize this distmction that 
we have used different notations a***’ and o<'’' in these two equations 
He finds smaller screemng constants m the diamagnetic than in the 
electric case, in agreement with expenment as regards sign of the 
difference Thus Pauling’s calculations represent considerable refine- 
ment in certain respects, though not in others The agreement with 
experiment is of about the same order as m the electric case, with 
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greatest divergence for the heavy atoms, as shown by the following 
table for the inert gases ^ 



He 

No 

Ar 

Kr 

Xe 

X„dXlO*obs 

1 38 

67 

18 1 

37 0 

60 0 

XmoiXlO’calc (Pauling) 

1 64 

57 

13 6 

17 2 

25 4 

XmoiX 10* oalo (Slater) 

1 64 

56 

18 5 




On the last hne we add the susceptibilities obtamed by using a general 
system of screening constants recently proposed by Slater “ Zener 
calculated these screemng constants by the Bitz method for the first 
penod (Hc-F), while Slater extrapolated them to heavier atoms They 
do not possess the refinement of being designed specifically for dia- 
magnetism, but probably possess a more immediate wave-mechamcal 
basis than those of Pauling 

51. Polarizability of the Atom-Gore from Spectroscopic Quan- 
tum Defect 

Bom and Heisenberg “ first derived the following rather mgemous way 
of determuung lomc polarizabilities spectroscopically. If one valence 
electron moves m a much more highly excited state than all other 
electrons, spectral enorgy-levols can bo represented by the well-known 
Rydberg-Ritz formula 

where i?= — 2j7'*me*/cA*, and Z„=l in arc, 2 m spark, 3 in doubly 
enhanced spectra, &c The quantum defect A, which measures the 
amount of departure from a hydrogen-hke formula, owes its ongm 
primarily to three causes (a) penetration of the inner regions of the 
atom by the excited electron, (6) the Heisenberg exchange effect, 
(c) polanzation of the atom-coro By the atom-core is meant the ion 
obtained by stnpping the atom of its valence electron The effect (a) is 
preponderant if the perihelion distance of the excited electron is small 

I'ho pxpei iraont4il valuc8 qiiol^'d for Ho, Nc, Ar aro tbo>90 of Hector and Wills, while 
those for Kr, Xo are only indirect dotcmiinaiionB from Kooiiigsborgor’s work on salt 
solutions The tlieoretical values aro not the saino as those Mliieh Paulmg gives in his 
table VI, as the latter are based on somi-empincal shielding constants obtained by analogy 
with oxporimontal rofractivo ones rathei than from pure tlioory It may bo cautioned 
that wlule Pauling neglects the contribution of all but the outermost shell in the calcula- 
tion of rofractiviiics, ho is obliged to include that of some of the inner shells m the 
calculation of tho diamagnetism Ho mentions, for instance, that the next to tho outer- 
most shell of xenon contributes only 4 per cent of the total rofractivity, and honce can 
be approximately noglec ted in the optical case, whereas it contributes 20 per cent, of the 
diamagnetism 

« J C. SUtor, Phi/9 Jiev 36, 57 (1930) 

0 Zenetr, PAye Rev 36,51 (1930) 

** Bom and Heisenberg, Zetto/ 23,388(1924), or Bom, AlommscAo7iiib,p 191. 
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If, however, its azimuthal quantum number exceeds a oertam value, 
usually greater for heavy than hght atoms, the orbit is nearly non- 
penetrating, and the effect (c) then may give rise to most of A To 
calculate this polarization effect (c) wo proceed as follows If the radius 
r of the valence electron’s orbit is large compared to the dimensions 
of the atom-core, this electron will exert a sensibly homogeneous electric 
field e/f* on the rest of the atom, and so induce a dipole moment (*c/r* 
in the core, where a is the latter’s specific polarizability This dipole 
will in turn react on the valence electron with an attractive force 
F{r) = 2a«’“/r®, since a dipole of strength /i gives a field 2/i/r® at pomts 
along its axis Thus the potential energy / F(t) dr due to polarization 
of the atom-core by the valence electron is 



( 10 ) 


If we regard this as a perturbative potential superposed on the ordinary 
Coulomb attraction, and if we neglect squares of ot, then the change in 
quantized eneigy due to (10) is by (24), Chap VI, 

TfO) = _ X 

^ \2r,\l-\)l(l+ J)(f |-l)(/-f2)“2n»(l-lKlTr)'(i+5)] 

Here we have inserted the time average or diagonal element of I/r* 
obtained®^ by evaluating the integral (14), Chap VI, with hydrogenic 
wave functions and with f— l/r* Now the departure of (!>) from the 
(’-oulomb value is approximately —2A('hRZ^/n^, assuming that only 
the first term m the Taylor’s development in A need be retained 
Comparing this with (1 1 ) we see that 


t 3 _ _ 1 I 

-134kZ^[ ] ( 12 ) 

The parts of the quantum defect which are independent of n and pro- 
XKirtional to 1/a® are known as respectively the Rydberg and Ritz 
corrections In the second form of (12) we have substituted numencal 
values of the atomic constants and introduced the ‘molar polarizability’ 
K — iTiLixjS 

The simplest test of (1 2) is furnished by the spectra of neutral helium 
and of ionized lithium Here the atom-cores are respectively He+ and 


•’ For details of the evaluation see I Waller, Zeita / Phymk, 38, 635 (1926) 
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Li'*"'', which are exactly like the normal hydrogen atom except that the 
nuclear charge is 2e or 3e instead of e Hence, by the theory of the 
dielectric constant of hydrogen given in § 48, the values of the molar 
polarizabdity k should be respectively 1 68/16 and 1 68/81 Substitution 
of these k’b m (12) then yields the following quantum defects compared 
to the observed for the P, D, and F senes of He and Li+ 

He P He D He F Li< P Li+ D 

A calc 0 05S- 0 0028- 0 00045- 0 044- 0 0021- 

-0 04n> -0 005n* -0 002n* -OOSn* -0 004n-* 

Aobs 0 029 0 002S 0 001 0 020 0 0022 

We have omitted S states as too penetrating, and have taken the mean 
of the expenmental values of A for par- and ortho-hehum (or Li+), as 
the par-ortho distinction is due to the Heisenberg exchange effect and 
taking this mean can bo shown approximately equivalent to neglcctmg 
this effect The agreement is at least quahtatively good More pains- 
taking computations of Sugiura“ based on systematic perturbation 
theory rather than the assumed polarization effect (11) yield A = 0 022, 
0 031, 0 020 for the ortho-par means of Ho 2P, He 3P, and Li+ 2P 
respectively 

The calculations for Ho and Li+ given in the preceding table were 
made by Waller and by Wentzel (for Ho only) soon after the advent of 
the new mechames Analogous calculations in the old quantum theory 
were unsuccessful, as helium always was its stumbhng-block Bom and 
Heisenberg “ showed that somewhat better results attended its apphea- 
tion to the alkahs and analogous ions The formula for A m the old 
theory was exactly hke (12) except that the bracketed factor was 
(3/21'®)— (l/2n®l'’) (with 1' as on p 210) because of a different mean 
value of Ijr* The following table compares values of the molar 
polanzability k obtained by the old and new mechames from the 
spectroscopic quantum defects for the neutral alkalis and hence singly 
chaiged atom-cores 




Na> 


Rb' 

Cs^ 

K calc (new theory) 

0 00 

0 48 

1 07 


767 

H calc (old, lilt V) 

0 80 

1 03 

4 27 


1657 

H calc (old, haU-mt V) 

019 

0 53 

2 21 


857 


Ho 

No 

A 

Kr 

Xe 

K obs 

0 51 

0 09 

4 13 

6 25 

10 2 


** The exponmciital values for Lii arc from Wonior, Nature, 116 , 674 (1925), 118 , 
154 (1026) 

** Y Sugiura, Zeiie f Phyeik, 44 , 190 (1927), the direct expenmental values for He 
2P, He 3P, and Li+ 2P, ortlio-para means are 0 0274, 0 0278, 0 0207, whereas the table 
gives the expenmental Rydberg correction, which best approximates experiment for all 
values of n 



218 THE DIELECTRIC CONSTANTS AND DIAMAGNETIC Vm, i 51 
The question-mark mdicates that the spectroscopic data for Cs are some- 
what uncertam Smce the nuclear binding charge is larger, the polariza- 
bihty of an alkali ion should always be lower than that of the precedmg 
mert gas, which is directly revealed by ordinary measurements of the 
gas’s dielectne constant Reference to the table shows that this con- 
dition IS met in the new mechanics but not in the old without the 
artificial introduction of half-quantum numbers — another victory for 
the new theory The reason that Bom and Heisenberg found half- 
quantum numbers worked better is now apparent, as the denoiiunators 
m the bracketed part of (12) are the same as 2(l-t-|)®, if m 

each ease wc keep only the two highest powers m I This is a special case 
of Kramers’ theorem that half -quantum numbers m the old quantum 
theory ore a better approximation to the new mechames than are whole 
integers The table shows an unusually large difference between the 
old and new theories for Li+, merely because the values are here cal- 
culated from P, rather than from F terms as for the others The 
difference is naturally greater for f = 1 than I = 3 
A crucial test of (12) is found m the examination of whether the 
different spectroscopic values of A for the different non-xienetrating 
terms of a given atom all yield the same value of k from (12) This test 
was extensively apphed by SchrOdmger®* in the old theory He found 
it was not well fulfilled, and this is also true of the new Constancy of 
K IS unfortunately secured over only a limited range of terms or senes 
The following examples of Li*- and Mgi+, in which wc revise some of 
Sohrodingcr’s calculations in accordance with the new mechanics, are 
typical and by no means the worst 

2P 3P 4i' np SD 4D 5D OD AF 5F 
Li^ K-0OT6 OOU4 0 093 0 094 0 068 0 076 0 011 -0 04 - 0 22 -1 3 
Mgi I K- 0 398 0 434 0 447 0 450 0 194 0 195 

The negative values for Li+ are, of course, nonsense Eq (12) docs 
rather better m the dependence on Z than that on «, f, as m § 52 we 
shall see that values of k deduced from (12) decrease in approximately 
the correct fashion as we go from left to nght in an iso-elcctnc sequence 
Comparison of the vnluo 0 28 for Mgi'+ given m tho table on p 222 with the 
voluoH given abovo shows that BomandHoisonborg’s and Schrodingor’s estimates 
of the polaruabihty of the Mg ' + ion by tho spootroscopic method do not agree, 
even when one uses only tho latter’s estimates from F terms Tins discrepancy, 
which IS not as bad ns that between them for some other ions, exemplifies tho 
rough character of the method, and orisos m part because Schrodmger calculated 

H A Kramers, SAntn f FhyfnJc, 39, 828 (1927) 

** E Schrodmger, Ann der Fhyatk, 77, 43 (1926) 
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the polarizability by equating (12) to the entire eicpenmental quantum defect for 
individual terms while Bom and Heisenberg took a representation of the experi- 
mental data by the Bitz formula ii^/(n-f-a-|-&/n‘)‘ and equated a to the corre- 
sponding part of (12) Test of the theory by exammation of the values of b is 
more difficult, as b is hard to determme accurately experimentally According to 
(12) the ratio — 5/o should be respectively 0 67, 2, 4 for P, D, F terms (1 3, 3, 6 3 
according to the old quantum theory) Some experimental values are P terms, Li 
0 63 , D terms, Na 2 4, Mg^ 2 2, A1++ 2 6, Sl+^ + 2 4 , P terms, Na 3 2, Mg+ 3 6, 
A1++ 3 6, Si+++ 4 8 

If a frequency of motion (m the quantum sense) of the excited electron 
nearly coincides with an absorption frequency of the atom-core, clearly 
it IS no longer a good approximation to regard the latter as subject to 
a static in distinction from periodic 
polarizing field Near such comci- 
dence we may surmise that A is 
abnormally large because of the 
resonance ifluch resonance pheno- 
mena do not exist m alkali spectra, 
as ions homologous to inert g<ise8 
have absorption frequencies too far 
in the ultra-violet, but are actually 
sometimes found in the spectra of atoms or ions with two valence 
electrons An example is shown in Fig 8, from SchrOdinger’s paper, 
in which the observed quantum defect is plotted against the principal 
quantum number n for the terms of A1 ' The similarity to anomalous 

disjiersion curves is obvious As the bncs 3“Z>-6®F and 3®Z)-7®F of A1 
have wave numbers 43,000 and 47,700 cm respectively, it appears 
that A1++ might have an absorption Ime near 40,000 cm and the 
important line of the Al-* + spectrum does indeed have a wave 

number ri3,018 (The latter line is written 3/Si — 3P if the prmcipal quan- 
tum number is used as the oribnal number ) Exact agreement of the 
resonance pomt with an A1++ line cannot be expected, as the presence 
of the valence electron doubtless displaces somewhat the frequencies of 
the atom-core Schrodmger shows that the observed variation of A can 
be nicely fitted by an ‘undamjied’ dispersion curve 
K = 7 0-l-3 1vg/(v*-v«), 

with vj =- 46,000 cm The value 3’1 is about one-cighth that of 
the corresponding constant in the dispersion of sodium, which is very 
reasonable since A1++ should be harder to polarize than Na+ This 

Both Bom and Heisenberg and Sehrodingor obtain tho experimental values of the 
quantum defect from a comprehensive paper by A Fowler, Proc Roy 8oc , 103a, 413 
(1023) 
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beautiful resonance phenomenon, discovered by SchrOdinger in the last 
days of the old quantum theory has been too much overlooked in 
the commotion of the new, although at the beginning of the latter it 
was considered qmte noteworthy, though now perhaps commonplace, 
that the resonance frequencies m this phenomenon are those given by 
the Bohr frequency condition rather than the orbital frequencies of the 
old quantum theory. The need of more often usmg defects A with 
resonance points in spectroscopy has recently been emphasized by 
Langer We may also point out that this SchrOdinger phenomenon is 
qmte hke the so-called ‘perturbations’ m band spectra,®* wherein 
irregularities in the bands are found when rotational levels of two 
electronic states nearly coincide If be the matrix element of the 
Haimltonian function giving the interaction between two states other- 
wise of energy IFj, W^, then the secular equation (Eq (35), Chap VI) 
has the solution W — HMi-)-H 2 )±|[{If^— irg)®-f When ^ 

the effect of //jg on W is thus of the second order, but at the pomt 
Wj — Wj it becomes of the first order There is, then, a kink in the 
energy -curve at this pomt quite similar to that of a damped dispersion 
curve, or to the state of afifairs in Fig 8 This figure thus shows that 
there are ‘perturbations’ even in atomic spectra The analysis of the 
secular problem connected with the mter-clectronic interactions is, of 
course, a more complete way of handhng the polarization phenomena 
than is the desenption by means of Eq (10) This is especially true 
near resonance, ns the dispersion analogy is only a more or less quali- 
tative one The perturbation analysis for the F terms of AI+ is to be 
given m detail in future papers by I.c,nger and by Whitelaw. They 
show that a 3p3d ®F term (not previously classified as a vagrant) intrudes 
itself among the members of the F senes, otherwise of the type ^snf^F 
The mteraction with this intruder distorts the other members and 
accounts for the irregularities in A and especially for the anomalies in 
mnltiplet widths (This stray term is usually mislabelled 7^F) Do not 
confuse with the VF term of the revised notation used on p 219 ) 

52. Ionic Refractivities and Diamagnetic Susceptibilities 

The polanzabihties of ions which are iso-electronic with the inert gases 
may be obtained in the followmg four ways 

[а) Application of the additivity method to salt solutions 

(б) Application of the additivity method to salt crystals 

“ R Langor, rhyt Rev 35, 649 (1930) 

“ R de L Kromg, ZcUa f Phynk, 50 , 347 (1928) (tlioory), J. Rosenthal and P A 
JenkuiB, Proc Nat Acad , 15 , 381, 896 (1929) (experiment) 
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(c) Use of the theoretical Eq (7) mth Boteening constants 

(d) The spectroscopic method of § 61 
Method (a) has been extensively used by HeydweiUer,®® and by Fajans 
and Joos^ with Heydweiller’s measurements, while (6) has been used 
by Wasastjema,*’ and by Bom and Heisenberg ** with Spangenberg’s** 
measurements As already intimated, (c) has been employed by Paul- 
ing,i* and (d) by Bom and Heisenberg,** and by SchrOdinger “ Each 
method has its limitations Those of (c) and (d) have already been 
descnbed With (a) and (6) it is always necessary to assume some one 
ion as havmg a known refractmty, so that by subtracting this from 
that of the salt one obtains the refractivity of the other ion Different 
values will, of course, be obtamed depending on what values are 
assumed for the known ion In the sohd state (method b) the ions may 
well be considerably distorted by the inter-atomic forces, while in (a) 
there is always a more or less uncertain correction for the effect of 
hydration, or, in other words, for the distortion and saturation of the 
surrounding watcrmolcculesof coordination This is especially evident in 
the bght of the work of Sack and others (§ 22) on saturation effects in lomc 
solutions, but these effects are not nearly as large for the optical region 
as for the static case considered m § 22, as the bulk of the static satura- 
tion effect IS due to polarization by onentation The polarizabilities or, 
what IS the same thmg, the ‘rcfractivities’ which we shall give m the 
following tables are usually for mfinitc wave-length, but fortunately 
differ but httle from those in the ordmary optical region (sodium D hnes) 
as the absorption hnes of inert gas configurations are well m the ultra- 
violet Hence m methods (a) or (6) the refractmties should be deter- 
mined in the optical region, to rule out large orientation effects on the 
water molecules m (a) and the effect of atomic (i e crystalline) vibra- 
tions m (6) An extrapolation of the lomc refractmty thus obtamed to 
infinite wave-lengths can then be made if desired. 

The approximate character of the additivity methods is shown by the 
fact that different refractmties for a given ion are obtained depending 
on the particular salt used Accordmg to Bom and Heisenberg, the 
values obtamed for Na+ from various salts are respectively 0 48 (NaF), 
0 53 (NaCl), 0 51 (NaBr), 0 33 (Nal), utdizmg respectively assumed 
values for the contnbutions of the F“, Cl“, Br“, and I- ions 

SB HeydweiUeri Ze%ts 26, 626 (192^), and reforences toearUor work 

** Fajans and Joob, Ze%t8 f Phyaxkt 23, 1 (1924), K Fajana, Ze%i$ / EUktr 34, 502 
(1928) 

Wasastjema, Comm Fenn 1, 7 (1913), summary m Phye Ber 5, 226 (1024). 

SB Spangenberg, Ze%ta /. KnaU 63, 499 (1923), 57, 617. 
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In the following table we compare by way of illustration some values 
for the lefraotivities of ions iso-electromo with neon which have been 
obtamed by the various methods 

lomo ItETKAOTIVITIES 

F- Ne Na' Mg^ ' Al+^+ Si++++ 

(a) (Fajans A Joob") k= 2M (1 00) 0 50 0 28 0 17 01 

(i) (BAH fram Spang *') 2 51 (1 00) 0 46 

(c) (Fanling”) 2 66 (1 00) 0 46 0 24 0 14 0 08 

(d) (BAH, Spectra ") (1 00) 0 49 0 28 0 15 0 10 

The value m parentheses is C and M Cuthbertson’s direct measure- 
ment®* of the refractivity of gaseous neon The decrease in the ro- 
fractivity as we go from left to right m the sequence is m good accord 
with the variation as (Z~a)-* predicted theoretically by (7), smee 
(o), (4), {d) agree qmte well with (c) 

For the determmation of lomc diamagnetic susceptibilities methods 
like (a), (6), (c) are available Until recently the only calculations 
by the additivity method (a) were those of Jooa“ from old measure- 
ments of Koemgsberger and others Recently, however, new determina- 
tions of the diamagnetic susceptibihtics of alkali and aUcahne earth 
hahdes in solution have boon made by Ikenmeyor," and of the halogen 
acids by lleichoneder The measurements with the acids have the 
advantage that the isolation of the individual lomc contributions by 
the additivity method is unique, inasmuch as the diamagnetism of H+ 
IS clearly zero The method (6) based on measurement of sobd salts has 
been extensively used by Pascal ** In the following tabic, which com- 
pares typical results with the vaiious methods, we use Pauhng’s“ 
resolution of Pascal’s data into the contiibution of the individual ions 
This differs from that ongmally proposed by Pascal, as a different con- 
tribution for the Na ' ion is assumed as the startmg-pomt Still other 
resolutions have been proposed by Weiss As illustrative of method 
(c) we include purely theoretical calculations by Stoner,’® in which the 
mean value of r® needed for Eq (2) is calculated by Hartree’s method 
of the self-consistent field.*® 

Joos, Zvtts f Physik, 19, 347 (102 1) , Joor and Fajaus, t6td 32, 835 (1025) 

*0 K Ikoiuucyer, Ann dcr F/iysiL, 1, 160 (1020} 
iieichonoder, Ann der Phynk^ 3, 58 (1929) 

** Pascal, CompUs Jirndua^ 158, 37, 159, 429 (1914), 173, 144 (1021) For other 
incasuromeuts on Holid salts boo Laudolt Bumstoin's tables and l^auling's coiiunont on 
p 203 of hiB paper 

We for brevity omit from our tables the various ostimatos of rofractivitios and dia 
magnotic susceptibilities of doubly charged alkaliuo earth ions See tlie original paper 
for these 
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UOLAB DIAUAONETIC StreOBITIBILITIBS X 10* 



Li+ 

F- 

Na+ 

Cl- 

K+ 

Br- 

Rb»- 

I- 

Ca+ 

(a) (Joos) 

1 3 

11 S 

65 

io 6 

14 5 

30 6 


60 5 


(o) (Iken ) 

40 

13 0 

10 4 

20 4 

16 0 

34 8 

31 3 

49 3 

46 7 

(o) (Reich ) 




21 9 


32 6 


50 2 


{b) (Pascal & Pauhng) 

02 

10 3 

52 

241 

14 5 

34 6 

23 2 

48 6 

37 0 

(e) (Stoner) 



55 

40 4 



30 1 




The molar susceptibihty for an inert gas should, of course, be mter- 
mediate between those of the corresponding halogen and alkah ions, 
which should be respectively greater and smaller In view of Hector 
and Will’s^* very careful values 1 88, 6 7, and 18 1 for He, Ne, and A, 
it would appear that Ikenmeyer’s dcterinmations for Li-* and Na+ are 
somewhat too high Ikemneyer finds that for a given column of the 
penodic table the molar susceptibihty is almost exactly a linear func- 
tion** (Ci^+Cj) 10-* of the atomic number, where Cj is respectively 
5 9, 2 4, and —3 5 for halogen, alkah, and alkahne earth ions, and is 
0 80 for aU three In the hght of £q (2) this means, since is small 
compared to c^Z except near the top of the pcrioibc table, that the 
mean square radius per electron is approximately 0 80x 10“^“/2 83 or 
(0'fl3 X 10“*)* for all except the very lightest atoms *® This must mean 
that the effect of increasing nuclear charge and incrcasmg mean quan- 
tum number nearly compensate as regards as we go down the periodic 
table It IS to be understood that this value r* is the mean over all 
classes of electrons The outermost or valence electrons will have much 
larger values Joos notes that if one assumes that the outermost shell 
IS responsible for practically all the diamagnetism, then liis values of 
Xmoi yield atomic radu 0 64, 0 71, 0 80, 0 92x 10-*cin respectively for 
Na+, F-, K+, C1-, which are m remarkably close agreement with the 
lomo radu 0 63, 0 75, 0 79, 0 96x 10“® respectively deduced by Fajans 
and Herzfeld*® from the grating energies of salt crystals Only a rough 
agreement could be expected, as the discrepancies in the table show 
that there is considerable uncertamty in the diamagnetic measurements, 
while the estimate from grating forces is a purely classical one not 
utilizing the quantum ‘exchange forces’ 

** III our opmion these luioar relatjoiis dioultl not bo taken too literally except perhaps 
for heavy atoms In fact his analogous i elation for the olkolmo oaiths extrapolates into 
a paramagnetic susceptibility for Ba'*-* , on absurdity Ikenmeyer assumed tho coefficient 
c to bo tho same for all ions in order to isolate their individual contributions in the salts, 
and tins perhaps explains why his values for Na^ and Li** aio too high 

** H Kulenkampff, ^nn derrhyatk. It 1^2 (1029) notes that this is exactly the radius 
of a one quantum hydrogen orbit m tlie old quantum tlioory However, any agrooment 
beyond that m order of magnitude is clearly fortuitous 

** K Fajons and K F Heizfeld, Zeita J Phyatk, 2, 300 (1920) 
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One could go on vnth no end of numencal discussion on the best 
way of juggling the results in additivity methods, and we shall close 
by reproducing a semi-empmcal table of ionic refractivities and dia- 
magnetic susceptibihties given by Paulmg, which is probably as rebable 
as any. The values of the refractmties are obtamed by assuming that 
the direct experimental values for the mert gases can be extrapolated 
to other members of an iso-electromc sequence by assuming a formula 
hke Eq (7) except that the effective charge is taken to be 

mstcad of Z—a)^ Here is determmcd from the experimental k for 
an inert gas of atomic number Z = Z^, and aj^ is a small, more or less 
empirical correction term, which is determined so as to best fit experi- 
ment m some cases (solution values for the Br“ and I- ions) and by 
extrapolation m others The values for the diamagnetic susceptibility 
are calculated from Eq (6), but with the assumption of an effective 
charge 2 q) The values of ajj*’ ojj' are not deter- 

nuned from experimental diamagnetic measurements, but by alteration 
of his theoretical ajj*' described on p 213 This is accomplished by 
analogy “ with the alterations m the theoretical ajf/ necessary to secure 
agreement with the expenmental refractivities, and by adaptation of 
the empirical ajf/ This analogy involves some rather bold extrapola- 
tions, and so the diamagnetic part of the table is probably not as 
dependable as the refractive part 

Tlio oxtrai>o1atioii is porformod by assuiiuiig empirically that (iii going from one 
row to another of tho periodic table) the oxpreasion. is proportional to the difference 
between tho theoretical and experunontal shielding constants for tho inert gases given 
in tile table on p 214 

Pauling alters the calculated impoi^ection in shielding of an outer group by any 
given inner group by the same empirical factor as was required to give agroomont with 
experiment on refractivities For details soe p 201 of Paulmg’s paper 
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IX 


THE PARAMAGNETISM OF FREE ATOMS AND 
RARE EARTH IONS 


53. Adaptation of Proof of Langevin-Debye Formula given in 

§46 

The general proof of the Langcvm-Debye formula was given in Chapter 
VII explicitly only for elcotno polarization, but can be apphed to the 
magnetic case men-ly by substituting everywhere the magnetic moment 
vector m =- —{L-l-2S)he/4mne for the electric moment vector p used 
in §§ 44 and 46 There are, however, two points which require comment 

In the first place, bcsidos the paramagnetic port (Xf,+2Sj)Hefe/47mc 
(§ 42) of the Hamiltonian function, there is everpresent the diamagnetic 
term proportional to 2 which has been discussed m §§ 43 and 49, 

and which has no analogue in the clectnc case Therefore, to all formulae 
for the susceptibility calculated by the methods of Chapter VII, we 
must add the expression for the diamagnetic susceptibihty given in 
Eq (2), Chap VIII 

The second pomt is the following The magnetic moment in general 
consists of two parts, viz the ‘orbital’ and ‘spin’ portions In tlie 
different ‘normal states’ (of p 187) these two parts may bo mchned 
to each other at different angles This will be the case if the normal 
states embrace a spm multiplet whoso components are separated by 
intervals small compared to LT, os these different components corre- 
spond to different relative ahnements of L and ranging in atomic 
spectra from the ‘anti-parallel’ almemcnt J= \L—S\ to tho parallel 
one J — L-\-S (cf § 40) Because of this flexibility m the coupling of 
L and S we cannot in general suppose that the resultant magnetic 
moment is ‘permanent’, i c the same for all normal states, and so we 
cannot always effect the simphfication made m passing from Eq (22) 
to (24) in Chapter VII Instead we must use the more general expression 
(25), Chap VII, for the contribution of the low-frcquency elements, 
which does not require the hypothesis of a permanent moment 

If, then, we make only the fundamental assumption that the moment 
matrix mvolves only elements whose frequencies are either small or 
laige compared to hTjh, the analysis m § 46 shows that the formula for 


the susceptibihty is 



( 1 ) 
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where ij? is defined as in Eq. (25), Chap VII, and is thus the tune 
avera^ of the square of the low-frequency part p of the magnetic 
moment vector, this average itself being averaged over the vanous 
normal states weighted in accordance with the Boltzmann factor 
g-wSilkr T}ie term Na m (1) is the jomt contribution of the high- 
frequency elements of the paramagnetic moment, and of the diamagnetic 
effect, similarly arranged Consequently by (28), Chap VII, and (2), 
Chap VIII,i 


Na^ 


V 

® hv(n' ,n) Omc® ^ 


( 2 ) 


In practice' the diamagnetic correction given in the second term of 
(2) IS relatively small if the material is really paramagnetic, as usually 
molar paramagnetic and diamagnetic susceptibilities arc respectively of 
the ordeis and Consequently we shall henceforth 

omit wilting the diamagnetic term except when we explicitly consider 
diamagnetism in § 69 and § 81 Of course allowance for diamagnetism 
ought to be made m the most refined calculations of paramagnetic 
moments fiom observed susceptibilities Most of the experimental 
measurements of the susocptibihties of paramagnetic salts which we 
quote in the balance of the volume, also the ‘effective Bohr magneton 
numbers’ deduced therefrom, are corrected for the diamagnetism of the 
aiiion but not that of the cation In other words, the quoted susoepti- 
bihties aie the measured susceptibihties of the compound augmented 
by the absolute magnitude of the (hamagnetismof thenon-paramagnctic 
ingredient (amon), but not that of the paramagnetic ingredient itself 
(cation) One reason why the correction for the diamagnetism of the 
cation IS usually omitted in the htcrature is that the diamagnetism of 
rare earth ions is rathoi liaid to estunato quantitatively ® 

It IS convenient to lutioduce as a unit of magnetic moment the Bohr 
magneton 

P = = (0 9174±0 0013) X 10-a> erg gauss-* (3) 


^ Wo tacitly asBumo tliat the uiteiiuJ Bpiii o£ tho electron gives nao to no diaioagnetic 
teiTn Thero is no tnrin of tins chaxoctei in Dirac’s 'quantum theory of tho oloctron’» 
and irrespective of tho latter it appears quite ob\ lous that any such term would necossarily 
bo negligibly suiall sinco tho orbital diamagnetic term is proportional to r*, and since tho 
radius of tho electron is negligible compared to that of an oibit 

* It must bo cautioned tliat even tliough tho diamagnetic correction is mconsequential 
for tho given atom oi ion itself, it ceui well be exceedingly important in solutions, since 
ordinary solvents are diom^netic, or m salts of high ‘magnotio dilution’, where the 
diamagnetic atoms or ions greatly outnumber tlie paramaguotic In those cases tho total 
diainognotism can clearly bo appreciable compared to the paramagnetism 

Q2 
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Then the formula for the molar suBoeptibihty corresponding to (1) takes 
the numerical form 

X.u„, = L (^l+s) = 0 1241 3+6-064 X lO^S 

= 0 00506 ^^+6•064x 10»»S, 

where ij,„ denotes the low-frequency part of the magnetic moment 
measured in Bohr magnetons If instead of the molar we used the 
susceptibility per unit-volume at 0“C , 76 cm in the gaseous state, the 
numerical factors m the first and second forms of (4) would become 
respectively 5 54 X 10-“, 2 705 x 10>* and 2 258 X 10"’, 2 705 X 10>* 
Since tlic Weiss magneton is so commonly found in the literature and 
IB m a sense also a convenient measure of moments, we have given in 
the second line of (4) the form which the formula takes if we measure 
H m multiples of the Weiss magneton 1 853 x 10'“ emu* HistoncaUy 
it looked for a while “ as if all atoms and molecules might turn out to 
have moments which are integral multiples of the Weiss magneton 
Although many molecules are still found to have moments which are 
integral multiples of the Weiss magneton within the expenmental 
error,® this is probably purely fortuitous, for there are many reasons 
for believmg the Weiss magneton phenomenon to be spurious In the 
first place, the Weiss magneton is 1/4 95 as large as the Bohr magneton, 

* The Weies magneton is often multiplied by tlie Avogadro numlier L to yield what 
may bo termed a molar WoifB magneton* of magnitude 1123 5 o in u Wo horo give the 
value of tlio WeiHS magneton which Weiss proposed in 1911* as this is the Weiss unit 
usually utilized in the literature Latei (1924-9) he raised the estimate to 1126 6 per 
gramme mol (cf Weiss and Ferrer, Annales de Phymque, 12, 279 (1929) ), while still more 
recently Cabrera suggests 1124 9:L0 3 per mol oi 1 866X0 6 X 10 per atom as the most 
probable value (Report of the SoKoy Congress, 1930) Our numoncal value 0 91 7 X lO'*" 
of the Bohr magneton number embodies Birge’s estimate of the most probnblo values of 
the atomic constants* and yields a molar Bohr magneton number of 6664 o m u In the 
Uteratuie the Bohi magneton seems to bo wrv often taken os 4 97 ratlier tlian 4 95 Weiss 
magnetons, or as 0 921 instead of 0 917 x 10 ^ e ni u , due to uso of older values of e/m 
and h Wo employ the spectroscopic value 1 761 x 10'^ of e/m, generally conceded more 
reliable than the highor value sometimes fumislied by the deflexion method 

* P WoiBB, J de Phytt%qw, 5, 129 (1924), Annalea de Physique, 12, 279 (1929) and 
referencoB to earlier work 

* In this connexion we must not fail to mention that Cabrera has collected some 100 
measurements of suBceptibilities, primarily in the non group, and finds that the vast 
majority of them seem to yield Weiss magneton numbers which do not deviate from 
integers by more than ±0 1 (Report of the 1930 Solvay Congress) On the other hand, 
existing attempts to extract integral Weiss numbers from in^urements on the rare 
earth group appear forced and artificial, quite irrespective of the clash of such attempts 
with quantum mechanics 
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and BO has no fundamental theoretical sigmficance Secondly, many of 
the apparent Weiss magneton numbers are fairly large (20 or so), so 
that the mtegral property is not very convincing unless the experiments 
are very precise Fmally, as noted by Stoner,' the Weiss magneton, if 
really fundamental, should manifest itself more clearly m gases than m 
sohds or solutions, whereas the two common paramagnetic gases Oj 
and NO have moments which are non-integral multiples 14 2 and 9-2 
respectively of the Weiss magneton Hence we shall not mention the 
Weiss magneton further At the same time it must be cautioned that 
one must not expect magnetic moments to be integral multiples of the 
Bohr magneton either, due largely to the fact that in the new quantum 
mechames, the absolute value of the angular momentum is (J^-\-J)^hl2‘n 
rather than an integral multiple J of hj2n 

It will be desirable to discuss separately the bmiting cases that the 
spin multiplets are very narrow or very wide compared to IcT These 
oases are particularly illuminating, and it is only to them that Eqs (I) 
or (4) arc apphcable It must be cautioned that not infrequently one 
encounters experimentally multiplet spacings comparable to kT, con- 
trary to the assumption of only low- and high-frequency elements basic 
to the validity of ( 1 ) or (4) Thus, as already mentioned in Chapter VII, 
the Langevin-Debye formula is not as universal in the magnetic as in 
the eleotnc case 

54. Multiplet Intervals Small Compared to kT 

We shall throughout the balance of the chapter assume that the atom 
has Kussell-Saundcrs coupling (§ 40) As stated m § 40, this supposition 
18 usually fully warranted in the normal states involved in the calcula- 
tion of susceptibilities Then the orbital and spm angular momentum 
vectors are constant in magnitude but not m direction, and the squares 
of their magmtudes have respectively the values L{L-\-\) and i8(/S-f 1) 
(Eq (83), Chap VI) We throughout measure angular momentum m 
multiples of hl2n, as in §§ 39-42 In the absence of external fields the 
resultant angular momentum L-f-S will be constant both in direction 
and magmtude, and constitutes what Ihrac calls a ‘constant of the 
motion’, whereas the vector L-f-2S which is important for magnetism 
will not be, due to the contmual precession of L and S about J This 
IS illustrated m Fig 9 In this precession the component (6-c m Fig 9) 
of L-I-2S, which IS perpendicular to J = L-j-S, will clearly not be con- 
stant m direction However, the only periodic or non-diagonal elements 

* E C Stoner, Magnetum and Atorme Structure, p 159 
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m the moment vector m = — /?(L-j-2S) are those associated with the 
precessions of L and S about J Thus m is diagonal m all quantum 
numbers other than the inner quantum number J and the magnetic 
quantum number M This, incidentally, is not true m molecules 
(Chap X), and is also the underlymg reason why the numerical para- 
magnetic susceptibilities of non-hydrogcnic atoms can be calculated so 
much more definitely than the electnc, as the electric moment vector 

p mvolves other quantum numbers, 
such as, eg, the principal quantum 
numbers, m a compheated way 
The preceding paragraph shows 
that when the multiplet intervals are 
small compared to kT (i e. kine- 
matically when the precession of L 
and S about J is slow), the elements 
of the moment vector m are entirely 
of the low-frequency type In other 
words, in the notation of Chapter VI 
we can dispense with the index n and 
take J to be identical with the inner 
quantum numlicr J Eq (2) then 
shows that the part No. of the susceptibility vanishes if we neglect the 
second or diamagnetic term Now m the absence of high-frequency 
elements there is no distinction between and the complete moment 
vector — /S(L-f 2S), so that 

(4S2 1 L“ I 4L'S)i32 (5) 

Since the tcmiierature factor e for the varioiih iiiiiltiplet com- 
ponents may be disregarded under the supposition of mtcrvals small 
compared to hT, the statistical average of the product L S may be 
taken as zero m very strong fields, where S and L are quantized 
separately relative to the axis of the field (case c of Fig 6, § 40), and 
hence have no correlation between their directions if we average over 
all onentations Furthermore, the statistical average of this product 
IS invariant of the field strength and hence vanishes in all fields if it 
does in very strong ones, for use of one of the spectroscopic stability 
relations given in § 35 (viz the ‘invariance of the spur’, p 142) shows 
this average is invariant of the mode of quantization if the system is 
made degenerate with respect to J, Jlf by neglecting the energy of 
interaction between L and S, and between II and both L and S We 
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can also venfy directly that the statistical average of L S vanishes in 
weak fields, since hy the ‘cosine law’ (Eqs <84>, (84a), Chap. VI) this 
average is proportional to the sum ’’ 

Y (2J+l)[./(./+l)-S(«+ ] )-i.(L+l)], 

which IS readily verified to ho zero The factor 2J+1 appears since it 
IS the a prwn probability or number of JIf -components belonging to 
a given value of the inner quantum number J. 

The first two nght-hand members of (6) are diagonal matrices havmg 
characteristic values 4S{S+1)^ and L{L-\-l)^ mvanant of J, so that 
double bars over them arc unnecessary We have just proved the third 
member is zero Hence the expression (1) for the susceptibility becomes 

X=- 2^W+l)+i(i^+l)] (6) 


Eq (6) may also bo derived in the following elementary way for very 
strong fields adequate to pioduce a Paschcn-Back effect In such fields 
we may use the quantum numbers M^, Mj^ explained m § 40 The 
energy of a stationary state is them Mg 

(Bq (103), Chap VI), and its component of moment m the direction 
of the applied field is —{M,^-\-2Mg)P The susceptibility is, of course, 
obtained by averaging over all states weighted with the Boltzmann 
factor (cf Eq (3), Chap VII) If the multiplet widths are negligible 
we may neglect the term in the energy depending on A, and then the 
susceptibility is 


X 


XP / 
H 

' \ 1 

Np mT" l 
Hi 2 


2 

1/, s 

^ ^ I 2 Us)M T 

M,e 2 2 Mge-^fi"'''^li‘^ 

. Ji/«= s 

g-fiUMiJkT 


( 7 ) 


We now expand the exponents as power series in II, and retain as in 
§ 44 the non-vanishing terms of lowest order m numerator and de- 
nominator Then (7) becomes 


^ IT [2Ji+l'^ 2S-j-l 


(8) 


This agrees with (fi) when we evaluate the sums by means of (68), 
Chap VI 


The BimiB can be evaluated by using the formulae of Eq (17a)* ^ 56 
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The preceding elementary derivation of (6) was given only for fields 
adequate for a Paschen-Baek effect, but the principle of spectroscopio 
Btabdity, not to mention our first derivation of (6) by the methods of 
Chapter VII, assures us that this expression for the susceptibility is 
mvanant of the field strength (neglectmg, as everywhere, saturation), 
and hence the formula will hold even when the field is not able to 
produce a Paschen-Back effect, or only a partial one 
Since Eq (6) is so obvious in strong fields, the writer has been fre- 
quently misquoted and misunderstood ever smee he first proposed (6), 
even though he then explicitly said that (6) applied to all fields Con- 
trary to statements often made, the validity of (6) does not by any 
means imply quantization, and holds also with the J, M 

quantization, which is a better approximation at usual field strengths 
The Paschen-Back effect will usually change the formulae for mdividual 
Zeeman components (of Eqs (99) and (103), Chap VI) but will not 
alter the expression for the susceptibility To dispel all doubt we shall 
in § 5(i also prove Eq (0) for weak fields m an elementary though 
tedious way that does not utilize spectroscopic stability 


55. Multiplet Intervals Large Compared to hT 

When the separation of the multiplet components is large compared to 
hT, only the one component which has the lowest energy is a normal 
state, and the double bar is no longer needed in (1) The matrix ele- 
ments of m now arc all of the high-frequency type unless \J = 0 Thus 
J may be identified with the index n used m Chapter VII, while the 
index ] of VII may be omitted The low-frequency part of m is now 
only the part which is parallel to the resultant angular momentum J 
and so does not involve the now rapid precession of L, S about J. 
Hence 


= 


L J 

ui ■ 


.2?-T 

UlJ 


oJS(,S+l)-L(L+l)+3d(J-bl)l* 
^ W-)-i) 


= !,“/3V(J+1), 


where g is the Lande gr-factor 


iS(S+l)+Wl)-L(L+I) 

^ 2d(.7-fl) 

Here we have utilized, as in <84>, <85> of Chapter VI, the cosine rela- 
tions2L J = L®-)-J®—S* and the fact that J* = »f(J-fl), &c The dot 
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over the equality sign has the same meaning as on p 142 Eq (1) 


now becomes 




( 10 ) 


The constant Nat no longer has the value zero, as m (fi) (except for the 
neglected diamagnetic part), bat is mstead 

[• F(J+l ) F{J) 

■6(2J+l)Uv(J+l,J) hv{J,J-l)\ 




)J’ 


( 11 ) 


with the abbreviation 


E(J) =-l[{.S’+L+l)» -J*J[J^-(S-L)2] 


( 12 ) 


The existence of this a is a concomitant of the second-order Zeeman 
term m (99), Chap VI, not to lie confused with the diamagnetic second- 
order Zeeman term of § 43 The presence of a, or of the second-order 
term in (99), is due to the component h-c in Fig 9, which now con- 
tributes only to the part of the susceptibility that is independent of 
temperature rather than as in ^ 54 to the ordinary Cune part propor- 
tional to l/T Usually the normal state is a minimum or maximum of 
J, depending on whether the multiplet is regular or inverted (p 166), 
and then the second or first term respectively of (11) vanishes, as can 
be verified from the formula (12) for F 
To prove formula (11) one might work out the expressions for 
Ay-f 2jS^aiuilogous to those for (8K), Chap VI, and 

add their squares together in the fashion (44), Ch VI, to get the resultant 
amplitudes m”{J,J') — p Jf 2 l(I'a+2<Sj)(</, '/')1“} needed for (2) 

Another way, however, which is fundamentally v^ery little different but 
IS easier after one has once deduced the Zeeman formula to the second 
order m (99), Chap VI, is as follows The contribution of the second- 

order part //“IT® of (99) to the susceptibility is — 2N V W^^^/(2J -f- 1) 

31 -J 

(^)> C-hap VII, inasmuch as under the present hypothesis of wide 
multiplets there is only one normal unperturbed value of J, and so the 
sum in (4), Chap VII, reduces merely to one over M The result (11) 
now follows on substitution of the expression for IT® obtained from 
(99) and (88), Chap VI, and on evaluation of the sum over M The 
terms proportional to Jlf* arc, as usual, summed by means of (68), 
Chap VI, while the other terms are very simple to sum. 

Only the first term of (10) is ordinarily given in the literature Due 
to the frequency factors in the denominator of (11), the second term 
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Ntx will ordinarily be small compared to the first if the multiplet is 
really wide compared to LT, unless perchance the normal state involves 
an abnormally low value of J, so that a-b is small compared to b-c m 
Fig.9,p 230 The latter case does, however, occasionally anse, as will be 
shown and elaborated in connexion with the susceptibilities of Eu++'*' 
and Sjn+++ m §.'i9 The Srat part of (10) is usually deduced in an 
elementary way analogous to the proof of (6) by means of (7), (8) If one 
uses only the first-order Zeeman formula W^-\-MgPH for weak fields 
instead of the one for strong fields and supposes that only one value of 
J represents a normal state, then one sees that in place of (7) one has 


AT o S 

^ If 2 g-«|3«*l/l:3’ 


(13) 


The rest of the procedure, which converts (13) into the first part of (10), 
18 entirely similar to that explained after Eq (7), the only essential 
fhfferenee being that g/S now replaces ^ 

We must not forget to mention that the first part of (10) was obtamed 
by Sommcrfcld® and others in the old quantum theory In that theory 
the Land6 g-formula for the first-order Zeeman effect was taken as an 
empirical fact, and so the derivation by means of (13) could be used 
There is, however, an important difference in the interpretation of (10) 
in the old and new mechanics If 6 denote the angle between the 
magnetic field 11 and the low-frequency jiart p of the magnetic moment 
vector, then in a weak field the first-order energy is Wg — |ja|If cosS If 
one uses this expression instead of the equivalent form W^+Mg^H and 
weights the various values of oosfi in accordance with the Boltzmann 
factor, then one finds after the usual senes expansion of the exponentials 
(eg as in § 44 or as m passing from (7) to (8) ) that, except for satura- 
tion, the susceptibility is given by the expression 




kT 


(14) 


In the old quantum theory, the value of p® was considered to be g^^J^ 
as the magmtude of the resultant angular momentum of the atom was 
Jh/27r On using this value, and equating (14) to the first part of (10), 
one sees that the mean value of oo&W was given by 

(new) coi*5 = i (15) 


(old) 


Here we have also mcluded for companson the analogous result with 
* A Somnierfoldy Afomdo'U, 4th ed , pp 630~'48 and references 
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the new mechanics, which one knows must be J, Imt which one can 
also obtam by equating (10) and (14) with = j*j8V(J+l) The old 
value in (16) is one of the typical violations of the pnnciple of spectro- 
scopic stabihty which were so common in the old theory This difficulty 
did not affect the susceptibility as long as there was spacial quantiza- 
tion, for then Eq (10) was valid in the old theory, and the only difference 
c ompar ed to the new mechanics was that the same value of the product 
/z®coa“0 was apportioned in a different way between its two factors If, 
however, inter-atomic colhsions were frequent, due to high temperature 
or density, it would not bo reasonable to assume spacial orientation in 
the old theory Instead one would have to assume random orientations 
and use the second value m (15), which, when substituted in (14) with 
fi — gpj, gives X = instead of (10) Thus the susceptibility 

might vary with density or field strength, contrary to experiment, and 
again the new mteriirctation is supenoi Also in the old theory the 
formula (6) would be valid only in fields powerful enough for a Paschen- 
Back effect 


56. Multiplet Intervals Comparable to IT 

Let us now turn to the general or ‘intermediate’ case m which the 
effect of the inner quantum number ./ is comparable with IcT Then 
out of the total number of atoms a certain portion Nj will have any 
given value .7 of the miicr quantum number Their contribution to the 
susceptibility will ho given by the expression (10) with N replaced by 
Nj, since (10) still applies as long ns all atoms under consideration have 
the same .7 We must now, how cvei , add the contributions of the atoms 
with \aiious diffeient \.dues of .7 The number N, is determined by 
the Boltzmann temiierntuiv f.ietoi, and is hence proportional to 
(2J -f I)e“” inasmuch as for a given .7 there are 2.7 1 component 

states having different values of M Thus 


N I-1)/3IT1 f«,}(2y t l)e-”5/*^ 

V= .SI _____ (16) 

Here subscripts have been attached to g and n to show exphcitly that 
they are functions of J 

It 18 clear that (16) should n-duce to (6) in the limiting case of very 
narrow multiplets This may be verified as follows If the dependence 
of W® on J 18 negligible, it suffices to strike out entirely the exponential 
factors from the denominator and from the first term of the numerator, 
assummg for simphcity that the origin of the energy is at J — 0 With 



236 THU; PARAMAONKTISM OF FREE ATOMS IX, 156 

the second term the procedure is not so simple, as by (11) the a’s 
approach infuuty when the multiplets become very narrow. One can, 
however, evaluate the second sum m the numerator in the limit 
{Wj^i—Wj)lkT — 0 by using exactly the same type of expansion as 
in passing from (17) to (20) in Chapter VII One thus finds that in this 
himt, (16) is the same as 

N 2[g5^W+l )(2./+ l)+W)] 

^ 3IT 2(27+1) ' ' 

This expression can be verified with a bit of labour to be identically 
equal to (6) if one introduces the exphcit expressions (9), (12) for g and 
F and uses the following formulae for the sums of senes 

(n+l)n ^ . «(»+l)(2n+l) 

2 -. 2 * 6 . 

{17a) 

^ 3_ra»(rt+l)» 1 ^ n 

^ 4 ’ ^®(x+l) 71+ i 

in which 3" Assumes consecutive mtegral values from 1 to n These 
formulae are readily proved inductively m the same fashion as explained 
for (68), Chap VI, which is essentially the second of these relations 

Laportfl and Soininerfeld* use f<» narrow multiplets the expression obtamed by 
omitting the F tenna in (17) Then expression differs but little from the more 
rigorous and also more simple formula (6), the reason being that 6-r is usually 
small compmod to a-h m Fig 0 For instance, Laporto and Sommerfeld calculate 
effcctivo Bohr magneton numbers 2 02, 4 35, 4 07, 5 23, and 5 92 respectively for 
narrow H), ®F, *F, multiplets, which ore of asymptotic mterest m the iron 

group, wheieas (b) gi\os 3 0 4 47, 6 20, 5 48, 5 02 In quoting their results for 
narrow multiplets in the iron group in ^ 72 we shall throughout give values modi* 
fieil in net onlancc a it h (6) 

Before we can use formula (16) it is necessary to know quantitatively 
the multiplet intervals in order to evaluate the denominators in (11) 
These intervals should, of course, be taken if possible from direct 
spectroscopic data on the multiplets m question, but unfortunately such 
data are often not available for the type of ions encountered m para- 
magnetic solutions (§§ 58, 59) It is then necessary to resort to a 
theoretical expression for these intervals, and one uses the ‘cosme law’ 
(Eq (84a), Chap VI) 

Wj — \AJ {J + l)+conBtant, (18) 

together with the proper value of A All the paramagnetic ions yet 
encountered seem to owe their magnetic moments to an incomplete 

* O Laporte and Somniorfold, f Phynk, 40* 333 (1926), O Laporte, %btd 47, 
761 (1028) 
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shell of ‘equiTaJent electrons’, i e electrons with siimlar n, I Further- 
more, when all electrons not m closed groups are equivalent, the Hund 
theory of spectral terms tells us that the normal or ‘lowest lying’ 
electronic state has the maximum multiphcity allowed these eleetrons 
by the Fauh exelusion prmciple, and also the maximum L consistent 
with this multiphcity (Specific examples will be cited m § 58 ) With 
this specialization it wdl be shown in the next paragraph that an 
immediate application of Goudsimt’s theory for calculating A yields 


A 



(19) 


where Uu is the ^-faetor which would result were only one electron of 
the group present The plus or minus sign is to be used according as the 
group IS less than or more than half completed As the numlier of 
electrons m a completed sub-shell is 4f-|-2, the value of A is, in othei 
words, positive if < 2i-|-l, and negative if t; > 21+1, where tj is the 
number of electrons present of the type under consideration The theory 
thus predicts that the multiplcts of the normal state be respectively 
regular and ‘inverted’ for the first and second halves of the sequence 
formed by addition of consecutive electrons of the group This rule is 
m good accord with experiment wherever spectroscopic measurements 
are available on multiple normal states An abundance of such measure- 
ments 18 available for the iron group, though usually for no tas high 
a degree of ionization as directly involved in the study of paiainagnet- 
ism The value of Oji for a hydrogcmc atom is 


( 20 ) 


l&iT*inZ*e^ 

““ ^ c%‘«’f(f-|-l)(2f-)- l)’ 

This IS equivalent to the well-known ‘relativity’ or ‘sjun’ doublet 
formula, and follows from Eq (80), (’haii VI, after tlic mean value of 
1/r® involved therein is evaluated with hydrogcmc wave functions It 
IS assumed that a non-hydrogcmc atom can be approximately lepre- 
sented by introducing a screening constant cr into the hydrogen formulae 
Instead of giving directly the value of A, it is often convenient to use 
the ‘over-air multiplet width which by (18) 

IS JA[(i-|-/S)(ii-l-iS-t-l)— |i— SKIi— /S'l-fl)] The multiplcts involved 
in the normal states which we need to deal with all have S <L Hence 


F Hutid, Ltmenspektrent Chap V 

B Qoudsniit, Phya Jiev 31 * 04 fl ( 1928 ) £q ( 19 ) is also deiived by O LajKiite in 
Handbttch der Aatrophytnkf in, p 043 

At the point = 22+ 1 at which the group is half comploto, tlioro is no trouble from 
ambiguity m sign, as hero tho ‘lowest lying* state is on S ono without rnultiplet stru( turc 
See Heisenberg and Jordan, Zeita f PhyatL, 37 | 2 b 3 ( 1926 ) 
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by (19), (20) the expreBBion for the ‘over-all’ width when expressed in 
wave numbers rather than eip;s is 


. ^*’totol " 
o 


^2i+ 1) (ia,,) ^ ^ 5 82(2L-f 1) 


he 2S ^n^l(l+l)(2l+l)^^ <r)*om ^ (21) 

The factor 0 82 follows from substitutmg cxphcit numerical values for 
the constants e, /i, m, c It is perhaps well to reiterate the distmotion 
between I and L The former is an azimuthal quantum number measur- 
ing the angular momentum of a single electron, while L measures that 
of the whole incomplete groiqi 

Denvatwn ofKq { 19) Hy application of the principle of pormamni e of r-sums 
(§ 42) 111 iiiviiiianco of the spur (I) 35) to the puasage fioiii J, M to Af„ M, 
qiiiuiti2iif ion (cose (6) to (c) III ■''ig h, § 4(1) one has, in \iituo of Eqx (K4ii), (1U3), 
C'lia}! VT, till lelatioii 

X , 1) m I i)j 


where E moona a siiiiimiition over all the Htates consistent with given L, M 

a 

By a similar apiiluation to tho jiussnue from Mi,, to Wj» m, cjuantization 

(case (c) to {<7), Fj^i; 0), 0210 has 2 S >^hi* where S means a 

summation over all tho staltN (tmsiHteiLt with given Mi, Mg, n, I, oven though 
involving diflFeront L 01 S, luul where 2 means a surnmution ovei all tho individual 

t 

oquivaJont olootioiis, wliit h we suppose 7 in number Tn the first application tho 

summation sign 2 omitted when M - J h \ as there is then ]ust one 

« 

term, and tho lelation boeomos ineiol> >lAfiS‘ - AMjM^ Similuily, in the second 
application, the sumiuution 2 omitted when Mi />, M^ — »S’, A’ — 

and when L has tho inuMinuin value which according to tim exclusion piinci- 
pie 18 conHistc'iit with this *V Tin's is line beoauHo tin 10 is novor moie than ono 

multiplot of tlio type A' — L — L One then hu« AMiM^ \OixMi, os 

each is iu»c OHsarily | when Mg — Xlius combining the spenal cases of tho 
two applications one )ihs ^‘IZA’ — 01 A Tins is the desired result 

for the first half of tlie sequoiiet* In tho second luilf tho exclusion principle 
deinaiidH A < Itj so that the pi occ*ding method < annot be used Instead, tho value 
A — nn/2A follows as a spocial case of Goudsnut's giuieral n»ult that A values 
are levei'sed m sign in passing from the first to see ond Jialf of tho sequoiu c It is 
to be cautioned t hat wo give in ( 1 9} only the formula foi the lowest -lyingmultiplots 
rathor than Goudsinit's necessarily more complicated relations and doi jv ation for 
the general multiplot 


57. Susceptibilities of Alkali Vapours. 

Unfortunately none of the preceding theory ean easily be tested dueotly 
upon gases, as the only monatomic gases arc the mert ones, which are 
diamagnetic There are, to be sore, many materials whose vapours 
should be paramagnetic However, the susceptibilities of vapours are 
very hard to measure, because of the difficulty of obtauung a sufficiently 
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high, as well as acciuately known, vapour-piessute As far as the author 
IS aware, the only quantitative determination of the susceptibihty of 
a monatomic paramagnetic vapour is Gerlach’s measurement on 
potassium vapour. He finds that for temperatures between 600° and 
800° C. corresponding to vapour-pressures of from 0*5 to 30 mm , the 
molar susceptibihty of potassium vapour obeys Curie’s law and is 
0 38/3’. The normal states of alkah atoms are ones, and so by Eq (6) 
the theoretical molar susceptibihty is L^/kT =Q312jT It is, of 
course, here not necessary to worry about the width of the multiplet, 
ns a multiplet structure is wanting m 8 states The agreement between 
the observed and theoretical Curie constants is extremely gratifying, 
as Gerlach’s expenment is extremely diffieult and he does not claim an 
accuracy of more than 10 per cent Incidentally, this good agreement 
IS a mce confirmation of the correctness of the assumed vapour-pressure 
curve, and shows that potassium vapour must be primarily monatomic 
at the temperatures employed If diatomic, the vapour would be dia- 
magnetic, as the normal state of the Kj molecule is of the type 
Dissociation theory indicates that the fractional number of atoms asso- 
ciated mto molecules at the temperatures employed by Gerlach should 
be^® of the order 10-®, and so the neglect of molecular association is 
not a dommant experimental enor Incidentally, magnetic measure- 
ments should be a sensitive means of determimng the degree of mole- 
cular association when aiipreciable Hence it would be of interest if 
Gerlach’s experiments could be extended to conditions where there is 
more molecular association, viz to still higher vapour-pressures (which 
means higher temxieratures) m potassium, or to sodium or hthium 
Compared to potassium, molecular association at a given p, T la 
favoured m Li and Na by their molecules having higher heats of dis- 
sociation (about 1 2 and 0 8 volt respectively) than that of K (about 
0 6 volt) « 

58. Susceptibilities of the Rare Earths 

Because of the difficulty of obtaining paramagnetic materials m the 
vapour state, the best that can usually be done is to study the suscepti- 

W Cerlachy AtU dtl Congrevao Intemaztonale de% Ftavcit 119 (1027) 

Cf R W Ditcliburn, Proc Roy 8oc 117a, 486 (1928), or GibBon and Hoitlor’a 
formula given on p 175 of Ladeuburg andTluele, / PAj/j? Chem 7y 161 (1930) 

Looims and Nusbaum, Pkys Rev 37, 1712 (1931). (Iax) Looiuis, Ihxd 31, 323 
(1028), Kinfiey, Proc Nal Acad 15, 37 (1020), Foloiiyi, Schay, and Ootuka, ZexU f 
Phya Chem 1b, 30 (1929), 7b, 407 (1030), Ladonburg and Thiole, 2c, all Na^ H 
Ootuka, Zeita f Phya Chem 7b, 422 (1930). Oitchbuni, 2 c A Carrelli and P Frings- 
heun, ZeUa f Phyaik, 44, 643 (1927), W O Crano and A Christy, Phya Rev 36, 421 
(1930), aU K. 
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bihties of Bolutions containing paramagnetic salts, or of these salts in 
the sohd state, preferably hydrated. One hopes that m some of these 
cases the ions responsible for the paramagnetism may be so nearly free 
as far as orientation is concerned that the calculations for the gaseous 
phase may be utihzed We shall later see that disturbances from other 
atoms prevent realization of this hope m most instances In the first 
place the number of paramagnetic ions is rather hmited In most atoms 
the only incomplete shells with an outstanding magnetic moment are 
those belonging to the valence electron, and in solution or in salts the 
atom IS stripped of these valence electrons, leavmg only ions with closed 
shells For instance, Na or 01 atoms each contam an odd number of 
electrons, and are thus paramagnetic, but m NaCl or in solutions con- 
taimng NaOl, the sodium and chlonne atoms respectively lose and 
capture one electron, yielding only closed configurations The reason 
that sohd pure alkali metals are not appreciably paramagnetic is rather 
comphcatcd and wiU be considered m § 80 

There are, however, certain well-known places m the periodic table 
in which inner as well as outer groups of electrons are m process of 
formation These coses are found m the iron, palladium, rare earth, 
and platmum groups, where respectively sub-shells of ten 3d, ten 4d, 
fourteen 4/, and ten 5ti electrons have not been completely filled 
Generally speaking, atoms in these groups lose all the valence electrons 
of their outer incomplete shells when m solution or in salt compounds, 
but not necessarily the electrons of the inner incomplete shells, so that 
paramagnetism may result For instance, the 8m atom contains five 
4/, two ad, and one 6« electrons, besides other electrons not in closed 
shells This atom usually reacts tnvalently, so that m, e g , Sm 2 (S 04 ) 3 , 
sohd or dissolved, it loses the 5d and bs electrons, but keeps the five 4/ 
ones To quote Bohr,” ‘On the whole a consideration of the magnetic 
properties of the elements withm the long periods gives us a vivid 
impression of how a wound in the otherwise symmetneal inner structure 
IS first develo])ed and then healed as we pass from one element to 
another ’ 

The one case where one might expect the gaseous theory to apply 
better than usual is to salts or solutions containing the rare earths 
The rare earths as a rule exhibit a tnvalent behaviour, losing their two 

Wo oasuino ilie reader has at least a little familiarity with Bohr's well-known theory 
of the perodit table See, for instance, N Bohr, T/ie Theory of Spectra and Atormc 
Con^ttution, Essay 3 The relation of magnetic properties to the structure of the penodio 
table has also been extensively discussed by Ladenburg, Zetts f Electrochem 26, 263 
(1920), / Phye Cliem 126, 133 (1627) 
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ad and one 68 electrona as m the typical example of Sm cited above. 
Thus the paramagnetism of rare earth ions arises from the 4/ electrons, 
and such electrons are well in the interior of the atom, far more so 
than, e g the 3d electrons m the iron group, as the 4/ electrons are 
surrounded by eight electrons (viz two Us and six 5p) of higher principal 
quantum number, whereas the ions of the iron group of the type in- 
volved in paramagnetism have no electrons of principal quantum 
number greater than 3 Thus we must not become too surprised m § 72 
at the complete failure of the ordinary gaseous theory in the iron group 
The nearly identical chemical properties of the different rare earths, 
despite the fact that they have different numbers of 4/ electrons ranging 
from 0 to 14, is direct evidence that these electrons are but httle affected 
by the fields from other atoms, and hence by their neighbours m solu- 
tions or solid compounds 

Before one can calculate the susceptibilities of rare earth ions it is 
necessary to know the values of the quantum numbers L, 8, J to ho 
used 111 the equations of §§ 54-6 This information as to the ‘lowest 
lying’ spcctial t<-rin is supplied by a theoiy of Bund When there 
are a number of equivalent electrons, the possible spectral terms are 
rather severely limited in number by the Pauli exclusion principle, and 
Uund supixises that out of the possible terms that of highest multi- 
phcity has the lowest energy In case several values of L are possible 
when the multijilicity 2iS'-f-l has its maximum value, then the greatest 
L consistent with this S is assumed to give the least energy All other 
states arc assumed to have so much greater energy that they are not 
normal ones For example, with two equivalent / electrons, the Pauli 
exchusion xiiincqile can be shown to admit the ^8, ®P, ^Z>, ®F, ’//, 

and to rule out the ^8, ^P, 'F, ®0, ’H, states Out of the former, 

the term alone is a normal state under Hund’s assumptions The 
normal states which he obtains with various numbers of equivalent 
/ electrons are shown in the table m the next paragraph Generally 
speakmg, Hund’s assumptions are well confirmed spectroscopically, 
though in the particular case of the rare earths direct ejicctroscopic 
evidence is as yet wanting, so that here the only experimental con- 
firmation IS by means of the magnetic theory itself A first-order 
perturbation calculation by Slater'* has confirmed theoretically Hund’s 
assumptions in the case of the iron group, and similar confirming 
calculations could doubtless be mode for the rare earths 

It IS, of course, necessary to know something about the effect of J as 

“ J C Slater, fAy* Rev 34, 1293(1929) 

B 
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well as of L, S as above, on the energy, so as to determine whether to 
use the theory of § 64, 55, or 66 Hund“ himself first calculated the 
susceptibihties under the assumption that the multiplets are very 
wide compared to kT As discussed m § 66 (Eqs (18), (19), &o ), the 
component with minimum or maximum J is alone supposed to be 
a normal state depending on whether the multiplet is respectively 
‘regular’ or mvcrted, i o whether m the rare earth ions the number of 
4/ electrons is less or greater than 7 The results of Hund’s calculations 
made by formula (10) without the term Net are shown under the column 
headed ‘Hund’ in the following table and m Fig 10 Various experi- 
mental values are shown for comparison The entries throughout are 
what we shall call the ‘effective Bohr magneton number’, defined by 
the equation 

(22) 

It is to be clearly understood that the thus defined is a function of 
temperature if Ciuic’s law x - const jT is not obeyed 'Thus under 
Hund’s assumptions should be indc'pendent of T, but not if instead 
the term No. of (10) is important, or if it is necessary to use the ‘inter- 
mediate formula’ (16) 'The experimental values given m the table, also 
the theoretical values of Van Vleck and Frank (F F & F ), where 
different from Hund’s, relate to room terajieiatures 'The juxtaposition 
of theoretical and experimental values of is merely one way of 
comparing the calculated and observed absolute susceptibilities, as /x„ii 
IS proportional to ;(* A ‘theoretical’ or ‘exiiennientaT /tgg is obtained 
aecording to the kind of value of x which is used Only when (June’s 
law is obeyed, is either the thisiretical or experimental pon defined by 
(22) to be identified with the jx-rmanent moment p of the atom 
Cassiopeium (Cji), of course, has a complete shell and so has no 
paramagnetism Stefan Meyer’s value 2 77 is for P^^ + * + rather than 
Ce+++, and its moderately good agreement with the values for Ce'* + ' 
by other observers is in fair accord with the Sommerfeld-Kossel rule 
that ions with equal numlier of electrons often have very similar pro- 
perties “ The smaller and larger values for Sm and Eu in the column 
F F & F coiTCspond respectively to use of values 33 and 34 for the 
screening number a in (21), as will be elaborated in §§ 69, 60 For the 


F Zeitu J Phynkf 33, 855 (1925) 

“ Cabrera and Dfipener** find a susceptibility for PrOj which gives an offoctivo Bohr 
magneton mimU'r 2 24 for Pr++++, or 2 74 if the Weiss inodifitation of (22) is used, in 
which T IS replaced T+A 
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other ions it makes no appreciable difference which of these values 
is used 
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The cxpcnincntal results call for some comment, especially in view 
of the different materials useil Cabrera, St Meyer, and Zemicke all 
made their measurements primanly®* on solid hydrated sulphates of 
the form MjfSOilj 8HjO Decker useil solutions in which sulphates 
were dissolved, except that nitrates instead were dissolved for La, Ce, 

I'hrouglioiit (ho IiuIuiilc of tlit^ (haptoi onut attaihing thitH) pliu HignH to the 
abbroMations for (lio tkiutiils and it ih to Ix" uniformly undoiiftood that we 

uic ( otKoriK tl vi ith tii> nlnil Joii» iuiUhx otherwise stated 
B Cabnia, Cumpits lirndun, 180, (i68 {192'>) 

« St Mo^oi, 26, 51, 47» (192"») 

** Z( iTiu kc niirl JaincK, (/ Aimt ('hem Soc 48, 2K27 (i92b) 

H Ami r/rr 79, .124 (1926) 

11 WilljaniM,7V(v« Jttn 12, IIB (1918), 14, 348 (I'Jl'l), 27, 4H4 (l'U6) 

In tho (nil ulal ion of tlic t fiot ti\o Bohr magneton nuniboi fioin expiMitnenlal data 
th( ro mn> ho Rlight ihtTorencoe in the method of (oinputatmn botuUHu difForent wiitors 
iiHo difforont values of tho utainit. constants ui (iJ), and eBpeciaUy different estimates of 
the duuruignutic Lorreotions Wo liavo not atteinptcHl to iron out these small uu onsisten- 
cioB, as wo gi\o in the table tlio efTorfuo magneton nuniboiB quoted by Hund from 
Moyer’s and Cabrera’s older data, and by Decker from his own work, while tho calcula- 
tion IS oiu* own for the otliei data, iiicluduig tliat givon on p 245 Zomioko and James 
make tho claim that tho pioper diamagnetic c^iivction raiHOs Mover’s value for tho molar 
susceptibility of Sm to 060x10", which gives a magneton number 1 51 in unproved 
agreement with otlier observations 

ss Cabrera, liowover, used a peiita- rather than oc toTiydratc^ for Co Moj er used oxides 
rather than sulphates foi Tb and Tu 


R2 
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and Ft The good agreement of the yalues for Bohd sulphates with 
those for solutions and with the theoretical values for gases must mean 
that even in solids the ions are virtually free as far as the 4/ eleotrons 
are concerned The similarity of the results with oxides, which have 
been measured not only by Wilhams but also by Cabrera and Dupener,** 
to those for sulphates, is especially remarkable, as oxides are firmer 
chemical compounds than sulphates, and lack the ‘magnetic dilution’ 
of hydrated sulphates The stnkmgly low value which Wilhams finds 
for Ce presumably means that he had largely®* OeOj rather than Ce^Oj, 
as Ce++++ should be diamagnetic like La+++, or else possibly that by 
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exception the inter-atomic foicca on the 4f electron are here so large 
that the gaseous tlu'ory no longer holds The rather wide discrepancies 
between some of the experimental values on the sulphates themselves 
are probably due to use of different samples or preparations of the rare 
earth salts, since the experimental error is due far more to difficulties of 
chemical purification than of magnetic technique Zemicke and James®* 
suggest that close agreement between two chfferent observers docs not 
necessarily imply that more weight should be attached to their results, 
but may simply arise because they used salts from the same original 
source of preparation Cabrera and Dupener,®* on the other hand, find 
remarkably consistent and reassuring values even with salts of different 

” Cabrera and Duponor, Comptes Remlua, 188, 1640 (192<)) 

Although tnvalont \n1on< loa are iho rulo for tho rare oarths, there are exceptions 
near tho bogimutig of tho Roquoiion, and the oxides OOj, Coj()„ Ce^O, are all known to 
exist See Hovesy, Dte seltenen Erdfn vom Standpunkte dai Alombaue/tt pp 52, 74. 
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preparation, which are given in detail below Impurities doubtless 
explain the paramagnetic moments sometimes reported for Cp, also the 
abnormally low value found by Williams for I’rjOj, but not confirmed 
by Cabrera and Dupener 

AddiHonal ExpenmerUal Values Unfortunately apace compels us to omit m 
the table the older measurements by Du Bois, Urbain» and Werlekmd For a good 
summary of this older work, and references, see Zernieke and James, I c Roughly 
speaking, the older determinations l^;ree fairly well with the newer work, but 
differ erratically in a few mstiuices Measurem^is in the Leiden laboratory on 
Gd, Kr, Ds, (De will be cited on p 254 Hie data of Freed**' yield — 1 57 for 
Sm at room temperatures Zemicke and James measured anhydrous as well as 
hydrated Gd^ (S 04 )at finduig the same effective magneton number 7 8 in both oases 

It is particularly interesting and noteworthy tliat in addition to Cabrera's 
earlier work** on hydrated sulphates given m the table, Cabrera and Dupener** 
have recently also measured the anliydrous sulphates and oxides, often from 
different sourceH of jirepaiation Their re<tult<i for anhydrous sulphates and oxides 
yield ill (22) the following effeitive Bolir magneton numbers Pr, 3 47t, 3 32*, 
Nd, 3 52t, 3 40*, Sm, 1 58t, 1 50*. Eu, 3 54t, 3 32ii , (Id. 7 7 7', Tb, 9 bt,— , 

Db, 10 3t, 10 2" . Ho, 10 4t, 10 2t , Ei , 9 4t. 9 3t , Tu. 7 Ot, b 8t , \ b, 4 3t, 3 9t 
The first and second values are respectively for anhydrous sulphates and oxides, 
and the t • J <lenote preparations obtamed rosixMitivoly from Auor v Welsbach, 
Fiandtl, arul Uibain Zemicko and Jcunes, and Williams used salts prepared 
respectively m the New Hairnisliire and Illinois laboratories, while ('abrera’s, 
Meyei 's, and Decker's measurements reiiortod in tlic table are with salts piepared 
by Auer v Welsbach (except that Deckel's Co, JV, Nd wise by Piandtl) 

In case the tempoiaturo >anation is in m<orfl with lh»> Wems generalization 
X I A) ol the C'uno la\i, it is pioljiibly piefemhie to ileduce the effective 

liohr magneton number fiom c\iKirinieii( by usinguinoilified form of (22) in which 
T js replaced by A, lawHlml A is really duo to Jiiloi 'atomic foices intlier tlian 
primarily (as m Sm, Eu ) to natural iniiltipJet structui’es If we apply this modifica- 
tion to Cabrera’s measurements on the imhydrous sulphates and oxides, the only 
data rofiiiod enough to permit use of thm motlification, one obtains the following 
effective Rohr magneton nurnborH instead of those given in the precedmg para- 
graph Pr, 3 7b, 3 71 , Nd, 3 79, 3 71 , Gd, 7 9, 7 9, Tb, 9 7, — . Ds, 10 5. 10 5, 
Ho, 10 6, 10 5, El, 9 b, 9 5, Tu, 75, 72, Yb, 4 8, 4 5 (In the cases of Pr, Nd, 
Tu, Yb, Cabrera and Dupei ici find that Ifx is not really a linear function of T as 
implied by the Weiss formula, but as a rough approximation we take A equal 
to the value of — (d log p^/dT)'* -T at room tornperutuie ) 

59. The Special Gases of Europeum and Samarium 

(The tnvalent ions are to bo understood throughout Cf note 21 ) 

It IB seen that Hund’s calculations agree with experiment, within the 
discrepancies of the latter among theraselvos, except for Sm and Eu, 
where his theoretical values are much too low Hund“ himself, and 
also Ijaporte,®* have suspected that this is perhaps because the multiplet 

« S Freed, J Amer Chem Soc 52, 2702 (1030) 

« () Lapoite, ZatK f PhynK, 47, 701 (1928) 
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intervals m Sm and Eu are not really infinitely large compared to hT. 
This requires us to make a more careful examination of multiplet 
structures by means of (18) This formula shows that the vanous com- 
ponents are not evenly spaced, and instead crowd together for small 
values of as by (1 8) the interval between two consecutive components 

./-fl equals A{J+'l) Now if the multiplicity is fairly large, 

0 



(i = kT at 293*C » 205 cm") 

Fia II 

and if L and arc nearly equal, so that .fl,,],, = |/<— jS’I is small, the 
separation betwt'en the components with the two lowest values of J 
may well be small compared to iT even though the ‘over-all’ multiplet 
width lb considciably greatei than LT This is just the situation which 
arises par excdlence m Eu, and to a lesser degree in Sin Tn Eu the 
interval between the lowest multiplet components is only 1/21 of the 
over-all width, as for a ’’F term 

= 1<»X7— 0 = 21, 

The eorresjionding value for Sm is 7/55 The multiplets for Eu and Sm 
are illustrated in Fig 1 1 (Grotrian diagrams) The oases of Pr and Tb 
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are also shown for comparison as illustrative of ions m which the lowest 
mterval is an appreciable fraction (6/11 in Pr, 6/21 m Tb) of the total 
width and in which Hund’s calculations are confirmed experimentally. 

To proceed further it is now necessary to evaluate quantitatively the 
multiplet mtervals by determining the screemng constant a in (21) from 
X-ray data This data must be taken from atoms heavier than the 
rare earths, as X-ray emission hnes terminatmg in the 4/ level are 
observed only after the 4/ group is complete, so that there is an initial 
concentration of electrons m higher levels Such a method is, of course, 
rather indirect, but a check on its accuracy is furmshed by companson 
with the iron group In the latter, optical data are available on screemng 
constants for incomplete shells as well as X-ray data for complete ones, 
and it IS found that the screemng constants for triply charged ions of 
the former never differ by more than one or two units from the standard 
values of the latter This is naturally in a sense a special case of the 
well-known Bowcn-Milhkan result on the similarity of X-ray and optical 
multiplets The uncertainty in the X-ray determinations of a is, how- 
ever, somewhat larger in the rare earth (4/) than in the iron (3d!) group 
Wentzel gives 34;i4 as the value yielded by these determmations in 
the ease of the 4/ shell,®* while Coster®® gives 33 In the table and 
elsewhere we have generally given the effective magneton numbers 
obtamed both by taking c = 34 and <7—33 The screening number, as 
a matter of fact, is more accurately determmed by the magnetic 
measurements themselves than by the X-ray data This wfil be shown 
particulaily clearly when we study the temperature variation in Sm 
(§ 60) Screemng numbers in the ranges 30-32 and 35-38 definitely will 
not fit the experimental magnetic measurements on Sm, even though 
within Wentzel’s estimate of the X-iay precision Substitution of the 
value IT = 34 in (21) makes the over-all multiplet width 5,360 cm for 
Eu and 7,320 cm for Sm The corresponding values of the mtervals 
between the two lowest comi»oncnts are 5,360/21 = 255 cm and 
7,320(7/55) = 932 cm ' while somewhat higher values are obtamed if 
we use or = 33 In either case these mtervals are not very great com- 

** Considerable woik is m piogrora on the spectra of raro oarth salts, whose analysis 
may ultimately yield the desired multiplet structures directly See S Freed and F H. 
Spedding, Nature, 123, 525 (1929), Phye Rev 34, 945 (1929) A certain amount of 
X-ray data is available for acme rare earths themselves, but this is for the neutral atom 
rather than tnvalent ion and also the multiplet stnicturos have not been adequately 
resolved and uialysed, see K Lmdberg, Zeite / Phystk, 50, 82 , 56, 402 (1928-9) 

•* G Wentzel, Zetts f Physik, 33, 849 (1926) 

M p Coster, m MuUer-Poulliets’ Hantibueh der Phya%k, n 2057 
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pared to kT, inasmuch os kT is 0 898 T cm when expressed in wave 
numbers, and is thus about 200 cm at room temperatures It is 
therefore necessary to use the accurate ‘intermediate’ formula (16) 
instead of the asymptotic one (10) The explicit forms which (16) takes 
for Eu and 8m are respectively 

(Eu) Xm„\ 

_0 1241 24+(13 f>r-l r,)e-^+(h7 Sx—2 5)e-»^+(18!)a;-3 .’5)e-"^+ 

~ xT ‘ 1 f 3e-'-(‘fle-®^+7e-'>-'+ 

(Sm) Xmoi (23) 

0 1241 2 14J/+3 67+(42 9y+0 82)e-''i'-(-(142i/-0 33)6-““ + 

^ yT ' ‘ 3+4e-’"+f)e-“‘'+ 

where x and y are respectively 1 /21 and 1 //>.'> of the ratio of the over-all 
multiplet width (m ergs) to kT If a — 34, then x = ‘A^TijT, y -- lOl/T, 
while with CT = 33 the values are x = 418)T, y — 220/T We give the 
formulae in a form not requiring these specialized values of x and y to 
allow for the fact that in the future the multiplet widths will doubtless 
be known more accurately 

When formula (23) is used, effective Bohr magneton numbers of 3 51 
and 1 OS respectively are obtained for Eu and Sm if a = 34, while 
3 40 and 1 55 result if a =- 33 Either of these values is in as good 
agreement with ex]ienment as foi the other members of the lare-eaith 
senes,” so that the agreement is now quite satisfactory for the entire 
senes Reference to the table m § 58 shows that the coiilirniation in 
Eu and Sm is particularly close if one accepts the other experimental 
values in preference to 8t Meyer’s It is altogether probable that his 
values for 8m and Eu are too low,®’ especially in view of the very 
careful recent work of Cabrera and Dupener 

Calculations for the other rare earths can also be made by means of 

Tliofto thooi'olica] \u1uob wore gm*ii by Mwb Fiaiik auJ tbo writer, Phys Rev 34, 
14V4, 1625 (1629), and flcarly ehow Uiai oxplanatioii of llio HuscepldiilitioR of Eu and 
Sin dooH not rcquiro inadifjcation of the Bohr>Hund c onfigui atioiis for Ihofie ions Such 
inodificattonB, wlioix'by tho imrnbora of 4/ olectrons ui Sm** ’ ' and Eu* * * were taknn to 
bo difforont from o and 0 reBpectivoly, wore formorly df bated borauso Hiind’fl original 
calcubitioiiH did not agnio witli cxiMirnneni , rf Heven^,, Dig eeltenen Ertieti,, p 44 and 
rofortMn os 

•’ Cf oBfKKially Cabropa ami Dupenor’a additional roeoiit moosuromoiits given on 
p 246, also Zoinii ko and fTamos’ coiitontion given at thn ond of note Their value for 
Sin ehould jiroBuiuably ho quite accurate', hb tliey uRod the Home preparation of Sm as 
oniployod for an atomic weight dutennination (Stewart and James, J Amer Chem Soc 
39, 200*>, 1017) M( iiitiinntoR tliat tho usual values for Eu may bo high on acrouiit 
of contamination by Od, hut thiH ih disputed by Cabrera,** who states that ui his own 
work the impurity in Sm, whit h would Icmei lather than laino the susceptibility 
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the accurate formula (16) instead of the asymptotic one (10), and the 
resulting values are given in the column of the table marked V V F 
The corrections other than those for Sm and Eu already studied are 
important only m the rare and magnetically unmeasured element 111 
The absence of any revision in the bottom half of the table is because 
here the multiplets are inverted, so that the relatively narrow mtervals 
separate only components which are excited rather than normal states 
The diagram for Tb, for instance, is similar to that for Eu turned upside 
down (cf Pig 11) 

It IS to be emphasized that in Eu and Sm it is very essential that 
one does not omit the commonly forgotten term txj ai (16) Laporte®* 
showed that without this term the effective Bohr magneton number for 
Eu IS only 1 7 instead of 3 51 As the susceptibihty varies as the square 
of this number, the second-order Zeeman effect hence contributes about 
3/4 of the susceptibihty of Eu The kinematical ongin of such an 
abnormal situation can readily be comprehended fiom Fig 9, p 230, 
for if J 18 very small compared to 8 and L, as in Eu, then 8m(J, 8) is 
substantially unity, and the component b-c m Fig 9 is much larger 
than the ordinary component a-b 

60. Temperature Variation in the Rare Earths — The Gyro- 

magnetic Ratio 

The dependence on temjieraturc for Sm and Eu is quite different from 
that given by Curie's law, as it is necessary to use the ‘intermediate’ 
formula (16) instead of (10) The vanation with temperature of the 
effective Bohr magneton numlier for Sm computed by Miss Frank®® 
from (23) and (22) is exhibited m the table on p 250 

The experimental values of various observers are ineluded for com- 
parison The agreement with experiment is gratifying when it is 
remembered that the observations an* made on solids rathei than the 
theoretical ideal gas state In particular, the ions in the oxides are 
doubtless far from free The deviations from theory at low temperatures 
revealed by Freed’s measurements need not cause concern, as they are 
to be attributed to ‘ciyomagnetic anomalies’, i e distortion by inter- 
atomic forces in the sohd We shall elaborate in Chapter XI the idea 
that the values for free ions should apply only as long as the work 
required to ‘turn over’ an ion against the inter-atomic forees is assumed 

*■ A Frank, PJtt/a Bru , m prcMw In Pror Lon Phtfs Soc 42, 388 (1930), W Suck 
smith also hag noticed tliat ttio anomalies in the tc«mporatiiro vanation in Sm and Eu 
are to be attributed to Van Vteck and Frank’g Mocund order Zeeman corrertion 
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small oomparod to kT, a supposition dearly not warranted if the 
temperature is too low 
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A particularly interesting feature m Sm is that somewhat above room 
toiniicratures the suscoiitibility should reach a minimum and then 
mcreasc slowly as the teinjieraturo is raised still further, m marked 
contrast to the usual Curie decrease with increasing temperature This 
IS shown in Fig 12 

From (23) Miss Fiank finds tliat the tempeiature at which this 
mimmuin is located is approximately = 0 0t)28(Z— o)*, e g 386° K 
with a = S-l or 444° with o — 33 Precise expenraental observation 
of this temperature would thus determine the screening constant a 
accurately, but such precision would lie difficult ns the curve is so flat 
near the mimmum The measurements of Cabrera and Dupener“ do, 
however, definitely show that there is experimentally a mimmum 
somewhere between 350° and 425° K , jicrhaps at 400° Furthermore, 
Williams finds a lower susceptibility at 37,5" than at either 293° or 
543° This IS a striking conhrmation of an unusual feature of the 
theorj 

Th« bxpisiiiu'ittiil \aiiu,H by Cabrora anil Dupiiiier given in the tables for Sm and 
Ru nl variuus teniperatiinvi tin, obtained from a personal letter from Professor Cabrera 
giving more detail than nd 

The aiitai is indebtad to Piofessoi Cabruru for persuuul communication of this fact, 
not slated m the paper of Cabrera and Huporier 
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The theoretical effective Bohr magneton numbers for Eu at various 
temperatures are shown in the foUowmg table, along with the data of 
Cabrera and Dujiencr 
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The corresponding euives of .suhceptibility against tonijicratui'e are 
shown in Fig 12 Unfortunately no experimental data arc available for 
Eu at low temiH ‘1 atures, which would be particularly intci’esting, as 
the effective Bohr magneton number should approach zero at 3’ — 0 
This, however, does not mean that the paramagnetic susceptibihty of 
Eu vanishes at the absolute zero When the inner quantum number ./ 
vanishes, as in the lowest multiplet component of Eu, the first term of 
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(10) diaappeais, to be Bure, but the second term No, ib abnormally large. 
Thus m the vicimty of T = 0 Eu should have a molar susceptibihty 
about 7'lxlO-® (<t= 33) or 8 1x10-’ (ct= 34) independent of tem- 
perature '■ 

Reference to Eig 1 2 shows that use of a screening number 34 probably 
gives results in better accord with experiment than docs 33 as regards 
the temperature at which the minimum is located in Sm, although the 
precise location of the exjienmental mimmum is rather uncertain. Cer- 
tainly a = 34 fits the absolute values of the experimental susceptibihty 
for Eu better than o = 33, if the anhydrous sulphate is considered a 
closer axiproach to gaseous behaviour than the oxide In Sm the abso- 
lute values, m distinction from location of muumum, are perhaps in 
better accord with a — 33 than with o = 34 This need not be con- 
sidered a contradiction, as any departures from gaseous behaviour tend 
to lower the susceptibihty, and hence make the apparent a less than 
the true a The screening constant a should be somewhat greater (per- 
haps 0 3 more) for Eu than for Sm, due to shieldmg by the additional 
4/ electron As Sm has a lower paramagnetic susceptibihty than the 
other rare eaiths, the omitted correction for the diamagnetism of the 
cation is more important than usual here, though still small 
Thi'i lomxtiou would mine the oxpeimiontul points m Fig 12, but tsraiot be 
ostuimtod imyiHoly It is ]ioihaps about 3(1 ' 10“ per mol This l•orI•eBlx>nds 
appioxiinnlely to Pauling’s uatimate —38 10 ® of tlio diamngnetisin of La' ' ' , 

whicli resembles Hm' ' oxiept foi ttieal>seiiceoftlif*li\o4/i‘Iectronsand a coiie- 
spondmg dimmiitiuii of Z by live units Tlio 4/ olortroiiH lontributo less to the 
diamagnetism than the surrounding 5«, Bp, shells The diamagnetic effect of 
the if group is perhaps roughly counterbalanced by the fact that it scieens the 
outer shells only impeifeetly, thus contracting the 6 ijuantum orbits If this is 
true, the dminagnotism of La and Sm is of the same onlor The estimate — 28 y 10‘* 
fuiTiialied for Sm ' ' ' by Slater’s screenmg constants (§ .W) is also m accord The 
low magnitude — 20x 10 " found experimentally by Meyei for the susceptibility 
of HfOj suggests that oven the ostimato — 30x 10 " is excessive for Sm (Hf*+ 
resembles La’ ' except for oddit ion of tho coroplote shell of 1 4 4/ electrons ) As the 
rnolai susieptibility of O is — 13 X 10^, his ilotormmation would demand that 
Hf* ' bo without appreciablo magnetism, but possibly his low value is due to 
1 oiiiiterbalancmg of tho ti uo diamagnetism by paramngnotic impurities 

It IS interesting to contrast the temperature coeihcients —x^^dxIdT 
of the susceptibilities of Sm and Eu at room temperatures with the 
value 1/293 predictc'd by Cune’s law The theoretical value for Sm is 
1/1517 (a- - 33) or 1/2525 (a = 34), while the experimental determina- 
tions arc 1/1000 (Wifiiams”), 1/1700 (Zermcke and James “), 1600 
(Freed”) For Eu the corresponding theoretical values are 1/542 
(o =- 33) and 1/525 (n = 34), while Cabrera and Dupener find 1/622 and 
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1/500 for the oxide and anhydrous sulphate respectively The agree- 
ment IS as good as can be expected. The abnormally small value for 
Sm IS because mcteasing temperature mcreases the concentration of 
dons m the states with larger values of the inner quantum number J 
and hence larger magnetic moments This effect tends to offset the 
decrease with increasing temperature due to the factor T in the usual 
Cune denonunator In Eu the lowest state J = 0 has an abnormally 
large second-order term Nx, so that promotion to higher values of J 
does not increase the susceptibihty as much as in Sm This is reflected 
m the temperature coefficient being nearer the ordinary Cune value m 
Eu than m Sm 

The rare earths other than Eu, Sm, and 111 should conform very 
approximately to Cune’s law and have a temperature coefficient about 
1/293 at room temperatures, as for these other ions the difference 
between the columns headed Hnitd and V V dt F in the table of § 58 
IS negligible In Nd, foi instance. Miss Frank’s calculations show that 
the correction for the effect of the multiplet stnicturi' only changes this 
coefficient from 1/293 to 1/303, while for the remaimng ions Hund’s 
calculations apply still more accurately and the changes are smaller 
still Some experimental results on the reciprocal of the temperature 
coefficient m the vicimty of 293° K for ions m various salts are given 
in the following table 

-xli’lxl'll') fe I’r Nc) Oil Tb Du Ho Er Tu Yb 

Anil Siilph (lulrn'iiio 144 .141 242 290 304 301 304 322 369 

Hyd Bulpll Z A J “ 2'I0 ,(58 148 305 327 320 252 292 

,, , /CabreiaO (438) 308 344 .106 .116 .112 307 308 330 390 

^ “‘®|wdliomH='' 337 305 308 30b 

The discrepancy between different observations on the same salt shows 
that the experimental error is considerable The deviations from 293 
are, in most cases, relatively small, and, when real, are doubtless caused 
pnmanly by mter-atonne forces m the solid, and so shed no particular 
light on the ideal gas theory, but do reveal how much the orientations 
of the ions are constrained by inter-atomic forces It is usually found 
that the temperature vanation of the susceptibility can be fairly well 
represented at least over a range of a few hundred degrees and barring 
possible anomahes at very low temperatures by the Weiss generaliza- 
tion X — Cj(T-\-&.) of the Cune formula The value of A is approxi- 

Computed from Cabrera and Duponor'a empirital formulae = —k-^0/(T-\-^) 
given in rof ** An earlier paper (J de Fhymque, 6, 262, 1925) gives other temperature 
coefiEicients differing by 5 per cent or so in some cases Zornicko and James report a value 
283 for anhydrous Od,(SO«)3 
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mately —x(dxldT)-^—T, and is thus about 50 for, eg Nd If the 
mter-atomic forces are adequate to produce this lai^ A in Nd, they 
should produce deviations between theory and experiment in Sm at 
low temperatures, of about the order of magnitude found experimentally 
(p 250) 

Because T occurs in the denominator, measurements at very low 
temperiituivs are particularly desirable At Leiden DsjOs,** CeFj,^ and 
ErjlSOjljSHaO “ have been measured down to the temperature of hquid 
hydiogen (c 1 4° K ) and Gd2(S04)j8H20 down to that of liquid hehum 
(1 3°K ) Usually the law y = CI(T+&.) is found to hold remarkably 
well down to the lowest temperature studied, with the following values 
of A DsjOj, 16, CcFj, 62, Er2(S04)s8H20, 1 B, Gd2(S04)s8H20, 0 0 (or 
possibly 0 26) In ( 'eFj, however, pronounced deviations appear below 
65'’ K 1’he eonesponding experimental values of the effective Bohr 
iiiagiietoii iiimilK'r /i„it ate 10 6, 2 51, 0 0, 7 K, m qiiiti' satisfactory ngree- 
iiieiit with the theoretical values 10 6, 2 54, 0 (>, and 7 0 respectively 
'I’hese lesults yield teniiieratiire coelhcicnts 1/300, 1/355, 1/205, 1/203 
resjiectively for OsjUj, GeFj, Er3(S04)38H20, ((Td,)3(K04)28 H20 ,it room 
teniper<vturcs 'I’he agivement with Zemicke and James’s value 1/252 
for Er2(S()4)j8H20 (see table) is iKior, but the latter observers do not 
claim a high degree of precision, so that 1/205 js doubtless very close 
to the tnie value The measurements at low temperatures are parti- 
cularly interesting because they reveal the order of magnitude of the 
Intel -atomic forces tcmding to oiient the 4/ orbits m the rare earths, 
which turn out to be suiprisingly small When the multiplct structure 
IS so wide that the Larigevin formula should hold for the ideal gas state, 
as IB the case in the rare earths except for 111, Sm, Eii, the theoretical 
considerations of Chajitei Vll show th,it depai-tuivs from the Langevin 
or Curie law should first he cx]x?cted in a sohd when the temperature 
becomes so low that the energy requireil to ‘turn over’ an atom against 
the inter-atouiie field becomes comparable with kT Thus /,A is a 

Oniius 1111(1 Oostorliins Li iden ('ammvnic€tinniSt HJo 

■“ W J (k' H uilh nTul C J Clortoi» Lrw/cw 210i , oi Pror Atu-nterdam 

Arnd 33, 94') (11)30) 

** W J (In Haas T' t' Wuinimi, and W H Capri, Letdcn CommHnitatwns, 201b or 
Pioc AruHtinfam A<ad 32, 73‘) (J'J29) 

H W o\t i( 1 , Leuiui ('ommnmc4Uionttf H R Woltjnr and R Katn(?rbiigli 

OnTM's, And ]07( , nailior work, mostly al liighnr t-nmpombmt'H, by Otitior and Porner 
and by OmuB mid DoHb'rhiiis Letden Uommuntcations^ 122a, 129b, 140d Jackson and 
Onncfl find that gadoliniuin (‘thj I sulphato obt'ys Curio’K law x = C/Tdown to I* — 14° K , 
the lowest toinpi'ratnro they oinploynd for this Tnatonal (Leiden Communicattons, 168a 
or Cofnptee Jf(ndn«, 177, 154, 1923), the \ aluo of C yields an effoctivo magneton number 
7 5, nearly tho same as for the hydrated sulphate 
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measure of the onentation energy in the crystal In the case of Nd 
ions, for instance, this energy is of the order 30 cm as here A = 50, 
while lkT/hc = 0 7T cm The fact that the unmodified Langevin 
formula holds so beautifully for hydrated gadohmum sulphate right 
down to the temperature of liqmd helium is a consequence of the fact 
that the Gd ion is m a ‘iS state and has a paramagnetic moment only 
in virtue of the spm, so that questions of orbital dissymmetry do not 
arise This point will be elaborated m §§ 73-74 That DsjOg and CePj 
have a larger A than Er 2 (S 04 )j 8 HjO is probably because hydration 
causes ‘magnetic dilution’, and also because oiades and fiuondes are 
firmer compounds than sulphates 

The Qyromagnet%c EffaJ Besides the ordinary measurements on 
susceptibihties, the theory for the rare earths is confirmed by evidence 
of another sort, viz the limited amount of data available on the gyro- 
magnctie eflFoet“ for these materials To magnetize a body to the 
extent demanded by oiir foimulae, it is necessary to sujiply the atoms 
with angular momentum 'I’he atoms ( an secure this <ingular momentum 
only by stealing it from the body as a whole Such a theft demands 
that the body acquire a mass rotation if it is at rest before the field is 
apphed (The angular momentum supplied by the field can be shown 
very generally to be only of the order of magnitude corresponding to 
the Larmor precession regardless of whether his theorem is apphcable 
Hence the field only supplies a small fraction I of the necessary angular 
momentum, wheie k is of the oider of the ratio of diamagnetic to para- 
magnetic susceptibility ) A fice atom’s angular momentum in the direc- 
tion of the held is Mhj'Z-ir, if measured now in ordinary rather than 
quantum units The total angular momentum demanded per c c by 

the atoms is thus N ^ e-’''*ry2 e-» As W = 11 'i+Mg,pH, 

this expression may be simplified as in p,i8Sing from (13) to (10) The 
complication of a term analogous to AV in the susceptibility formulae does 
not enter in dealing with angular momentum, as the angular momentum 
IS a constant of the motion not perturbed by the held except for a small, 

*• Kor an account of the ordinary gyromagnita oxporiraontH and rofpn'nroR, roo 
Stoner^ MagnetiBin and Atofme Nimeture, Chap VJIT ThiSyhoN^ovnr^iHnoi recent rnoufrh 
to include 8uckHimth*s experunentB on paraningnetK niaticrialH Another HUinniar>, by 
Weiss, IS given in tlio report of tho 1030 SoKay Uongniss 

This point has caused conHiderable UTuortainty in the hteraturc, as it has sonietnnes 
been incorrectly < onjectured that the field might supply an appreciable fraction of the 
angular momentum, thus iiivalidatmg tho gyromagnotic oxponmoTits The wntor ho|>oB 
to discuss this subject more fully m a future paper 
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OBsentially diamagnetic correction which we have neglected (viz the 
difference between and 2 hi analysis such as that in § 8) 

The ratio 6 of the angular momentum to the magnetic moment is 
thus found to be 

2»«f 2 i )(2^+ 1 )c-"> 

after use of the formula (10) for x 1* OSR be shown that the expression 
given by (24) is also the same as the ratio HjCl in the converse (Barnett) 
experiment on magnetization by rotation, where H is the magnetic field 
which would produce the same magnetization as rotation of the solid 
with an angular velocity fl 

Tf the multiplet is small compared to kT, (24) reduces to 

2r«c[2.S(.S+ !)+/.(/.+ 1)1 
c [4.S'(.S'+l)+L(/v+l)] 

(cf Eq (0)) If it is large compared to iT, and if the tt'rms pnipoitioiial 
to aj may be neglected, then B—'imrjgfe, where (j, is the oidmnry 
Lande (/-factor In dysprosium the theoietical value of g, is 1 33 
Sucksmith's dett>rmmation“ of the gvromagnetic ratio 0 for DsjO, 
yields g -- 1 28±0 07 The agreement is especially gratifying when 
it IS remembered that gyromagiietic experiments are v.xstly more 
difficult in paramagnetic than in the ferromagnetic bodies usually 
measured 

In Sm and Eu it is, of course, necessary to use the ‘intermediate’ 
formula (.’4) without simplifieation, and the gyiomagnetic ratio should 
vary with temiKTaturi' TIu* nunicrical magnitudes of the values of 
(24) appiopriate to various teniperaturos will be found m Miss Prank’s 
pajiei At 7’ — 0 the ratio vanishes for Eu, while at room temperatures 
0---O 270 mf/f if <7 = 33 or 0 300 mr/e if <7 - - 34 Measurements bravely 
undertaken by Siicksmith on Eu at T = 2!t3 have not yet achieved 
quantitative accuracy but definitely favour m a qualitative way these 
values ns ojiiKised to the higher value 1 33 mr/e which would be ob- 
tained if one foigot the terms proportional to aj in (24) contributed 
by the second-order Zeeman effect 

Gyromagiietic measurements are at present wanting on rare earths 
other than l)s and Eu 

“ \^ Suckmiiith, Prot Roy Sot 128a, 37fa (1010) 

\V Sucksiiulh, papoi prcseiLtedat 1930 tneeting of Britinh Aiwociation 
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61. Saturation Effects 


Hitherto we have supposed the field strength sufficiently small so that 
only the portion of the moment per c c which is linear m the field H 
lioed be retained However, in the limiting cases of multiplets which 
are exceedingly narrow or wide compared to IT there is no difficulty 
in obtaining closed expressions for x even when the latter cannot be 
treated as independent of H Namely, the right-hand sides of (7) and 
(13) can be summed without the necessity of expandmg the exponents 
in senes as previously The denominator of (13) is summed by making 
the substitution j- = and using the elementary formula 

x~-'{l+x+x^+ = (x- '— t’ <^) l{l—x) for the sum of a geometric 

proginssion Differentiation of this formula with respect to x yields 
a relation which sums the numerator of (13) One thus finds that 


(13) becomes 
with the abbreviation 




(25) 


eoth(-'^+’/)-^coth^ 


III Bq (2.')) we have given the formula for the magnetic moment Mu 
per unit-voluinc instead of the susceptibihty This difference is trivial, 
as Mj, = IJx It IS convenient to have a name for the function (20), 
and so we shall call it a Brillouin function, as it was employed m the 
new quantum moclianics by Brillouin,“ although .ilso iireviously used 
in the old theories by Debye “ and others One can also similarly 
evaluate Bq (7) foi iiariow multijilets accurately, which becomes 
M„ = 2NSph^{2iipH/LT)+NLpi}t{Lpnik.T) This formula, however, 
IS not especially useful, as tcmvierotureB low enough to jicrmit exiien- 
mcntal production of appreciable saturation effects do not warrant the 
assumption of multiplet intervals small compaml to LT 

When J becomes very great and j3 is imagined to become small to 
keep pJ finite, the Brillouin function posses over asymiitoticaUy into 
the classical Lange vm function //(a) = cothr— (1/*) in the following 
way, hm Bj{y) = L{y) The saturation moment predicted by (25) and 

J et» 

(26) IS NJffP, or N(,J jj where is the effective Bohr mag- 

neton number for weak fields, defined m the fashion (22) applied to ( 10) 


®® Ij Bnllouin, J dc VhytnqkiCy 8, 74 (1927) 

P Df'bye ui Marx, ilandbiiJt der Badtologtf, m 713, alflo Stoner, Magnetum and 
Atonws Structure, p 116 Intioductioii of the term *l>cbyo function* might load to con* 
fusion with hifi specific boat function 
3596 3 


8 
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The Langevin expression Mfj = NiiL{ji,HjkT) gives a saturation moment 
NfieB, which IS {J + 1/J)* times greater than that given by the Bnllomn 
for the same value of /Ioiij > ® same initial slope of the magnetiza- 

tion curve This difference is readily understandable, as the maximum 
(i 0 saturation value of the) z component of angular momentum is 
= Jhl2n, so that even here Pj, P^ never vanish, inasmuch as 
P^-\-P^-\-Pl -- J(./4-l)A®/47r“ Thus even the ‘most paraUel’ ahnement 
of magnetic moment is in a certain sense necessanly incomplete m 
quantum mcchames On the other hand, m the electric case complete 



HPeff 

kT 


Fio n 

almemciit of the permanent electric moment vector of the molecule is 
possible, as in § 47 we mentioned that the complete Langevin foimula 
for electric jiolarization is obtained when saturation effects arc con- 
sidered (assuming the rotational fine structure to be narrow compared 
to IT) The difference lietween the magnetic and electric cases may 
seem strange, but Niessen shows that it is due fundamentally to the 
fact that the various (lartcsian components of angular momentum do 
not commute with each other in matrix multiplication, whereas the 
components 2 f,*',, 2 '’i Vi’ 2 electric moment do Vanous tyineal 
Bnllomn curves are contrasted with the Langevin one in Fig 13 The 
ordinates and abscissae are taken as rather than 

Mfi, U, 111 order to make all curves have the same initial slope 1/3 
The dotted line is drawn for later use and explanation in § 77 

K F NioBBon, itev 34|2o3(1929) 
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To test Eq (25) one has the celebrated Leiden measurements** on 
hydrated gadolimum sulphate As far as the writer is aware, these are 
the only observations on true ‘gaseous’ saturation produced directly 
by the apphed magnetic field, rather than through the agency of the 
molecular field as m ferromagnetic sohds The saturation is made 
appreciable by the use of a material with a comparatively large 
(7 9), and also pnmanly by the uso of exceedingly low temperatures 
(down to 1 3° K ) At room temperatures the deviations due to satura- 
tion are too small to be detectable even with Kapitza’s machinery 
(300,000 gauss) ' Distortions from the theoretical gaseous behaviour 
are minimized by using a material whose paramagnetic ion is m an S 
state and winch has a high ‘magnetic dilution’ in virtue of the eight 
water-molecules of hydration The expcnmental results have usually 
been interpreted in terms of the classical Langevm function, but the 
Brillouin one jLT) should, of course, be used mstcad The value 

7/2 of J m Gd is sufficiently laige that the difference between these 
two functions is not great With the latter the saturation moment is 
0 88 Ntiofi instead of ( - ' 7 OASf/S) The experimental points arc in- 
dicated by crosses in Fig 13 At the highest field strength and lowest 
temperature used by Woltjer and Onnes the magnetization reached 
0 84A7‘oit> or about 05 per cent of the full saturation allowance, 
0 88Af/t„iT The theoretical value at this H and T is 0 831 ^/Ioit, whereas 
the Langevm value is 0 859i\?/i,u Reference to the figure shows that 
the agreement of experiment with the theoretical curve is very grati- 
fying As remarked by Giauquc,** it is even better than with the 
classical Langevm formula In fact, Woltjer and Onnes were puzzled 
with the perceptible, though small, deviations from the latter 

62. Lack of Influence of Nuclear Spin 

The ‘hyperfine’ structure of senes sjiectru. makes it certain that nuclei 
possess internal spins, having an angular momentum of the same order 
of magnitude as that of electrons “ However, the narrowness of the 
hyperfine structure shows that the attendant magnetic moment is only 
of the order 10“®)8, where )3 is the Bohr magneton Ae/tumc The direct 

“ W F Giauquo, J Amer Chem Soc 49, 1870 (1027) Sen tins papt'r for numorioal 
< alcnilntion of the Bnllouiii function, for Gd at vaiioua fiokl Hiron^hH 

For a good discusBioii of the hyperfiiio structoro and attendant oMdonrn on the 
riiagnitudo of nuclear spin and nmgiictio moment sec Pauling and GoudHinit, Thr Struc 
turt of Line Spcctrat Chap XT 

** This small \ aluo for the magiintic moment of the iiurlouH is m part understandable 
becaUBo the ratio of charge to mafui of a nucleus is of the ortlcr 1(H times the eorrespoiiil- 
ing ratio for an electron There is, however, the difficulty emphasized by l^nig 
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effect of the nuclear spin on the susoeptihility is clearly negligible, as 
it should be of the order lQ-~*N^jkT or 10~*e m.u per gramme mol 
at ordinary temperatures, whereas even diamagnetic susceptibilities 
are of the order 10-® or greater • 

One might inquire whether the nuclear spm could indirectly modify 
the susceptibihty hy causmg the ordinary extra-nuclear (i e orbital 
-f spin) angular momentum to be quantized m space in a different way 
If i be the quantum number measuring the nuclear spm angular 
momentum, then in the absence of external fields the resultant of I and 
J has a quantized value F, just as L and S form a quantized resultant 
J in case (6) of Fig 6, § 40 Hero J and F measure the total angular 
momentum of the atom respectively exclusive and inclusive of nuclear 
spin Hecausc the interaction of I and J, which yields the hyperfine 
structure, is small, an external field of ordinary magmtude could easily 
produce a Paschen-Back effect, so that I and J would have separate 
spacial quantization, analogous to case (c) for L, S in Fig 6 If one 
did not have spectroscopic stabihty, as, for instance, m the old quantum 
theory, this would lie an excellent opportunity to detect oxpenmentally 
a dependence of susceptibihty on held strength in virtue of the change 
m quantization However, the analysis m Chapter VIT and especially 
in § 54 of the present chapter has made it sufficiently apparent that 
such an effect will not exist as long ns the ‘hypcr-multiplet’ width is 
small compared to kT This combtion is always met in practice (except 
possibly at the temix'rature of liquid helium) as the hyperfine structure 
,, IS of the order 1 cm or less Just ns we showed that Eq (6) 
applied in cither weak or strong fields, one can prove that when the 
nuclear spm is considered the susceptibility is 

X= ^^[!/V(J+l)+?L, /(/+!)] (27) 

regaidless of whether the field distorts the hyperfine structure, provided 
only that one supposes that /lAvjjjp/fcT is small As the nuclear (/-factor 

{NaluniHaspruHJic^fifnt 16, 335» 1928) that nudoi krinwii from atomic weights to contain 
uiL odd niimlxir of « lectroiis j)OB 80 Ba only thia ainull iiiagiiotic moment In ordinary (i o 
oxtra-niuloar) atomic dynamics thvro is always an odd multiplicity and hence a non* 
\nniHhmg spin magnetic moment of the order of magnitude of a Bolir magneton 
hoiicvcr there iR an od<l number of electrons ConBO(|uently the mechanics within, the 
iiiiclcuH must be still more (omplicated titan the or^ary quantum dynamics^ pre- 
sumably jn ^ jrtue of t)io closo pocknig an<l very high velocitjoa If the spin magnetic 
inoinonts of vloctrons witlim the nuclei did not very nearly compensate each other, our 
whole theory of susteptibihiios would bo upset, as it would be foroed to mvolve nuclear 
properties (isotope effects, &c ) rather than }ust the conffgurations of the extra nuclear 
olcx irons 
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S'nuo ^ ^ order 10~*, the additive term m (27) due to nuclear apm 
IB negligible, and so the susceptibility can be calculated with disregard 
of the nuclear spin. In (27) we have supposed for concreteness that the 
ordinary (not hyper) multiplet is wide compared to kT, and that satura- 
tion effects do not need to be considered, but the extension to other 
cases occasions no difficulty 
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THE PARA- AND DIAMAGNETISM OF FREE MOLECULES 

• 

63. Spectral Notation and Quantization In Diatomic Molecules 

Except in §§ 68-70, we shall consider exclusively diatomic molecules m 
the present chapter Probably the most important distmction between 
quantization m atoms and in diatomic molecules is that in the latter 
the remdtanl orbital electronic angular momentum is no longer constant 
in time and is thus mcajiable of quantization Instead the combined 
field due to the two nuclear attractmg centres has axial rather than 
central symmetry, and so only the parallel component of this angular 
momentum is conserved This comiionent can, however, be given a 
quantized value A When we use the terms ‘parallel’ or ‘pcrjxmdicular’ 
in the present chapter we always mean relative to the axis of figure of 
the molecule, and we always measure angular momentum in multiples 
of the quantum unit hjin A term is called of the S, IT, A, O type 
according as |A| 0, 1, 2, 3, &c As in § 40, small letters are used if it 

IS desired to isolate the quantum numbers of individual electrons Thus 
a notation^ such as 

lso-*2pir5/S^4, (1) 

which IB the molecular analogue of (80), Chap VI, means that there are 
two electrons having n—\, l — X — 0, one having n — 2, / — |A| — 1, 
and one having m = 5, Z = 3, 1A| ■= 2, furthermore, especially that the 
total orbital angular momentum A — '^X about the axis of figure is 3 
and that the multiplicity 215-1-1 is 3 Here 8 is the resultant spm, n is 
the usual principal quantum number, and I measures approximately an 
electron’s total angular momentum, while A docs the parallel component 
thereof This sigmficancc of the quantum numbers Z, A is only an 
asymptotic one appropriate to small departures from central character, 
as the mter-electromc interactions destroy the constancy of an indi- 
vidual electron’s angular momentum even to the parallel component 
Besides the quantum numbers revealed by (1) there is the nuclear 
vibrational quantum number », and the rotational quantum number J 
which orders the band structure and which determines the complete 
molecular angular momentum due jointly to nuclear and electromc 
orbits and to electron spm 

^ For a fullor account of approvod notation in molecular spectra sete R S Mulliken, 
Phyn, Bev 36| 611 (1930) Tho paper in which the wntor first gave most of the theory 
in the proBont chapter (Bhys Rev 31 , 587 (1928)) used an earlier notation m which Greek 
letters v ere leas in vogue than now 



X,!63 THE PABA- AND DIAMAGNETISM OF FREE MOLECULES 263 

The matnx elements of the perpendicular components of orbital 
eleotromc angular momentum can readily be shown ^ to be exclusively 
of the type AA = ± 1 Essentially this pomt was already proved for 
« very special case in (76), Chap VT, when allowances are made for 
differences in notation ‘ As molecular fields are far from central, the 
effect of the quantum number A on the energy is usually very large 
compared to kT , or, interpreted kinematically, the eleotromc orbital 
angular momentum vector precesses very rapidly about the axis of 
figure This means that these perpendicular components contain ex- 
clusively high-frequency matnx elements, and so by the theory of 
Chapter VII contribute to the susceptibility only a small additive term 
which IS independent of temjierature, and which we shall usually neglect 
except in § <>9 Hence the square of the low-frequency part of the 
orliital moment is proportional to A® instead of L(L-\-\) as in the 
atomic case when the multiplets are narrow ® 

We must now consider the spin Hund* has emphasized that we 
must distinguish between two kinds of couphng of the spin axis relative 
to the rest of the molecule, which he designates as tyiies (a) and (6) 
In (a) the energy of interaction between the spin and orbital angular 

1 I’ho z axis m (Tl), Chap VT, ooiroaponds to tho axis of Kyminelry uitil ho lo A 
(oi 1 h It-ei 8itll to A) K<j (7r>) was very sfMHiul m that it asBturiod oi)l> one olootron and 
((tiitial lutlu'i limn nuMoly axial Hvnniutiy The Bubslitulion of axinl for ciiitmi Hvni 
iiu try (1u(S not ufTot 1 tho factoi im ulviiig ^ in (74h CJiap VT» although it in nuiu) niuki h 
the fiu toi involving 0 diffoK ut Tins ihuiigo will alUr tho t-xphe it form of tho ilunents 
Ami - itl but ilooH not modify the vmuahmg of otlur dimpiitu, our prCb»cnt conioin 
Tho g( ntiiiliAation to inoio than ono electron ih in < ompliHlicd by noting that in tho 
oooKhnuto Hystoin UHod in ('>2), (1 1). (.'Imp I, (ho wa\o function invoKos onl> through 
an o\])onontial fiutor (f , foi umtanco, Kionig, Hand SpLCtra and Molecular SlructuHy 
p 20 

^ At fiiHt thought it limy ap^xar ns though \(A hi) bhoultl appear in place of as 
n siimlai i oinbinution appoarn ho often ui quiuitum miHliaines Howovopf tho Rqiiai'o 
uiidoi coMHuU lutioii IS ono of n louHtont conixKinont rathoi than of Iho cntiro nmgnitudo 
of a vector, and so piovos t-o have tlie samo value A” as in thu old quaiituni theoi v (In 
tho hydrogc'n atom, fur t^xtunplo, tlio square of tho z (omponont of oibitul angular 
moinunitiin is ynf not !)• >f for mmplieity wo aHHumo nu coupling witli tlie spin,) 

Similurlv, tho uquaio of tho parallel Rpni coinponunt is L* not (2^ j 1) On tlie other 
hand, the squaus of (he angiilur moim nta ONHuciated with tho quantum numlH>r6 A’, 

Hio JfJ-hllf I tta thoHO iinmlM ix ineoHure lesultantn, i at her than conipuncnitH 

* F hlund, 36, fi>7 42, UJ (l^a?) We omit many othci typos 

of couphng whiih as a rule oeeur ui uxcit-od latlu^r than noiinal RtatoH For thoRo rco 
H tind, fc, also Mullikcm, Seif Mod Phys 2, (K) (lO'lO) Fur instaiuo, tlio mngiiotie 
iiitioroetion botwoun spin and orbit destroys tho rigorous eoiiHtanry of tho paialkd com- 
ponnnts of spm and orbital angular inonioiita evon for a stationary muloeiile, although 
not affecting that of tho sum riioasunxl by O For this reason, the quantum miinbors 
A, 2d soinotiinoB enanuot bo used, but wo aasuuio that tho distortion through tins < uuso is 
iiogligiblo ThiH IB warranted for the molecular states with which we shall bo con- 
cerned 
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momenta ib large compared to that between the spm and the angular 
momentum due to rotation of the moleoule as a whole, and consequently 
the spm axis is firmly quantized relative to the molecular axis. The 
parallel component of spin angular momentum can then be assignedf 
a quantized value S The various values X — —S, ,-\-8 yield the 
different components of a muUiplet ® The notation ii is employed for 
the sum A+£ Thus ft gives the parallel component of spin and orbital 
angular momentum combined, and can be used in place of X to specify 
the multqilet component In notation such as (1) the value of ft is 
indicated by a subsenpt after the final (ireek capital, but this subscript 
has a direct meaning only in case (a) In (1), for instance, ft — 4, and 




so 2 = ft— A =1 In (6) the magnetic coupling between spin and orbit 
18 overpowered by the eentrifiigal forw-s caused by the molecular rota- 
tion The spin axis then no longer makes a fixed angle with the axis of 
figure Instead the angular momentum of the molecule exclusive of spin 
18 first quantized to a resultant K, and then K and S are compounded 
vectonally to give the total angular momentum determined by J This 
IS shown in (6), Fig 14 L<irgc rotational quantum numliers favour case 
(6), especially m hght atoms where the niultiplets arc nanxiw and the 
magnetic couphng is easily broken down 

As in Chapter IX, it is convenient to consider the limiting cases of 
multiplets which arc very small or very large compared to i-?' 

64. Multiplet Intervals Small Compared to LT 
In this case the matrix elements of the spin wiU be entirely of the low- 
frequency type, for the only motion of the spin vector relative to the 
rest of the molecule is a precession about the axis of figure, whose 
frequency is correlated with the multiplet intervals The square of the 
low-frequency part of the moment is therefore identical with the square 
of (2S-}-L,,„p)j8 Furtheimore, the statistical average of the product 

* l>o not confuse the quantum number S and S states This double burden of the 
letter 2 la appro\ ed usage 
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S ■ Lp„ is zero, for with narrow mnltiplets we may neglect the Boltz- 
mann temperature factor, so that the components m which the sign ® 
of S IS the same as or opposite to that of A have the same weight 
Furthermore, we have S* = 8(8+ 1) and = A® Thus the expres- 
sion given for the susoeptibihty m (1), Chap IX, becomes, with neglect 
of the small term Na, 

Formula (2) will apply regardless of whether the eoupbng is of type (a), 
type (b), or intennediate, provided only that the miiltiplets are small 
compared to kT This is just another example of the ‘siiectrosoopic 
stabihty’ or invariance of the susceptibility of the mode of quantization 
so long as the magnitudes of frequencies relative to kT/h are unalteied 

65. Multiplet Intervals Large Compared to IT 

Here the coupling will in general be of type (a), whereas in § 04 it could 
be of either type This is true because cases (a) and (b) arise when the 
multiplets are respectively very large and small compared to the spacing 
between the different rotational energy -levels, and because, further, this 
spacing IS usually small’ compared to IT 

In the present case of wide multiplets the qu.intuni number S 
assumes in the normal state only the one value which gives the lowest 
energy The matrix elements representing the perpendicular component 
of spin belong exclusively to the neglected ‘high-frequency’ category, 
for they represent transitions * AS ± 1 to other multqilet components 
which must now bo classed as excited states The square of the low- 
frequency part of the moment is thus identical with the square of the 
parallel component of orbital and spm moment combined, and is thus 
(A-|-2S)®j3’ By (1), Chaii IX, the susceptibility is hence 

X-^5(A+2S)» (3) 

* The introduction of tTio quantum iiumbor £ proBuppoHon coupling of tj’po (a) and 
HO oatonsibiy reutruta our proof to this caso However, tlio pniuiple of HpuLtioBcopu 
stability or luvarianco of the spui assuixss us tliat the statistual average of the proiluLt 
S Lpu wiU be invariant and hence zero with otlior typos of couphitg For typo (b) this 
can also be vonfied explicitly by averaging tlw diagonal matrix oloments for this product 
in (6) given by Hill and Von Vlockp Bev 32, 250 (1028), oRpccuiliy their Kq (17) 

^ Of the observation on p 102 that w is usually small compared to W jhl' 

* The quantum number S plays the soiuo role for spin os A for orbit Analogy to the 
orbital case studied in note 2 thus shows tlmt the perpendicular spin elements will bo 
exclusively of the form AS — ±1 
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66. The Oxygen Molecule 

The only two common paramagnetic gases are O 2 and NO Other im- 
portant diatomic molecules have normal states and are diamagnetic. 
The case of the oxygen molecule is interesting because it is para- 
magnetic, despite contaimng an even number of electrons “ Its normal 
state IS of the type *51, constituting something of an exception to the 
Heitler-London valence rule that saturated valences yield smglet con- 
figurations The character of the normal state was first known from 
its magnetic behaviour (Eq (4) below) but has subsequently been con- 
firmed spectroscopically in a careful analysis of oxygen bands by 
Mulhken 

Molecular states are practically devoid of multiplet structures, 
although experimentally and theoretically they do have a small hne 
structure, of the order I cm or leas, if there is an outstanding sjnn, 
as in oxygen Hence the susceptibility can certainly be calculated under 
the assumption that the multiplet structun's are small compared to kl' 
With jS — 1, A 0 Eq (2) yields a value 

... 

Xinol " Q7./7T ~ rp ' ' 


for the molar susccptibihty, corresponding to an effective Bohr mag- 
neton number 8* = 2 83 As usual, L denotes the Avogadro numlier 
At 20“ C , Eq (4) gives a molar susceptibility 3 30 x lO"** The value 
observed by Bauer and Piccard,** which seems to be usually accepted 
as the most accurate, is 3 45 X 10~® The early deternimations of ( 'urie ** 
yield 3 35X 10“* when recalibrated’® on the basis of 0 72 X 10 ® rather 
than 0 79 X 10'“ os the mass susceptibility of water Still other observa- 
tions are 3 31x10 “ by Onnes and Oosterhuis,’® 3 33 X 10'® by Sone,’“ 
3 48x10“® by Wills and Heotor,** and more recently 3 34x10'® by 


* All odd nioleculef) aro hoc ofuiarily })arainttgnotic J’uraTringiiotii o\<*ti otuh am v(*ry 
ran* ox(opt in Ibo inoiiatomit taao of nuomplelc iiinrr hIu IIm (of § 5H} mialog\ wdh 
(),, Olio would expof t to ha\o a ground ntaU uiui ho paruinagtiotK Tins la t uii 
iutnud Bpoi troHcnpically by Xaudo and Chrwty, Phytt liiv 37, 400 (1031) 

H S Mullikcii, Ufv 32,880(1028) 

H A Kramers, ZeU« f Phymk, 53, 422, 420 The line Klruduro ni £ slutros is 
Homewlmt gruaiur for than for ^ In tlio lutUir < am* thero is only the vet y imnutti 

'rho-type douhlmg*, of the order 001 J cm:', duo to rotalionnl ihat<oriion , if J H Van 
Vleik, Rev 33, 497 (1020) 

llauor and Piccard, J de Phy»ujue, 1 , 07 (1020) 

“ P Curie, Ann CVitm Phya 5, 289 (1895), (Euvroi, p 232 
Cf Stoner, Magnettam and Atomie Rtmeture, p 120 
H Kaniorlingh Onnes and E Ooatothma, Leiden CommuntccUtoiis V24d 
“ T 8on6, Mag 39, 305 (1020) 

'' Uills and Hector, Phya Rev 23, 209 (1924) 
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Lehrer,^* also 3 42 x 10“® by Woltjer, Coppoolse, and Wiersma *® It is 
thus not improbable that Bauer and Piccard’s value is shghtly too high 
Before the writer’s theory with the new quantum mechanics, it was obsorveil by 
8ommorfeld,“ Stoner®’, and otliers that the susceptibility of the oxygen molecule 
IS the same as that of an atom in a state Such an atom likewise gives formula 
(4), since the atomic and molecular formulae (6), Chap IX and (2), X, respectively 
are the same for S and S states, and these only. This can bo seen by comparmg 
(2) with (0), Chap IX The atomic formula for S states is usually derived in an 
elementary way {cf Eq (7), Chap IX) under the assumption that the spin is 
quantized relative to the applied field Hence in tlie old quantum theory it was 
obvious that (4) would apply to an oxygen moloculo only m the event that the 
applied field is able to break down the coupling of the spin relative to the rest of 
the molecule (This coupling is of the typo (6), Fig 14, as the oxygen raiiltiplet 
structure is very narrow ) In other words, the field must be adequate for a 
Fosclion-Back effect The triplet width for the normal oxygen molecule is about 
1 4 cm whereas the normal Zeeman displiuement is 4 67 X 1U'‘H cm ', and so the 
magnetic field would have to he of about the onler of 10® gauss to produce a com- 
plete Pasclien-Bock effect Oidinaiy experimental fields thus bocomo of just the 
transition range in which the suscoptibibty would piesumably cliange with Hold 
strength in tlio old quantum theory tiecause of the change m quantization The 
pruioiple of spectroscopic stability or our derivation of (4) by the general theory 
of Chapter VII shows that the susceptibibty will, however, bo mvariant m the now 
mochaiucs Derivations of (4) by the elementary method (7), ClioptcrIX, without 
appoalmg to this prmciplo arc obviously madoqimto 

Particularly significant is the mode of temperature variation As the 
multiplet structure is almost negbgible in width. Curie’s law should be 
obeyed with considerable accuracy This was first venfied by Curie 
himself over the range 290°-7 20° K At lower temperatures the validity 
of this law was confirmed approximately for oxygen over the interval 
143°-290°K by Onnes and Oosterhuis Kecently more refined experi- 
ments have lieen made by Woltjer, Coppoolse, and Wiersma ** down to 
I07°K and by Stossel®® down to 136 5°K Both sets of observations 
agree in showing that Curie’s law is at least very nearly vahd Stossel 
finds no perceptible departure from this law oven at 136 5° K Woltjer, 
(’oppoolsc, and Wiersma, on the othei hand, contend that even after 


'• E Lohror, Ann der rhymk, 81, 229 (192b) 

*• H R Woltjor, C W (/opjioolso oiwl E O Wiei’snia, Loideii Uomm 201 or Proc 
Amalerdam Atatl 32, 1329 (1929) 

They do not give explicitly their abeoluto dotorrninalion of the BUS<A«ptibihty, but 
this znay bo obtained by calibrating all thou obsorvatioim by inoium of then * Ist sones', 
instead of by comparison with Bauer luid Piccutd, and then extrapolating to zero 
pressure 

A Somtnerfold, AtombaUf 4th od , pp 830 ff 

» E C Stoner, P/uf Mag 3,336(1927) 

** R Stosaol, Ann der Phyatk, 10, pp 393-436 (1031) The writer is indebted to 
Dr Stossel for communication of his results m advance of publication 
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their data are extrapolated to zero density to avoid interference effects 
between molecules, there is below 176° K a small deviation of 2 per 
cent which is beyond the experimental error This is not alarming In 
the first place the experiment is a difficult one and no deviation is found 
by StOssel Secondly, the theory has involved three distinct approxima- 
tions (1) disregard of the additive term N<x due to high-frequency 
elements and to diamagnetism (cf Eq (2), Chap IX), (2) assumption 
that the spacing of rotational states is small compared to kT, or, m 
other words, that the ‘characteristic temperature’ of the mole- 

cule IS negligible compared to T, and (3) assumption that the multiplet 
structure is likewise of negligible width. 

Of those (1) probably is to bo most seriously considorod, us the otlier corrections 
iippoiir oxcoodingly small If ono assumos that Najxui is about 0 04, then 
yjji/y — 77201 iiicroaHos from 0 at T =r' 291° K to about 0 0] at T =■ lfl0° K , in 
IK < oiilaiK'o wit b the Louloii olisorvations '* This makes the gi apb of this diffciciico 
against 7’ ooiioavo downwards, whoioos expermioiitolly it Hceiiw to bo upwanls, 
bill tbo ciiivature is a second-order effect wbieli is very baid to ineasiire Snob 
a value of A'a appears ratboi largo, some 200 times larger than wo sluill caleulate 
111 S 69 foi the effect of tbo lugh-froquoncy eloiiieiith m H 2 However, os tho nciniial 
state of the O atom is of the tyiKi •’H, tbo oxygen imileoiile is composed of “I’ 
atoms lather tlian >6' like H„ and so tlio jjorpondieular oibital comixinent 
losponsiblo for tliese elements niiglit conceivably be considerably greater than in 
lli Tho agroemciit on absolute values is made somewhat woiue by assuming this 
Net tis the calculiitod susceptibility at room temperature becomes about 2 2 pel 
emit gruntoi than IJaucr mid Piccard’s value, instead of 1 8 per cent lowei, and 
deviates st ill moi 0 from tbo lower values found by most other obscrvei's 

A wealth of Leiden data®* exists on the susceptibihty of lujuid and 
solid oxygen, both pure and diluted in different amounts of Nj Croat 
variations with density and abrupt discontinuities at certain critical 
tcmjiiTatiires are reported Between these ciitical points a law of tho 
Weiss form x = C/{T+A) is usually obeyed, where A increases rapidly 
with the concentiationinnumencalmagmtude (This Weiss generaliza- 
tion of Cuno’s law must also be used even for the gaseous state when 
at very high jiressures ) Only the extrapolation to zero density, obtained 
by dissolving tho oxygen in successively greater amounts of nitrogen, is 
of interest for the present theory, where forces between the molecules 
are disregarded It is gratifying ttiat within the rather large cxjien- 
mental error the extrapolations to zero density for the liquid conform 
to a Curio formula with the same constant C as for oxygen gas We 
may note parenthetically that the existence of a A term m the Curie 
denominator which mcreaaes in magnitude with density is in at least 

^ A rumer and H Kuinerlingh Onnos. Leiden Cointn 139 Good summary on pp 
141-4 of Stoner’s Magnetism and Atomic Structure 
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qualitativo accord with Heisenberg’s theory of ferromagnetism to be 
developed m Chapter XII (of £q (30) of XII) 

fp. The Nitric Oxide Moiecute 


Nitric oxide gas furnishes the most stnking confirmation of our entire 
theory, both because the NO band-spectrum furnishes unambiguous 
term-assignments and because the doublet width is comparable with 
hT and so furnishes a test for the finer points of the theory I'hc 
normal state of the NO molecule is known spectroscopically*® to be 
a regular *11 doublet of width AAv approximately** 120 9cm > The 
effective magneton number for very high temperatures is 2, as seen by 
taking S = I, A = 1 m Eq (2) Eq (3) shows that at very low tem- 
peratures the effective magneton number is zero, for the lower doublet 
component has X — J, A = 1 The susceptibility observed by Bauer 
and Piccard®* and by Sono*’ at 20° C is 1 46x 10-® per gramme mol 
These measurements yield an effective Bohr magneton number 1 8fi 
intermediate between the two as3rmptotic values just calculated This 
is not surprising, for kT\s, about 200 cm -* at room temperature, making 
hAvjkT about 0 6 Thus ordinary temperatures fall in the critical region 
in which the doublet width hAv is comparable with kT, and in which 
deviations from Curie’s law should hence be expected To verify the 
theory quantitatively, it is necessary to make calculations for the mori' 
complicated intermediate case, rather than the asymptotic ones pre- 
viously considered Such calculations will be made on pp 271-2 It 
will there be shown that the effective Bohr magneton number (defined 
by Eq (22), Chaj) IX) is the followmg function of temperature 


Pot — 



I — e'^-f 
a -f-a'e / 


with x = 


hhv 

kT 


173 

T 


( 5 ) 


At 20" (' this yields 1 830 The discrepancy of about 1 jier cent with 
the expcriment.ll value 1 86 of Bauer and Piccard and of Sone is not 
excessive in view of experimental diflicultics m absolute determinations, 
and of the fact that the theory itself involves certain small approxima- 


Cf , for iiiKlttucc, R T Hirgo, Aoiurr, Kob 27 (1*)26), JcnikinR^ Jiiulon, luulMuUiken, 
Phyit Jicv 30, 150 (1927) 

Wo tako llio (Inubloti intor\al ns 120 *) cm rather than tlio \nliie 124 4 quotc<1 by 
•Iciikiiis, Ihvrton, and Mullikon, ua for our purposps it ib bettor lo uso onorgy diffcrom»OH 
whith arc iiilIubivo rather than oxc-lusivo of tho tonn. — in tho rotational 
onorgy (lliis term baa boon t'lu ounterod in Rq (70), Cliap VT, but we tboro noglootoii 
npin, BO that A appeared ratiu.li tlianQ ) ItmakosIittlodifTcToncoMhich value is used, as 
(5) shows that tho corresponding change in the ofTottive number of Bohr magnetons is 
only J per cent 

« T 8on4, Toftoku Umv Sri Eepwis, II, (3), 130 (1022) 
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tioiiB(viz items (l)and(2),p 268, also other approximations mentioned 
in notes 4 and 30] 

When the theoretical formula (5) was first developed by the writer, 


Calcitlatsd and OiiHi<invKn Maonbton XLMnisKH fou NO as a 
Function of Temperature 
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15 


there existi'd only the exiXTJinental data at room tcmiieratures, so that 
it was then impossible to test the prwiicted dependence of magneton 
number on temjierature or, in other words, the deviation from Curie’s 
law Subsequently this has been tested by Bitter,®* by Aharoni and 
Soherrer,®* by StOssol,®® and by Wiersma, do Haas, and Capel,®®» each 

“ F Bittor, Proc Nat Aiad 15, 6J2 (1929) 

•“ Aharom and Stherrer, ZeUs f Phynk^ 58, 749 (1929) 

Mb IViorsma, do Haas, and Capel, Leiden Communicatione 212 b 
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to a lower temperature than the preceding As the hoihng-point of NO 
18 142° K., it would be very difficult to go much below the lowest 
temperature 112 8 employed by Wiersma, do Haas, and Capel. The 
effective magneton numbers yielded by (5) for vanous temperatures, 
together with the experimental values reported by these different 
observers, are shown in the table opposite, and m Fig 15 We, 
for brevity, include only two of Wiersma, de Haas, and Cajicl’s 
measurements at ten temperatures intermediate between 112'8° and 
292 1° 

The experimental measurements are all relative ones made on the 
ratios of the susceptibilities at different temperatures rather than on 
absolute magnitudes In the table and figure, the data of Bitter, Aharoni 
and Scherrer, Stbssel, and Wiersma, do Haas, and Capel have been cah- 
brated so as to make them fit exactly the theoretical values at 296°, 
290 2°, 250 6°, and 238 4° K respectively 

This quantitative verification of the deviations from Curie’s law m 
NO must bo regarded as a convincing proof of the correctness of the 
quantum theory of magnetic susceptibihties in gases These deviations 
form a marked contrast to the validity of this law in Oj They are 
rather more striking than indicated in the figure, as the Cunc constant 
vanes as the square of the effective magneton number It may be 
mentioned that although the effective magneton number vanishes at 
T -= 0, the product fiinjT remains finite there, and m consequence the 
theoi’etical molar susceptibility approaches the fimte hmit 

4^^|3h^v = 2 87 X 10-® at T 0 

PiooJ of Eq (.)) As cxplainod m § 63 wo may nogloct tho j>ozpDndiculai ooin- 
pojiOJit of orbital magnetic momoiit bocaUEO cliongos m tho cloctromc quantum 
iiurriboi \ givo iiso only to voiy high frwjuoncios On tho othor hand, we nniat 
not forgot tho porpomlicular ooinjwnent of spin moment, bociiuso the eflFcct on 
the eneigy of tiio apm (juantum number ^ is comparable with kT (cf p 209) 
The hame is also true of &1, since — S i-A difFors from 21 only by an additive 
constant -j-l in. a II st<at>e As wo have discarded transitions to excited orbital 
statob, all elements diagonal in 12 will lx> of the low-frequency tyjie, ns they involve 
at most only changes in tho molecular rotation j Elements involving transitions 
in £2 connect the various spin com{xincnts (liere only two in number), and so arc 
of tho ‘medium frequency type* We must now adapt tho work of Chapter Vll 
to admit a ‘medium frequency * quantum number Q in plate of tho high-frequency 
one n With thi«i modification the expression m magnetic nutation correspondmg 
to (22), Chap VII, retains its validity if one adds a summation over tho quantum 
number 12 inasmuch as there is an appreciable l^oltzmann factor for all values 
of O Also tho low-froquency moment will now mvolvo £2 as a parameter, so that 
the notation m‘'(n;m,£2^'tn') is better than liy (22), Chapter Vll, the 
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suBc^tibility iH thus’" 


X = 






2 fl y 

3 nj»tB'«'(Q'ym 


( 6 ) 


With the abbroviation (cf Eq (12), Chap VII) 

N - 

2 ^ wHomr ' ^ 

OiM 

'I'ho KutntiiationK nvot O and il* oach embrace only the two valuen which 
give the two <]oub]et toni|K»nent8 of the *lf ntote The index ^ may be identiiied 
with the molofnilar rotational <|uantiim number J, while m is the component of 
J along the field 

The first and second linos of (6) arise resiieetively from the paiallel and perpen- 
diuilai components of moment This follows from the fact that changes in O 
aie identifie<l kinematKally with procoBsions about the axis of figure and so 
appear only in the perpendicular com|M>nont Hence we have 


i'l 


X = »n;„(Q,a) « (A+2E)*j8* r, (l±l)*i9», 


( 8 ) 


siiHU by the foix^going and the rules for matrix multiplication the sum m (8) is 
tho H<|uaie of the piirallol component of combined spin and orbital moment 
Kiinilarly 

S \m<‘(iljin.aym')\* = r4^{a,n) -- (9) 

nV »'(«' ✓ n) 

where Wpeip IS the perpendicular component of purely spm moment The value 
(>f 1*^ that given in (9) smeo the square of the total spm magnetic moment 

iM the sum of the sipiares of the iiorpwdicular and parallel components, and since 
the square of the parallel spm component is 4E“)8* — (ns E - J) Those 
nviults would not be true if any [lart of the spin wore of the discaided high- 
froqiioiM’y ty^x) smb as all the porfxmdicular orbital comiHuiimt, but actually the 
motion of the spin axis is vuiy closely that of a regular procession about tlio axis 
of figure without tqijimiablc nutations Now v(?»i) - ^v, and also 

wo may sot W{l,j) -- Tr(i,j)-| /iAp as v{jym,^yw) is apx>roximately tlio doublet 
width Av ^inco furthermore, tho expiwsions (8) and (9) have values mdependent 
of 'f, Wy the sum over m is by (7) a common factor which can be cancelled from 
luitiiniatoi and denominator of (6) With theso observations sulistitiition of 
(7) (9) m (6) yields (5) (Tho etfoctivo inagnoton number involved in (5)isof courso 
defined os in (22), Cliapter IX ) 

68. Polyatomic Molecules 

We saw that m diatomic molecules the perjTenchcuIar component of 
orbital moment was of the high-frequency type When the molecule 

Kq (0) assumes that to a sufficient approximation. v(nym', Ojm) can be replaced 
by p(il', f2), as an equivalent assumption was made ui (22), Chap VII As Q lias loss 
€ fftxt on tho energy than on oloi ironic quantum number n, tho resulting error is some- 
what larger tlian m tho case of electronic frequencies Tho ensuing error m the sucepti- 
bility 18 hard to estimate with precision, but is perhaps 1 per cent , see Phys Eev 31, 
footnote, p 011 (1028) for details 
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is polyatomic, i e contains more than two atoms, the entire orbital 
moment will be of this type unless the molecule has unusual symmetry 
The first step in demonstrating this is to prove the following theoiera 
. The existence of a mean magnetic moment for an atom or molecule in 
the absence of external fields implies the existence of at least a twofold 
degeneracy, le at least two stales of identical energy The proof is as 
follows If the degeneracy is completely removed, the wave functions 
are neocssanly real m the absence of external magnetic fields For when 
one supposes all the electrons are subject to only electrical forces (which 
can be external as well as internal to the atom), the wave equation does 
not mvolve i = V— 1, as the {lotential energy is a real function, while 
the kinetic energy involves the imagmary momentum operators only 
in squares It can also be shown that t occurs only in squares even 
when the magnetic coupling between spm and orbit is included Hence, 
if it IS jHissiblc to utilize what we shall call ‘complex’ wave functions 
of the form P(x^.r^, )-{-iQ(ij,x^, ), where P and Q are different 
(i c hnearly indeiKUident) real functions of the coordinates, then the real 
and imaginary parts must sejiaratelj be solutions of the wave equation 
belonging to the same energy The cxistcnec of two such linc'arly 
indejiendent solutions would, of course, require' at least a twofold 
degeneracy Furthermore, whenever the w'ave functions arc real, the 
average oi diagonal part of the cubital angular momentum is zero, for 
if we take »' — n and take / to lie the ojierator corrcsiionding to any 

component of magnetic moment, say funda- 

mental qiiadratun' (14) of Chapter VI vanibhes, ua it contains then as 

I «> 

one factoi either the cxpic-ssion J* or J which is 

- «> 

clearly zero when iji* -^„ifi/r„\ amshes at mfimty in the fashion proper 
to the chaiacteiistic functions for bound electrons This argiinient no 
longer apjilies if is conijilcx, as then -/ iji„ Hence the existence 
of some degeneracy is a necessary, though not a sufficient, condition 
for the existence of an average unjierturbed magnctie moment 

In diatomic molecules there is the twofold degeneracy associated 
with the fact that the sense of rotation about the axis of figure is 
immaterial, or, in other words, that the states -|-£I and — iJ give the 
same energy (neglecting a small rotational distortion effect to be men- 
tioned in § 70) 'This IS why diatomic molecules could have (barring this 
distortion) a constant orbital magnetic moment parallel to the axis of 

369S 3 n. 
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figure In polyatomic molecules, however, there is no axis of symmetry 
about which the angular momentum is conserved, and this type of 
degeneracy is no longer encountered. In some cases the nuclei may be 
arranged with such a high degree of symmetry that some other de* 
generacy appears m its stead The 83 mimetry conditions necessary for 
this have been studied in detail by Bethe,’* and his work will be further 
discussed m § 73 He studied ostensibly the effect of different sym- 
metnes m external fields, but his arguments are so general that they 
relate equally well to the fields arising from nuclei m polyatomic mole- 
cules Ho shows that even if the fields are highly symmetneal, usually 
the states of lowest quantum number stdl do not admit complex wave 
functions Hence we may assume that ordinarily m the normal states 
of polyatomic molecules the diagonal elements of the orbital magnetic 
moment are zero. (This is true even when the moment is referred to 
axes fixed in the molecule so that the frequencies of molecular rotation 
ore avoided ) As all clectromc quantum numbers m molecules usually 
have an effect on the energy which is large compared to kT, the non- 
diagonal elements of the orbital moment will be entirely of the high- 
frequency type As there aro no diagonal elements, this com])letes the 
proof that only such a type occurs 

Molecules mth a SeszilUml 8p%n H the molecule has a spin quantum 
number 8 different from zero, virtually all the paramagnetism will 
result from the spin, as we have seen that all the orbital moment is of 
the meffectivc, high-frequency type Tlic multiplet strnctun' which 
couples the spm relative to the rest of the molecule will usually bo small 
compared to LT, for it becomes an effect of the second order, as m the 
S stati's of diatomic molecules, rather than of the hi'st order, as m the 
ordinary case of atoms and diatomic molecules not in X states This small 
size of the multiplet structure is a consequence of the fact that the 
average orbital moment vamshes This will be shown in the analysis in 
g 73 32 q'jjQ gpjjj jg tjjyg composod entucly of low -frequency elements, and 
IS entirely free as far as the susceptibihty is concerned The latter is hence 


X = 


4iV/3^S(S+l) 

UT + ’ 


( 10 ) 


whei'e Nat la the small residual effect of the high-frequency orbital 


» H Bulho, Atm der Phyaik,, 3, 133 {VJi't) , Zeits f rhyml, 60, 218 (1(129) 

** In aclapling this unalvmH to tho pi context, tbo *Hi)ac.ialHopuraiiuii* (§73) is to 
bo coimulorod duo to tlio dissyininolry in tho fiold fi oni tho inoloculeV own nuclei rather 
than to an oxterual held It is thus probably greatoi than foi the external cose considered 
explicitly ui Chap XI, so that the inequality (4) of XI is more apt to be satisfied 
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elements (Eq. (2), Chap. IX). All odd polyatomic molecules should 
presumably conform to this formula (unless some unusual case should 
arise where the orbit is less completely quenched, or else the spin is 
more firmly bound than we have anticipated) Experimental data for 
odd molecules are apparently available only for CIO, an‘d NO, 

The molar susceptibility observed by Taylor “ for CIO, m solution at 
20° C is 1 34x 10"*, while (10) gives 1-27 X I0-* if we take = J, a — 0 
The discrepancy is scarcely greater than Taylor’s estimate of the 
experimental error as 6 per cent Furthermore, part of the difference 
might be due to the effect Na of the high-frequency elements, which 
could conceivably be larger than m diatomic molecules The appro- 
priate value of S cannot yet be deduced spectroscopically for polyatomic 
molecules, but we can note that our assignment iS — J is consistent 
with the fact that CIO, has an odd numlier of electrons Very hkely 
due to ionization or polymerization, the CIO, molecule loses its identity 
in solution, but the theoretical result 1 27 x 10"* is still applicable if one 
lomc unit of spin quantum number | is formed for each molecule of 
CIO, which IS dissolved 

On the other hand, Sone finds that at 20° C the NO, molecule has 
a molar susceptibility -|-2 1 x 10'*, a value less than one-fifth that given 
by (10) with <S'=J Perhaps this low value is to be attributed to 
polymerization or some other spurious cause, for new nicasurt'inents 
on NO, have just boon coinplotod by C< Havens, at the ITniveisity of 
Wisconsin, and he finds a susceptibihty which agrees with (10) (taking 
*9—1) within 5 jier cent , which is less than the experimental oiror 

Molecules vnikout a ResnUarU 8pm When a polyatomic molecule has 
a Slim quantuin number zero, the commonest value for even molecules, 
there remains only the contribution of the orbital moment’s high- 
frequency elements, represented by wi®(7i,n') (n’ ^n) m the notation 
of Chapter IX The suscciitibibty is thus given by the expression (2), 
Chap IX, VIZ 


Le^ X'" 3 i “r V l»i®(n',7i)|“ 
Xinui - - ^^3 2 ’■ Z, hv{n',n) 

wV-n 


(11) 


per gramme mol , and so should be very small and independent of tem- 
perature The material is diamagnetic or paramagnetic depending on 
whether the first or second term of (11) is the greater Nitrous oxide 
(N,0), for instance, is found to bo diamagnetic, showing that here the 
first term has the greater magmtude. A more interesting and less 


N W Taylor, J Anur Chem Soe 48, 8S4 (1926) 
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common Bituation arises when the second term of (11) predominates. 
The substance should then have a feeble paramagnetism independent 
of temperature Examples of materials containing complex ions which 
exhibit this behaviour will bo cited on p 302 These ions, of courser 
occur m solution or m sohd salts, rather than as a gas, but they seem 
to have a distinct and fairly stable existence, so that they may be 
classed with gaseous polyatomic molecules for our purposes 

Invanarux o/ (11) o/ Ongin The reader has possibly wondered what 
point should be used as the ongm for computing r, m in equations such 
as (11) This choice is immaterial, as (11) IS mvariant of the origin To 
m.'e this, let us change the ongm of x, for instance, by an amount Sx 
The rcsultmg change in the right side of (1 1) is 

J2&rr>,«)-|-(Sr)2] + 


n)—p'J(n', n')g®(«', n )] 


,ze‘sx y y y ( p !;(«. m ')[ p 2 (»',»')»®(«'.»)- p 1 !{«'.”')?®(«'.”)] , 

fim V 1 *>'(»' . ») 

, [pj(n, ra')r"(M' , «')-p5(^w’)(i(“(»’, »')] pS(»’ . n)+8rp»(»i, n')p'i{n'^n)\ 

hv{n', n) j 

( 12 ) 

inasmuch as (letting? denote y or s)8r(»,») = &r, Sx(n,n') = 0 («’ =^n), 
8p«= h, :£(e/^nic){p^—pjj), ftc , where p^., p^, p^ aro the com- 
ponents of linear momentum To simplify printing wo have supjiosed 
that there is only one electron and have neglected the part of due 
to spin, but removal of these restnctions occasions no difficulty (As 
the radius of the electron is negligible, one can take 8s 0 in the spin 
terms ) The frequency factors may be removed from the denominator 
by utilizing the relations 

p„(«,m') -- —p„(n',n) ^ 27rtmi'(«,n')y(n,»i'), &c 
The expression (12) can be shown to vanish identically if we simplify 
the products hy using rejieatedly the quantum conditions and com- 
mutation rules given in (12), (13) of Chap VI, applied to Cartesian 
coordmates (See e g Eq (4), Chaji XITT, for the explicit form of the 
farst relation of (12), (’hap VI, in Cartesian coordinaU^s ) 


69. The Diamagnetism of Molecules 

The fact that most gases are diamagnetic shows that ordinarily the 
first term of (11) is the greater in magmtude It is therefore now oon- 
vement to turn to consideration of the diamagnetism of molecules Our 
discussion will mclude both diatomic and polyatomic molecules, for 
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both are governed by formula (11). The only difference is that in the 
former the high-frequency matrix elements rrfi{n,n') (n' arise only 
from the perpendicular component of orbital moment, while in the 
'latter the components along all three of the pnnoipal axes of the mole- 
cule will contribute such elements If a diatomic molecule is dia- 
magnetic, it is m a state, and the parallel component vanishes 
Previously we neglected the feeble paramagnetic contribution of the 
pcriiendicular component, given by the second term of (11), but in 
deahng with small susccptibihties such as diamagnetic ones,^ its inclu- 
sion IS necessary 

Without the second term, Eq (11) would be the ordinary Langevin 
formula for the diamagnetism of atoms m the form given by Pauli 
(cf Eq (2), Chap IV) Because of this term, however, PtHtZi’s/omitla 
does not apply to non-moTuitomtc molecules “ This is closely connected 
with the fact that the vahdity of Larmor’s theorem is confined to atoms 
(§ 8) Because the additional term is inherently positive, Pauli’s formula 
will alwa;y s be an upper limit to the diamagnetism, and estimates of the 
mean sq uai o orbital radii deduced from observed susceptibilities by means 
of this formula will tend to be somewhat too large except in atoms 

One may inquire whether the second term of (11) can over vanish, 
but this 18 possible only in atoms The (hsappcarance of this term would 
require that aU the matrix elements F(n,n') of the orbital angular 
momentum originating in the normal state n equal zero As 

P^n,n) = yP{n,n')P{n’,n) = T \P(n,n')\\ (13) 

W tT 

this in turn demands that the mean square angular momentum P^(n,n) 
vanish for the normal state The mean angular momentum P{n, n) can, 
to be sure, vanish for diatoimc molecules, but the mean square P\n,n) 
cannot By taking in (14), Chap VI,/ to be the operator corresponding 
to the square of the orbital angular momentum, it is not hard to show 
that P®(n, n) can vanish only if the wave function be invariant under 
a rotation of the coordinate system for the electrons without a corre- 
spondmg rotation of the coordinate system for the nuclei. In case there 

We nevGithelrsM neglect tho parainagnntic t«rin contributed by thn molecular 
rotation, as wo throughout disreganl tho contribution of tho niuloi to tho mistoptibility 
Duo to thoir largo manses this term is tn itsolf sinull compared ov on to ( 1 , see F Dittor, 
Phys Zeitu 30, 4^7 (1U20) for ostmiato Furthomioro, it is largely compensated by the 
diamagnetic contribution of the nu( lot This is true bocauso tho rotational quantum 
numbers are so largo that wo can almost use tho classical t.}ioorcm 24) on tho cancelling 
of dia> and paramagnetism, as far as tho nudot ore toiieerned 

Contrary to an incorrect statement onoo made by tho writer, Proc Nat Acad 12, 
662 (1026) For details see J H Van Vieck, Phya Rev 31 , 60U (1928) 
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18 only one electron, this requirement may be more simply stated by 
saying that iji must be a function of r alone In any case, this demand 
can be satisfied only if the nuclear field is centro-symmetric. The 
latter, however, implies that there is only one attracting centre, i e an* 
atom. In diatomic molecules, the physical interpretation of this non- 
disapjiearance of /’“(«,«) is that the two nuclei together exert a torque 
which causes fluctuations m the perpendicular component of orbital 
electronic angular momentum The combined electromc and nuclear 
angular momentum is necessarily constant, but there are contmual 
transfers back and forth between electrons and nuclei 

As to the relative magnitude of the second term of (11), the fact that 
reasonable estimates of orbital radu can be obtained even m molecules 
by means of Pauli’s formula shows that often this term must be 
fairly small compared to the first Also Pascal’s discovery” that the 
additivity method can lie used to represent the diamagnetic suscepti- 
bilities of many organic compounds can only mean that atomic orbits 
are but little distorted by these molecular bonds, and that here the 
influence of the second part of (II), which is an mterference effect 
Ix'twccii atoms, is subordinate “ 

Quantitative calculation of the two parts of (11) has been attempted 
only for the hydrogen molecule Even here, direct evaluation of the 
sum over the excited states n' would be excessively difficult, and it is 
necessary to adopt the artifice of replacing the variable denominator 
v(n', n) by a constant Then Vj is a sort of mean absorption frequency 
which refractive data” load one to take as 1 23R, where B is the 
Rydberg constant The elements of orbital magnetic moment differfrom 
those of the angular momentum measured in multiples of hj^ir, only 
by a constant factor p With the aid of the multiphcation rule (13) the 
second term of (11) now becomes 






= 0 271 


Ia»I 

mc^ \47r*c^n 




ti) 


(14) 


Miss Flank and the writer*® showed that with Wang’s** wave func- 


PtiM al, various papers m ilnn Chtm Phys 1908-13 

In tbiHioiiiioxioiiwoiuay iitei»articulaily apapopbyF W GrayandJ Farquharson, 
who pxainino (iitirally tho doparturos from additivity obaorvod for voriouR compounds, 
Phtl Matf 10, 101 (1030) Cf also Gray and Dakors, %b%d II, 81, 297 (1031) 

if, following Unsold {Ann der Phyvtkt 82, 380 (1027)), 'wo replace l/i'(n',n) by 
i'(n',n)/vj, in Kq (28), Cliap VII, tho simimation in tho latter equation is readily per- 
formed in Mrtue of tho quantum conditions See Kq (4), Chap XIIT Tho evaluation 
of IS then achieved by equating (28) to the observed oloctric susceptibility of H| 

*0 J U VanVlofkondA Frank, Proc NcU Acad 15,530(1929) 

8 C Wong. Phya Bev 31, 579 (1028) 
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bona for the normal state of the hydrogen molecule, its mean square 
angular momentum P*{n,n), which can be evaluated by the usual 
quadrature (14) of Chapter VI, is 0-3ft4 This makes the expression 
<14) 0-61 XlO-* per mol Wang** calculated the first term of (11) to 
bo — 4 71 X 10-® The computed molar susceptibihty of Hg is hence 
— 4'20x 10-® The experimental values" are —3 94x 10“® (Wills and 
Hector) and — 3'09xl0-® (Son^*) The agreement with these is quite 
satisfactory since the wave functions are not accurately known 
Although the second term of (11) is only a httlc over 10 per cent of 
the first in Hj, it is quite probable that it is a somewhat larger fraction 
in other molecules where the nuclear field is loss nearly centro-sym- 
metric That Hj departs less from atomic symmetry than most mole- 
cules seems to be evidenced by the fact that it alone among molecules 
has a normal Verdet constant m the Faraday effect (§ 84). It is to 
be emphasized that there is no sharp dividing-hne between diamagnetic 
molecules and feebly paramagnetic ones, mentioned in § 68, where the 
second term of (11) predominates One would evpeet this term to be 
particularly large for molecules formed out of atoms not of the typo, 
and also molecules for which Mulhkcn’s united atom, formed by 
collapsing the nuclei together, is not of the type for in those cases 
there is an overwhelming paramagnetism at large and small mter- 
nuclear distances respectively 

70. Absence of Magneto-Electric Directive Effects 
It has often boon conjectured ** that espc-cially in diatomic molecules 
with both electric and magnetic moments parallel to the molecular axis 
of figure, opplication of a magnetic field would produce electric as well 
as magnetic polaiuation, and that vice versa an electric field would 
magnetize the body There would then lie what may bo termed a 
magneto-elcctno directive effect The ground for this behef is the idea 
that when the molecules are oriented by an applied field of either nature, 
the electric and magnetic dipole axes would be alined together 

Actually, experiments endeavouring to detect this effect have always 
yielded null results, even in hquids and sohds *®'*® The only important 
diatomic gas for which such an effect might be expected is NO, for 
“SC Wang, rror Nat Aratl 13, 798 (1027) 

« WiUu and Hector, Phys Pev 23, 209 (1924), Hotter, t&irf 24, 418 (1924), T Sone, 
P/nl Mag 39, 305 (1920) 

** Dobye and Huber, Phy^uxt, 5, 377 (1925), Dobyo, Zettft f Phyaik, 36, 300 (1026) 
Fomor and Borol, Arclitvea dea Sciences, 7, 280 and 375 (1925), SzivoBsy, Zeita / 
Phyaik, 34, 474 (1925), A I>errior. P%«co, 5, 380 (1925) 

A Huber, PAy« Zeita 27,610 (1926) 
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ratnc oxide is the only common polar paramagnetic gas The electnc 
moment of the MO molecule is, to be sure, so small that it has not yet 
been measured quantitatively, but is undoubtedly different from zero, 
as the M and O atoms arc not identical The very sensitive expenments 
of Huber*® show that even when extremely intense magnetization is 
produced by applying a magnetic field to liquid NO, there is no observ- 
able electric polarization 

Despite the considerations advanced in the first paragraph, there is 
no difficulty in cxplammg theoretically why experiments invariably 
reveal no directive effect The standard explanation is one first pro- 
posed specifically for NO by de Haas,*’ though previously suggested by 
Piccard*® in connexion with expenments on certain solids De Haas 
suggests that there are two kinds of NO molecules, in which the electrons 
circulate respectively clockwise and counter-clockwise about the axis 
of electnc polarity These left- and nght-handed molecules would pre- 
sumably be present in equal amounts There is then on the average no 
correlation between the directions of electric and magnetic moments, 
and hence no magneto-electric directive effect 

Recent developments in the theory of band spectra, too complicated 
for us to give m much detail, show that this explanation by Piccard 
and de Haas is not quite* correct There are mdeed two kinds of NO 
molecules, corresponding to the two eomponents of what siieetroscopists 
call a A -type doublet,*® but each kind is in itself both left- and right- 
handed at once There would thus be no duective effect even if we 
could isolate one of the kinds The existence of such ‘ambidextrous’ 
molecules is a characteristic quantum effect which cannot very well be 
explained m terms of onlinary geometrical pictures It arises because 
the molecular rotation removes the degeneracy associated with the 
identity of energies for the states Q, — 12 m a stationary molecule The 
correct wave function iiroves to be a linear combination of those corre- 
sponding to the states 12 and —12 The parallel component of electronic 
angular momentum is thus of indeterminate sign, though of definite 
numerical magnitude [12 1, when referred to an axis havmg invariably 

•! (Id Uhuh, A’fm Aftarl Amsfirtiam, 35^ 221 

A l*i((ar(l, Arrhivrn drs Stnnrm^ 6, 404 (1024) 

Thm wan fonnerly (ailed a a>typo donblet Tho term 11 Hpo doiibliiig would be the 
mOHt as with apui the eigtia of A and S muat l>e n'Vnreod tof^f^thor to give the 

dcgeiieraty in a atationary molf'cule For tfioory of thiB doubling boo R do L Kronig, 
Zettn f Phy/nk, 46, 814, 50, 347 {1028-ft). Hand ^^pectra and Molecular Structure, 
Chap II, .1 li Van Vleck, Phys Jtev 33, 407 (1929), R S Mulhkon, ibid 33, 007 
(1029) The A-doubliiig is superposed on the much coarser true multiplet siructuro, 
such as e g tho spin doublet iii NO, and should not be confused with tho latter 
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the N atom on one given end and the O atom on the other We talked 
in §§ 63-7 as if this component were constant in both magmtude and 
sign, which we now see it is not, but this inaccuracy is admissible on 
4wo grounds First, the frequency of oscillation in sign is measured by 
the width of a 'A-type doublet’, and is hence very small compared to 
kT, so that this component always remains of the very low-frequency 
category and hence as good as constant as far as the magnetic suscepti- 
bility IS oonoemod Secondly, it would be equally logical to say that 
the electric moment of the molecule fluctuates m sign relative to the 
magnetic axis of the molecule, as the choice of axis is somewhat 
arbitrary If one uses axes fixed in space the fluctuations in sign prove 
to be in the electric rather than magnetic moment “ This is because 
the two A-doublct com^ionents are respectively even and odd with 
resiiect to the transformation (A), p 203, and so have no farst-order 
Stark effect, as there explained, although there is a first-order Zeeman 
one A very powerful electric field, however, produces a Paschcn-Back 
transformation on the doublet and gives a first-order Stark effect The 
hypothesis of Piccard and do Haas is then correct In any field strength 
there is on the average no correlation between the electric and magnetic 
axes, and hence no directive effect 

Ah tfu rot4ifional £nH|UonciOH ontt^r in tho fiirr>r tion coninoR ronnor ( iiig a ( oorrlitmf'O 
111 Kpaco witli uno fixed lu tho inoloctile, oxpriHHinnR whirh nvnragn to zoro 
111 Olio HVHti'iii do not iKHoHRdiily m the other Note that the moan angular inompntum 
ivla(i\o to HXOH fixud iii tlu molocule dofiiutely vaiiitdies in a diatoinit innlorulo only in 
viituc of It Hint a1 of Ihr dogonoiaoy hy tho inolonilai rotation , in a Htationary one it ih 
itmlly nnihigucniH hociniHo any linear coiiibinatjori of tho wave fuiutioiiB for tho states 
U, — i 2 t niild bo iiHod On tho other bond, in a pnlvatoiriK inolrc ulo, tho diHuppiMiranr e 
tiH) m duo to diHHyninutry in tlio iiufioar fuld, and so found ('\on in Htationary 
iiuiUm uK‘h 

Cf Vcniuy, iVid Mnff 11, tiV>i (19.U) 
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THE PARAMAGNETISM OF SOLIDS, ESPECIALLY 
SALTS OP THE IRON GROUP 

71. Delineation of Various Gases 

We shall stress pnmanly only the new quantum developments rather 
than the innumerable classical theones of magnetization m sohds As 
the present and following chapters are a digression from our intent 
to study only rarehed media, and as the quantum theory of magnetism 
of solids has so far achieved success more in the bold qualitative outlines 
of the phenomena rather than quantitative detail, we shall not docu- 
ment the expcnmental measurements quite as completely as in the two 
preceding chapters A whole volume would be required to digest the 
copious experimental work on the iron family alone 

Different solids can exhibit susceptibilities of entirely different 
natures, and it may be well to outime in advance the various cases 
which can occur and in what materials they are commonly found 

(а) Instances where the inter-atomio forces are so small that the 
magnetism can be calculated by treating the atoms of the solid to be 
as free as in an ideal gas The criterion for this is that the work required 
to orient an atom agamst the mtcr-atomic forces be small compared to 
kT This case is exemplified remarkably well by rare earth salts, which 
have consequently been discussed at length in Chapter IX on free atoms 
and ions As noted to the writer by Professor Bohr, the extraordinary 
freeness of the 4/ orbits is revealed not only by the magnetism but also 
by the sharpness of the spectral bnes from rare earth salts This can 
only mean that the 4/ wave functions of the various rare earth atoms 
project out very little from the intenors of their respective atoms and 
so ‘overlap’ other atoms only very slightly even in the sohd state 

(б) Solids or solutions in which inter-atoimc forces quench the orbital 
angular momentum but leave the spin free This is what probably 
occurs in most salts of the iron group, as we shall see in § 72 

(c) Solids in which there is such strong internal magnetic coupling, 

1 e such wide multiplets, that irrespective of the Heisenberg exchange 
effect the inter-atomic forces of necessity quench the spin angular 
momentum when they do the orbital It is hard to distingmsh experi- 
mentally between this case (c) and (e), (/) below, but case (c) is possibly 
sometimes realized in some salts of the platmum and palladium groups 
(§76) 
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(d) Solids m which the Heisenberg exchange forces tend to aline the 
spins parallel and so create ferromagnetism This is, of course, the case 
of iron, mckel, cobalt, also a few alloys which are ferromagnetic 
• (e) Sohds m which these forces have the opposite sign from that m 
{d) and so tend to olino the spins antiparallel and destroy magnetism 
(/) Materials m which the spm angular momenta compensate each 
other because of the restrictions imposed by the Pauh exclusion prin- 
ciple rather than because of the exchange effect 
In cases (e) and (/) any orbital angular momentum is ordinarily 
quenched as in (6) Hence in (c), (e), and (/) the orbital and spin 
magnetic effects are both largely destroyed, so that these cases all give 
feeble paramagnetism, or even diamagnetism One of these cases must 
be the commonest of all, as most elements (distinct as from salts) 
exhibit only a feeble paramagnetism, if any, in the solid state 
Cases (e) and (/), which will bo discussed in § 80, arc more probable 
than (c) 

We throughout use the term ‘quenched’ when the constancy of 
angular momentum is so completely destroyed by mtcr-atomic forces 
as to blot out most of the jiaramagnetism which would be found m the 
ideal gas state The distinction between the various cases is, of course, 
usually not a hard and fast one Besides (a)~{f) there is also the trivial 
case of solids composed exclusively of atoms which are m ^8 states when 
free and which are hence without appreciable magnetism 
The Heisenlierg ‘exchange’ or Austavseh forces* play a very important 
role in the magnetism of solids, especially in ferromagnetism As far 
as the present chapter is concerned, it wiU be sufficient to say that the 
exchange forces have the effect of mtroducmg a very strong coupling 
between the spins of paramagnetic atoms or ions Diamagnetic atoms 
or ions have no resultant spin and so do not give rise to any exchange 
forces tending to orient the spins of other atoms The mathematical 
basis for these statements will be given m Chapter XII The important 
thing for present purposes is that the exchange forces become of sub- 
ordmatc importance m media of considerable ‘magnetic dilution’, i o 
media in which the density of paramagnetic atoms or ions is low because 
the great majority of the atoms are diamagnetic Such media are the 
pnmary concern of the present chapter, and so it seems best to defer 
until Chapter XII the detailed description of the nature and workings 
of the Heisenberg exchange effect 


' W Hoisonborg, Zetts f Phymk, 38, 411 (1026), 49, 619 (1026) 
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72. Salts and Solutions Involving the Iron Group 

Pure Bohd elements of the iron group have high magnetic concentrations 
and large exchange effects, leadmg to the ferromagnetic phenomena to 
be discussed in the next chapter On the other hand, most salts im 
volving ions of the iron group are only paramagnetic, except possibly 
at extremely low temperatures In these salts the magnetic dilution is 
usually sufficient to warrant neglect of the exchange forces This is 
perhaps obvious only if the salt is in solution, or is highly hydrated 
in the solid state However, it is found that in true salts (not oxides) 
the suscpptibihty is usually affected comparatively little (not over 10 
per cent m many oases) by whether or not water molecules aie present 
to increase the magnetic dilution 

One IS first tempted to try calculating the susceptibilities of salts of 
the iron group m the same fashion as for the rare earths, viz under 
the assumption that the paramagnetic ions are jierfectly free The 
general nature of the procedure with the aid of the Hund spectroscopic 
theory has Ix-cn fully explained in connexion with §§ 58 and 50 on the 
rare earths, and so need not be repeated The difference is that the 
incomplete inner group is now one of 3d rather than 4/ electrons “ 
The eompanson of theory with experiment is given in the table on 
p 2H5, which corresponds to that in § 58 for the rare earths 

The values in the columns headed Av = 0 and Av = oo are those obtained 
from the asymptotic formulae (6) and (10) of Chapter IX applicable 
respectively to multiplots which arc very narrow and very wide comiiarod 
to kT These limiting cases were first studied by Laportc and Sommer- 
fold ■' The column ‘actual Ar’ gives the values obtained at 293“ K 
by means of the accurate formula (16), Chap IX, which must be used 
when the multiplet widths are comparable to kT Such calculations 
were first made by Laporte,* and the reader is referred to his important 
paper for the details of the estimates of the screening constants <t used 
to determine the multiplet width by means of Eq (21), Chap IX As 
a rule the values of o represent only a slight extrapolation from optical 
or X-ray data on other atoms and ions The calculations in the column 

* Foi fletails of thn spoctroecopic theory of the iron Rroup soo Hund, Lintenspeltrm, 
§ 33 BobuIob Ihn 3fi elortronH and the rloHod groupn nlmndy oompletefl at argon, the 
noiitral atoine of the iron group c ontam from one to two oloi trons, but theHe 4 a electrons 
am proRUinably the first to be lost when there ih any ionization, bo tliat all the ions 
involved in the table have only argon>liko sholls plus the 3d electrons 

* O T^aporte and A Roimnerfeld, f Phyntk, 40, 333 (1926) Somewhat similar 
( alt ulatiouB liave also bcM^n made independently by Fowler, and the results bnofiy given 
in his Statiattcal MecJianice, p 303 

* O Laporto, ZeUa f Physik, 47, 701 (1028) 
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Effective Bohr Magneton Numbers for Ions of the Iron Group* 


Theorettcal 

Experimental 
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1 

1 


Actual 

Spin 


1 SalU 
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A» = 0 

Av — « 

Av 
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00 

0 0 

00 

00 

i ou 
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30 

1 65 

2 57 
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1 55 
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1 73 
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30 
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I 78 

1 73 

1 7-» 

1 79 
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1 

(Til I- 

4 47 

1 63 

3 30 

2 83 



1 

IV-I+ + 

4 47 

1 03 

2 73 

2 83 

2 70-2 85 



1 

rv I 

5 20 

0 77 

3 60 

3 87 

3 81-3 80 

( 



Or' n 

5 20 

0 77 

2 07 

3 87 

3 68-3 80 

3 82 

1 

LMu’ ' ^ ' 

5 20 

0 77 

2 47 

3 87 

, 4 00 


SeP'i),, 

1 

(Cr' + 

5 48 

00 

4 25 

4 00 

4 80 


1 

IMn-‘-' + 

5 48 

00 

3 80 

400 

1 

1 Sin 

Sd'VJ 

I 

(■Mn^ 

5 02 

5 02 

5 02 

5 02 

6 2-5 06 

5 85 

1 

IFe-i-ii 

5 02 

5 02 

5 02 

5>»4 

5 04 

54 60 


' fo'* 1 

5 48 1 

6 70 

6 54 

4 00 

5 33 

5 0-5 5 


Co^ + 

5‘20 

6 64 

6 ^>6 

3 87 

4 0-50 

4 4 5 2 


Ni" 

4 47 I 

5 59 

5 56 

2 83 

3 23 

2 0-3 4 


Uu" 

30 

3 55 

3 53 

J 73 

I 8-2 0 

18-2 2 


‘actual Av’ are inclusive of the term (Xj in (10), Chap IX, which 
Laportc neglected This term is much less important in the iron group 
than in the rare earths Sm^ +■*• and Eu ' ' ' (§ 59), and has an appreciable 
influence only mV', Cr+++, Mn' n ', Cr++, Mn' ' ', where Lajiorte’s 
original values were 3 23, 2 61, 2 01, 3 74, 3 16 instead of 3 00, 2 97, 
2 47, 4 25, 3 80 The values given m the table for Sc-*+-V ^ •• inclusive 
are only shghtly higher (about 5 per cent ) than Laporte’s, while those 
in the bottom half are identical with his, as here the inversion of the 
multijilets makes the effect of a negligible The rare earths other than 
>Sm and Eu had such wide niultiplet widths that the magneton number 
could be calculated without appreciable error under the supposition of 
multiplet widths extremely great compared to IT, but comparison of 
the columns ‘Av -= oo’ and ‘actual Av’ shows that this is very often not 
the ease in the iron group 'This is, of course, because here the atoms 
are lighter than in the rare earths, and the multiplets thus narrower 

Because the multiplet widths arc more precisely known, the jiresent 
theoretical calculations for free ions of the iron group should be more 
accurate than for the rare earths, but com]>ansoii of the columns ‘actual 
Av’ and ‘expenment’ shows that the agreement with observations on 

^ The oxporimoiital mo^ntitoii inimbere quoted iii tho table are the same aa thuHo given 
by Stoner in a eurvoy in Phil Mag 8, 250 (1020), rxonpt that liavo mlded FreedV 
measurenieiita on tlie vanadium ion to bo citod in ^74 A very comploio documentation 
of expenmeiital data is given by Cabrera u tho report of tlio 1 030 Solvay Congress 



286 THE FABAHAOHET18M OF SOLIDS, {XI, 72 

saltB and solutions is miserable, in marked contrast to the situation m 
the rare earths. One must therefore grope for some other explanation 
of the measured susoeptibihties. As noted by Sommeifeld,* Bose,’ and 
Stoner, ‘ the latter ore represented quite well if we use the formula * 

( 1 ) 

instead of the theoretical expressions based on the ordinary spectro- 
scopic theory for free ions Here 8 is the spin quantum number for the 
appropriate sjiectral term listed m the table. For instance, 8 is 3/2 for 
Cr■‘^ as the multiphcity 2/S-|-l of a *F term is 4. The magneton 
numbers calculated from (1 ) are given m the column marked ‘spin only’ 
and are seen to be in fairly good agreement with experiment 

Mechamam for Leaving Only Spin Free Our problem is now to 
obtam a theoretical justification for Eq. (1), which gives the same 
suBccptibihty as though we substituted 8 for 2> and F terms throughout 
the first column of the table, with the multiphcity unaltered. Two 
jiOHSibilities immediately suggest themselves One is that the Hund 
theory of the assignment of speetral terms is in error, and that the ions 
m question are normally all in 8 states even when free This proposal 
apjiears to have actually once been made by Sommcrfeld, but is now 
abandoned by him In our opinion it must be qmte definitely rejected, 
as there is an abundance of cxpenmental spectroscojiic evidence for 
the com'ctness of the Hund theory in the iron group, not to mention 
Slatei’s perturbation calculation* which confirms the Hund predictions 
on the lowest-lying terms In fact, 8 terms of the necessary multiplicity 
are not allowed by the Tauli exclusion jirmciplc, imless one supjKises 
that there is some other incomplete group besides that of the equivalent 
d electrons 

Another possibility, and one which we advocate, is that the assign- 
ment of sjiectral terms is correct, and that the theoretical calculations 
m the coluinn ‘actual Av’ would be confirmed by experiment if measure- 
ments could bt' made on atoms or ions which are really free. The 
absence of such a confirmation is to be attributed to the fact that the 
existing observations are not on vapours or gases, but instead on solu- 
tions or salts, where there are inevitably large intcr-atomic forces. If, 
then, these intci -atomic forces quench the magnetic effect of the orbital 

• A Somnierfold. AtmnbaUt 4tli od , p 839. oi Phyn Ziiitt 24, 360 (1023), Zeitu f 

Phymk, 19 , 221 (1923) ’ » M Hose, Ziits J Phymk, 43, 804 (1927). 

• E C Stonor, Phil Mag 8, WO (1929) 

• J C Slater, Phyo Rev 34, 1293 (1929) 
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angular momentum but leave the spm free, one will have precisely the 
expression (1) for the suseeptibihty. This pomt has been particularly 
emphasized by Stoner The whole problem thus resolves itself mto 
showing that from a theoretical atandpomt it is reasonable to expect 
that the inter-atomic forces have a quenching effect of this type which 
blots out the orbital magnetic moment but not the spm Stoner ^ showed 
that the necessary quenchmg could be obtained if one assumes tliat the 
mter-atomic forces are equivalent to extremeiy large random magnetic 
fields which ai« rather mysteriously supposed to act on only the orbital 
angular momentum A somewhat similar assumption of random mag- 
netic fields was successfully used m Kapitza’s theory of the infiuence 
of magnetic fields on electrical conduction, although the true explana- 
tion of Kapitza’s experiments is much more compheated. Stoner did 
not propose his calculation by means of random magnetic fields except 
in a prehmmary, suggestive way It should not be taken literally, as 
inter-atomic forces are, of course, primarily electrostatic rather than 
magnetic m nature, and the magnetic portion would be much too weak 
to do the requisite quenchmg In the foUowmg section, however, we 
shall show that precisely the type of quenching that leads to Eq (1) 
ensues if each atom or ion is subjected to sufficiently asymmetrical 
electncal forces In our opinion such asymmetneal ek'ctrostatio fields 
are probable, and are the real explanation of the quenching phenomena 
first proposed and roughly described by Stoner The reason why, on 
the other hand, the ordinary theory for fiee ions is ajqilicablc to the 
susceptibihties of rare earth salts is doubtless, as already statc'd, that 
their 4/ electrons are sequestered in the interior of the atom and so are 
not mfluenced nearly as much by neighbouring atoms ns the 3d electrons 
involved in the iron group 

73. Quenching of Orbital Magnetic Moment by Asymmetrical 

External Fields 

In a sohd or liqmd, the electrons of a given atom may to a first 
approximation be regarded as in an inhomogeneous external electric field 
which represents to this approximation the effect of other atoms on 
a given atom This method has been extensively used by Bethe** and 
by Kramers,^* and is admissible inasmuch as the other atoms are 

>" P. Kapitza, Pfw Soy Sue 123a, :I42 (ISZS) 

During the printing of tho prosciLt volume thiH point han also been empbani/od in 
a paper by Pauluig, «/ Amer Chem «Soc , 53, 1367 (1931) 

H Betho, Ann der Phynky 3, 1J3 (1929), f Phynik, 60, 218 (1930) 

H A Kramera, Proc, Amsterdam Acad 32« 1176 (1929) 
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approximately m the same configuration as in the absence of the given 
atom Let us expand the potential energy of any electron of the 
given atom in this external field as a Taylor’s senes about the centre 
(nucleus) of the atom The terms of successive order m the expansion 
usually mvolve the mter-atomic separation (‘grating spacing’) to suc- 
cessive negative powers so that the senes conveiges rapidly If there 
are similar equidistant atoms on either side of the given atom the hnear 
terms disappear from the expansion, and the ‘cross’ products in the 
quadratic terms can, of course, be made to vanish by a proper rotation 
of axes The terms of lowest non-vanishing order in the expansion of 
the external potential energy are then 

A^xl+B^y'i+Clzl (2) 

where the summation extends over all the electrons of the given atom 
We do not necessarily claim that a simple quadratic form like (2) is 
a good quantitative representation of the interactions between atoms 
However, only a rough quahtative portrayal, which is conveniently 
accomplished by means of (2), is needed to show that sufficient dis- 
symmetry wdl quench out the magnetic effect of the orbital angular 
momentum. 

Until further notice we shall neglect the spin and also any dissym- 
metries occasioned solely by higher-order terms in the Taylor’s expan- 
sion than (2) We assume throughout that the external fields arc never 
strong enough to destroy appreciably the Russell-Saunders quantization 
of the atom In other words, electrostatic forces within the atom are 
supposed greater than forces from without the atom, so that the squares 
of the orbital and spin angular momentum are apjiioximaWy L(L-\-l) 
and )S(iS-f 1), even though we shall see that the spacial quantization is 
greatly distuibed by the external fields 

Case A = li — C If all three coefficients in (2) are equal, then the 
atom IS as freely oriented in a solid as in a gas 'riie ideal magnetic 
theory for free atoms or ions should then apply 

Case A -= B, B -/-C In case two of the three coefficients are equal, 
say A and B, the component of orbital angular momentum which is 
parallel to the z axis is conserved, and can be assumed to have a 
quantized value (in multiples of hj2iT) os the s axis now becomes 
one of symmetry On the other hand, the matrix elements of the x and 
y components of angular momentum will be exclusively of the form 
AMi,— ±1 (cf Eq (89), Chap VI) In other words, L, is a diagonal 
matrix, while L^, contain no diagonal elements If the effect of 
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on the energy is large compared to kT, which means that 
\A~C\'2xi>kT, 
then the contnbutions of L^, to the susceptibility when calculated 
6y the methods of Chapter VII will be entirely of the high-frequency 
type, and hence will be relatively ineffective, as they then give terms 
having the high frequencies instead of hT in the denominator (cf Eq 
(28), Chap. VII) Thus only the contribution of the z component 
ir, = Mj^ remains If one assumes that the a\es of symmetry of the 
micro-crystals can have a random spacial distribution, as in, c g a 
ciystal powder, then on neglecting high-frequency elements one easily 
finds that ^ Hence, supxwsing lA — C\x^'^kT, one has 

^ = 0 or X = NL^jZkT according as the minimum m energy corresponds 
to a mimmum or maximum in In the former case the normal 

state has — 0, in the latter, -M/,— The present situation is 

similar to that m the well-known Lenz-Ehrenfest’® classical theory of 
magnetism, which was developed under the assumption that the atom 
has two positions of equal potential energy m a crystal, corresponding 
to the fact that m the present case A - B tins energy is iiidejx'ndent of 
the sign of If one included highor-oider ‘saturation’ terms in the 
field strength one would obtain the so-called Ehrenfest function as an 
expression for the paramagnetism “ ITnder the present supposition 
A-= B, only two of the three components of orbital angular momentum 
are necessarily quenched The thinl or z component is also quenched 
if one assumes that the level — 0 is alone a normal state, but it is 
doubtful whether this could lie the case universally enough to explain 
the widespread applicability of (1) In the following x’aragraphs, how- 
ever, we shall show that all throe components are indeed quenched if 
instead we assume that all three coefficients A, B, G arc unequal, so 
that there is comjilete dissymmetry 

Coie. A, B,C All Unequal Here the imjiortant fact is that the sjiacial 
degeneracy is completely removed This is true inasmuch as (2) leads 
to the same secular problem as that of the asymmetrical top, which is 
non-degenerate unless two or more of the coefficients in the quadratic 
form are equal For this observation the wnter is indebted to Profcssoi 
Kramers Quite irrespective of the formal mathematical analogy to 

*> W Lonz, PhyK Zitts 21, b! 3 (1920), T EliipiifoBt, I'm .InwarAim Acad Dm 
18, 1920, or Leuien Commumcattone, Supiil 44h 

I* For elaboration on tho Ehrenfest fuiietion sts' ji 712 of Debve’s iirtulc in \ol vi 
of tho Handbuch der Radtolofftc 

1* The Hamiltonian futiolioii involve*! in the problem of tho nsynimotrieal top is 
the quadratic form aPl,+bri,+rrl, where ft, ft, ft, are tho components of angular 

9596.3 ij 
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the aAymmetncal top it seems quite obvious that there is no remaining 
degeneracy when all three coefficients become unequal, as there was 
only the twofold degeneracy Jfj,= when two coefficients 

were equal In the present case there is no axis of symmetry about 
which the angular momentum is conserved, so that there is no longer 
this degeneracy associated with the equivalence of left- and nght- 
handed rotations about such an axis 

Now m § 68 wc showed that when the degeneracy is completely 
removed it becomes necessary to use real wave functions, and that 
hence the average magnetic moment is zero Thus when the coefficients 
in (2) are all unequal, the orbital magnetic moment matrix contains no 
diagonal elements If the separation of energy-levels occasioned by 
remov,al of the degeneracy is largo compared to kT, the contnbution of 
the orbital angular momentum to the susceptibihty will bo entirely 
of the high-frequency type (Eq (2), C’hap IX) and hence relatively 
small Hence, if the coefficients A, B, C in (2) are sufficiently laige 
and unequal, the magnetic effect of the orbital angular momentum 
becomes practically entirely quenched The residual effect of the high- 
ficquency elements never disappears entirely but becomes negligible if 
the spacial separation is of the order 10® to 10* cm or greater Here 
and elsewhere wc use the term ‘spaeial separation’ for the difference 
in energy between the various non-degenerate states into which the 
energy-levels are scparati'd by (2) or by an asymmetric mtcr-atomic 
field m general If, on the other hand, the spacial separation is small 
compared to LT, the general theorem of Chapter VII shows that the 
orbital angular momentum will make its full contribution to the sus- 
ceptibility 

Even though the potential (2) is probably not a close quantitative 

ijioffipnluin n'fpiiTfl io the piini tpikl axoft, hihI 1/ r, arohalf tho mi ipropnlfl of the 

pi iiicipal inoiiiontaof lueitin A general thcHirom of grou}> theory ahowatluit the resulting 
Hotuhtr prohloin m Hiinilar to tliat of <'2^ mainniuh a8 x, y, z anti transform 

HitiiilarJy iiDrlei a rotatuMi of axes Tho tenn *8tx.ular' is horo to bo oonstniocl as meaning 
that n'tain only the poition of ^2^ which is diagonal m L , othorwiso tho dynamical 
problem arising from <2^ is moie tompluatod than tliat of tho fwiymmetrical top The 
rutout ion of onl> tho dmgonaJ oloments m equi valoni to out aasurnptioa that <2> does not 
destroy tho Kiisscll Haundors roupling Tho quantum iiumbera J, A in tho asymmetrical 
top (oiroRpond to L, Mr m a 2^, this is a formal mathomatiial rathur than physual 
1 on cispondcni o , tlio onyinmet ricnl top luvolvm as a third quantum number a spaual 
({uantiiin nninlior physically aomcwliat similar to Mj,, but this does not enter in its 
secular prohlein That tho as>'mTuetry remove tlie dngenorai y as regards the sign of A 
hns been shown independently by Kramers and Tttmann, ZeUA f Vkyaik^ 53, 553, 58, 
217, 60,0fn(]M29 10), and mthor more oxpliokUy by Wang, iViys iieii. 34, 243 (1020) , 
ef esfiei tally hifl fyq (12) Tlui fonnal corruspondeiioo of the quantum numbers .T, A and 
L,Mi appears particularly dearly jii the work of Klein, ZctU / Phyaikt 58, 730 (1030) 



XI, §73 ESPECIALLY SALTS OP THE IKON GKOUP 391 

approximation to the perturbing effect of other atoms, the preceding 
considerations nevertheless make it evident that sufficiently laige and 
unsymmetncal external fields will quench the contribution of the orbital 
langular momentum to the susceptibility In regular crystals it is usually 
necessary to retain higher-order terms than the second in the Taylor’s 
expansion in order to reveal the exact degree of symmetry An elaborate 
investigation of the effect of external fields of various types of crystallme 
symmetry has been made by Bethe, and readers interested in details 
are referred to his papers He finds that there can lie at most only 
a rhomboidal symmetry if the spacial degeneracy is completely removed 
Ordinary tetragonal, cubic, or hexagonal symmetries will not remove 
all the degeneracy With these t3ipes of symmetries at least two of 
the coefficients in (2) are equal, but when highcr-ordor terms in the 
Taylor’s development are includeii (e g the fourth-order terms 
1) 2 if then* IS cubic symmetry) then there is no longer an 

axis of symmetry about which angular momentum is conserved, and 
no component of the latter is what Dirac terms a ‘constant of the 
motion’ Bethe shows “ that nevertheless there is still a partial de- 
generacy, so that it IS possible to use comjilcx solutions and obtam an 
average m.ignotie moment, leading to an expression for the suscepti- 
bility of the form NCj'ikT, where in general (xC < L(L-\-l)^, so 
that there is only a partial quenching For instance, he finds that an 
F term is split by nn external field with cubic symmetry into two triply 
degenerate states and one single or non-degenerate state The orbital 
magnetic moment can lie completely quenched only if the single or 
non-degenerate state has so much less energy than the multiple ones 
that it alone is a normal state ^ The situation is thus somewhat ana- 
logous to that when A — B, B C m (2), as there we found the 
quenching was complet<‘ only if the state — 0 had much less energy 
than the jiairs of states coi resiionding to each \M[} >0 Thus suffi- 
ciently large external fields of rhomboidal or lower symmetry always 

>• H Kpthr, Zatt / Phymk, 60, 218 (19.70) 

K\on if tho dop'iioraty ih not romplf^ly romovotl, ro that two or rnorr wave fuac> 
tioiiR, Ray Pt Q, repronont ntates of Klontical onor^^, it ran Bonictimoa happon that there 
le no rnagiiotio inuiiumt, an thn irioHt genoml linoar combination of P, Q inav utill yiohl 
a non inaKiiotio Rtatc In othir woixIh tho ability to use complox wavo hntrtions ir a 
necessary hut not suflidont (ondition for tho oxistonce of magnetic, momonts !bor 
instance, He tho shows that a I) term splits in a hold with cubio symmetry into ouo t riply 
and ono doubly dogonorato stote, hut tho doubly dogenerato stato ih non magnetic so that 
the orbital magnetic inoniont is quoruhtHl if tho douhly degenorat<o state has tho lower 
energy W ith tetragonal msteaid of cubie ^fmmotry, liowever, the multiple levels are 
iiocessarily imignctie, according to Betho’s analj'sis 
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quench completely, while with more symmetry the quenching is com- 
plete only if certam states are the lowest lymg. 

Bethe shows that when an average magnetic moment persists despite 
the absence of an axis of symmetry (i e when there is more thajf 
rhomboidal but less than axial symmetry) that there can be a first-order 
Zeeman effect but that the selection rules are no longer the usual ones, 
and unusually large changes are permitted in the spacial quantum 
number, which no longer has the usual kinematical significance as pro- 
portional to a component of angular momentum Bethe’s theory finds 
a direct confirmation m Bccquerel’s observation of abnormally large 
Zeeman effects in certain crystals contaimng rare earths The external 
fields which Bcthc utilizes to explain Becqucrel’s^* observations do not 
necessarily contradict the calculation in Chapter IX of the suscepti- 
bilities of rare earth ions on the assumption that the latter are free, 
as these fields might produce a spacial separation small compared to 
kT, and hence not quench the orbital angular momentum as far as 
susceptibilities are concerned Bethe shows that the appearance of the 
anomalous Zeeman lines is not contingent on the absolute value of 
the spacial separation, but only on the ratio of the fourth- to second- 
degree terms m the Taylor’s expansion of the potential This ratio must 
not be too small compared to unity We have repeatedly emphasized 
that susceptibilities depend on second- as well as first-order Zeeman 
terms, and so are not necessarily altered when the usual spectroscopic 
Zeeman patterns are changed A more serious difficulty is that Bethe 
needs fields with more than rhomboidal symmetry to explain Becquerel’s 
results If one assumes that crystals revolving iron ions have fields of the 
same symmetry but of much greater magnitude than Becquerel’s rare 
earth compounds so that the separation of non-coinciding levels becomes 
greater rather than smaller than IT, the quenching of orbital angular 
momentum would not re general be as complete as needed for the 
validity of Eq (1) Indejicndently of Becquerel’s work, Eq. (1) is found 
to be valid re crystals of the iron group re which it is known that there 
IB more than rhomboidal symmetry An example is NiO, which con- 
forms roughly to (1), at least at room temperature, but which has cubic 
symmetry like NaCl Unfortunately X-ray analyses of crystal structure 
seem to be wanting for the sulphates of the iron group, for which the 
magnetic data are the most complete When (1) is found to apply 
despite more than rhomboidal symmetry, the simplest” explanation is 
that for some reason a ‘single’ level lies below the multiple ones, a jios- 
J Bouquorol, 58* 205 (1920) 
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BibiJity diaoussed at the end of the preceding paragraph. (Do not confuse 
this use of the terms ‘smgle’ and ‘multiple’ as regards the splitting due 
to inter-atomic fields with the ‘singlets’ and ‘multiplets’ introduced m 
annexion with spm fine structure ) The fact that most molecules are 
diamagnetic indeed seems to indicate that in complexes the non- 
magnetic states usually have the least energy 
In solutions there is surely no difficulty m beheving that the fields 
have the degree of dissymmetry required to quench the angular momen- 
tum, for in hquids the atoms are doubtless rather irregularly spaced. 
The coefficients A, B, C in (2) might even bo regarded as functions of 
the time which vary with the approach and recession of atoms from 
each other Also linear as well as quadratic terms m r,, y^, may be 
required However, it is quite possible that m solutions the ions arc 
not free, but attach themselves to water molecules, their so-called water 
molecules of coordination In fact many chemists beheve that an ion 
has the same definite number of water molecules attached to it in solu- 
tions as in the hydrated solid salt A divalent ion contaimng iron, for 
example, would then really be of the form Fe++ nHaO rather than Fe+ <■ 
The theory of polyatomic molecules ought, then, really to be invoked 
This point has been particularly emphasized by Freed The magnetic 
theory for molecules has been discussed m Chapter X and shows a cer- 
tain amount of resemblance to the various cases just presented For 
instance, a diatomic molecule is somewhat similar to the case A = B, 
B ^C, as there is an axis of symmetry and the orbital magnetic moment 
perpendicular to this axis is blotted out, while the parallel comiHinent 
IS quenched only if one particular state (viz the S state A — 0) falls 
below the others in energy A molecule with more than two atoms is 
similar to the case in which A, B, C arc all unequal, since we showed 
m § 68 that in general the orbital magnetic moment is largely quenched 
m unsymmctrical polyatomic molecules This, we now see, is because 
all symmetry in the fields is lost m complicated molecules Of course, 
the electrons in a molecule circulate freely from one atom to another, 
so that the representation of mter-atomic forces withm the molecule as 
eqmvalent to a constant external held on each atom is but a poor 
quantitative approximation, but this does not affect the symmetry 
considerations Furthermore, the mdividual atomic configurations 
probably preserve their identities rather more m complexes such as 
Fe++ tiHjO than m true molecules, as these complexes are doubtless 
held together by weak polarization forces rather than true valence 
B Freed, J Amer Chem Soe 49, 2466 (1927) 
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foToes. One might wonder whether it would not be possible to find 
a solvent in which the dissolved ions did not form such complexes, as 
then the ions would be less disturbed and it might be possible to test 
expenracntally the theory for free ions Unfortunately, however, the, 
ability to attach molecules of coordination is probably the criterion 
for solubility, as well as for the dissociation of the dissolved salt 
into ions 

It IS conceivable that in certain sohds the umt of crystalline structure 
IS the molecule rather than the atom, in which case the considerations 
of the preceding paragraph or of (’hapter X can be used It is, of course, 
impossible to delineate sharjily the pomt at which molecules or clusters 
begin to be formed in solids or hqmds, and the representations by 
external fields and by isolated molecular entities are only asymptotic 
ones, but it seems quite safe to interpolate to intermediate or transition 
cases the result that sufficient dissymmetry quenches the orbital mag- 
netic moment 

We have ostensibly assumed throughout that the atom of the iron 
group loses all of its a electrons and exists m a definite lome form 
However, the quenching considerations based on symmetry clearly 
apply equally well in the event of non-jHilai or ‘coordmation’ bonds in 
which these electrons arc merely shared or even traded, jirovided only 
that they are so grouiied as to have zero resultant spin, thus leaving 
only the d electrons not in clos<>d configurations 

We have gone to considerable length to show that mter-atomio forces 
can qiiciioh out the magnetic effect of the orbital angular momentum 
The question now arises as to why the spin is free and unquenched 
There is no difficulty in understanding that forces from other atoms do 
not perturb the ajiin The only inter-atomic forces which can have an 
appreciable orienting influence on the spin are the exchange forces 
between paramagnetic atoms or ions, cited on p 283 It was there 
explained that the media studied in the present chapter are of sufficient 
‘magnetic dilution’ to make this influence ummportant We must, 
however, show that the spin is free as regards the magnetic forces 
which arise from within the atom and which are responsible for spin 
multiplets, (Magnetic forces between diffei'ent atoms are, of course, 
negligible ) These internal magnetic forces will not quench the spin 
magnetic moment if the spin multiplet width in the ideal gas state is 
small compared to the spacial separation defined on p 290 To show 
this let us take as an unperturbed system the atom without spin in 
a powerful extcnial asymmetrical electromc field such as is embodied 
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m (2) Introduce as a perturbing potential the magnetic coupbng 


^-L-S (3) 

between spm and orbit (cf Eq (84), Chap VI To avoid confusion 
Vith coefficients in (2) a prime is attached to A in (3)) This case is, of 
course, unhke the ordinary ideal gas one, as the orbital magnetic moment 
has been already greatly distorted by the external potential (2) and no 
longer has matnx elements of the form (88) or (89), Chap VI In fact 
the quenchmg effect considered above has robbed L of all diagonal 
matrix elements By (24), Chap VI, this means that to a first ap- 
proximation in A', the ^lertiirbing potential (3) has no effect on the 
energy When the second approximation (26), Chap VI, is considered, 
however, (3) causes eneigy displacements of the order of magnitude 
^ order umty Here is an expression of 

the order of magnitude of the ‘sjiacial separation’, or of 1^4— iJ| 
assuming \A—B\ ^ \A — 6’| ^ [B — 6'| Thus the effect of the mtcrnal 
magnetic coujiling is of the order A'^jhv^ p, to be contrasted with the 
order A ' for free ions The theory of Chaptei VII, especially the remarks 
on p 193, show that the spin will make its full contribution (1) to the 
susceptibility, provided that the work required to ‘turn over’ the spm 
18 small compared to kT The only force interfermg with the freedom 
of orientation of the spin is the couplmg ansing from (3) Thus the 
requirement is that “ 


A'^ ^ kT 


( 4 ) 


In the ions of the iron group with which we are concerned, the ovei -all 
multiplct width ranges fi-om about 4 X 10“ (Ti' ' ') to 2 x lC“cm (Cu* >) 

The corresponding values of A' are roughly 1 6x 10“ to 0 8X 10“ cm ■* 
Large departures from (1) (or more precisely from the Weiss formula 
(6)) seem fiist to appear when T is reduced below about 70“ K. (sec 
p 304), or in terms of wave numbers when LT is less than 50 cm 
Hence, for (4) to be satisfied down to this temperature, the spacial 
separation must lx- of the order 10“ to 10* cm or 0 1 to 1 volt This 
requires fields of the order 10^ to 10* volts/cm , as x, y, z aie of the 
order 10-* Fields of this magnitude are perhaps not unreasonable, 
although they seem a bit high In particular the higher estimate of 
1 volt IS plausible only if the ions are intimately attached m complexes. 


*** Tho in( quality (4) inuHt bo Katisfiod m oidor for the Hpin to be free fven if the 
quoiuhuig of the orbital aiigulai nioiuentuui eiisuee not beeauso of Loinplnie diMS>ni* 
metry, but because a non znagiietii. component might have the leant eticngy when there 
18 more than rhoinboulal Byinirictry Tlio iiirquality (4) is Htill neoiUnl, ua the non 
diagonal matrix olcimnts of L, 8ii< h as are mvolvetl in the Bocond approximation to tho 
cfTeft of iLOver vaiiish I’egardlesa of the amount of eyiiunetry oi of quoii<hing 
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SO that the intei-atomic forces are large It is perhaps well to compare 
(4) with the requirement that the spacial separation be large enough 
to quench the orbital angular momentum, which is 

hv^^>kT (5) 

At room temperatures in the first half of the iron period the multiplets 
are of the same order of magmtude as ItT, so that fulfilment of (6) 
ensures that of (4) At lower temperatures and in the second half where 
multiplets arc wider, (5) is a less severe condition than (4), as it only 
demands spacial separations of the order 10* cm 

It IB to be emphasized that our estimate by means of (4) and (5) of 
the magnitude of the spacial separation required to quench the orbital 
momentum and still leave the spin free is only a very crude one, and 
may well be in error by a factor, say 10 to 10* If, for instance, one 
used m the left side of (4) the ‘over-all multiplet width’ produced by 
(3) in free ions, rather than the proportionahty factor A', one would find 
the spacial separation would have to be 1 to 10 volts, which seems 
rather too high However, wo behove the estimate by using A' comes 
closer to the truth, as what counts is the differences rather than absolute 
values of the energies of the various sjiacial spin quantizations produced 
by {3) The differences may well lie considerably smaller than the 
absolute values We must further caution that (4) and (6) cease to be 
good approximations when the multiplet structure for free ions is not 
small comiiarcd to (2), as then it is not allowable to treat (3) as a small 
perturbation superjioscd on (2) Hence we must not rely too exactly 
on (4) and (ff) near the end of the group (Ni+i-, Cui+) where the 
multiplets are wider 

We must mention that even if the inequality (4) is not satisfied, the 
spm can sometimes be at least in part free, as some degeneracy may 
exist even in the secular problem connected with the superposition of 
(3) on (2) Kramers *' shows that all states remain doubly degenerate 
when there is an odd number of electrons This is because the inner 
quantum numbers for free ions ore then half-integral, so that there is 
a ‘Zwcideutigkcit’ in the representation of rotational transformations 
by group theory ** Even the persistence of this double degeneracy wiU. 
leave the spin only partly free, except m doublet spectra, where it is 
very much fieer than usual Partial freedom of the spm when (4) is not 
satisfied would not explain an accurate vahdity of (1), but might mean 
that the departures from (1) are not very great even if the left side of 

H A Kramora, Vrot AvneUrdam Acad 33y 050 (1030), especially § 2 
** Cf. pp 153ff of Bethels first paper 
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(4) IS somewhat greater than the right The table on p 304 shows that 
CuS 04 . 6 Hj 0 (an odd ion, *D type) obeys Cune’s law closer than 
N 1 SO 4 THgO (even, *F) This is a beautiful manifestation of Kramers’ 
•degeneracy effect 

Bethe estimates that the spocial separation in crystals is of the order 
250 cm if caused by fourth-order terms in the Taylor’s expansion 
He informs the writer that this estimate should be increased by a factor 
about 10 it the dissymmetries already appear in the second-order terms 
such as ( 2 ) There is also a further increase by a factor Z'^ m the second- 
order terms if the 10 ns have a ^-fold rather than single ionization The 
size of the second-order terms then agrees well with our estimate from 
(4), but Bethe supposes ionic crystals, and so for our purposes his 
estimates ought to be lowered if the units in solvents and hydrated 
salts are primarily neutral rather than ionic One would conjecture 
that the dipole-fields from water molecules might be responsible for 
part of the quenching m solutions On the other hand, Bethe does not 
consider clusters, which would raise the estimates An obvious difficulty 
occurs should Eq ( 1 ) be found valid m crystals of sufficient symmetry 
(e g cubic) so that the dissymmetry is occasioned only by the fourth- 
order terms, as then one has only a spacial separation of the order 
2602* cm - I 

Joos ** has particularly emphasized in connexion with the problem 
of magnetism that the colours of solutions containing 10 ns of the iron 
group must be associated with transitions between different energy- 
levels of complexes, as these ions when free have no normal absorption 
lines softer than 1300 A If the choroctcnstic colours are due to transi- 
tions between different levels which we have asenbed to spacial separa- 
tion, the latter must be alKiiit 2 or 3 volts, in good agreement with our 
upjier estimate from (4) 'There is sometimes good evidence that similar 
associations are formed both in ciystals and m solution, and this per- 
haps explains why the susceptibilities also are often so similar The 
absorption spectra of cobalt comiKjunds, for example, leads to the con- 
clusion that both in solids and solutions the cobalt ion is associated 
with four groups in the blue compounds and with six in the red ** 

74. Further Discussion of Salts of the Iron Group 

In the present section we shall cite a number of experimental facts 
(a)-(A) which can for the most part be nicely correlated m a quahtative 

^ G Joos, Ann der Phymk, 81, 1076 (1926), 85, 641 (1928) 

** Quoted by Stouer from B Hill and O.K Howell, i'MI Mag 48,833(1924) 
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way with the theoiy }iist developed in § 73, and which seem to pieclude 
any other explanation of the susceptibihties of the iron salts. Probably 
the only alternative that warrants any consideration is that the orbital 
angular momentum is not fully quenched, but that the multiplet mter-, 
vals are greatly distorted m solution or solids, and the susceptibility 
thus altered However, a very serious objection to this alternative is 
that some expenmental susceptibihties fall outside the hmits for in- 
flmtely narrow or wide multiplets m the latter half of the iron group 
(see table, § 72) The only escape would be the highly improbable sup- 
position that in the sohd or hquid state the multiplets become turned 
‘upside down’ as compared to the gaseous state, and thus become 
regular rather than inverted in the last half of the period (To illustrate, 
the hmiting magneton number for Cu^^ for Av — oo would then become 
1 55, the value for an infimtely wide regular */) multiplet, cf 8o^^ in 
table ) 

Many of the pomts which we now give as favourable to Eq (1) have 
already been mentioned by Stoner,* though not with exactly our 
quenching mechanism, and we have found the discussion in his paper 
very helpful in wntmg the present section 

(а) Near Constancy of the Magneton Number %n an Iso~electronic 
Sequence Reference to the table in § 72 shows that us we pass down 
the sequence V ++, 0r+ ' Mn ' ■* ++ the magneton number should decrease 
m the ideal gas state (cf column ‘actual Av') This is because the 
multiplet width is increasing On the other hand, the cx^xirimcntal 
susceptibility for Mn*+ is apparently higher than for Cr+-' ' Hence 
all traces of the natural multiplet structure must be pretty well 
quenched 

(б) SmaU Variations v ith Concentration If the anomalies in suscepti- 
bility were due to a fortuitous alteration (as distinct from quenching) 
of the multiplet structure by inter-atomic forces, there should pre- 
sumably be tremendous variations with the precise character of the 
inter-atomic fields, and hence with the concentration, nature of solvent, 
or nature of salt m solid comiKnmds There are some variations, but 
they are usually comparatively small, at least relative to the discrepancy 
between expenment and theory (‘actual Ar’, p 285) for free ions, as 
reference to the upper and lower hunts to the experimental values given 
in the table of § 72 will show Even the same salt may behave differently 
according to its thermal treatment The extensive investigations of 
Chatillon** yield magneton numbers for the cobaltous ion ranging from 

** A Ohatilloi), Annaltti de Vhya^quet 9, 187 (1928) 
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4*4 to 6 2 Birch ^ has measured the magnetic moment of the cupnc 
ion under no less than twenty different conditions (different solvents, 
concentrations, sohd compounds, and temperature mtervals) and finds 
4he magneton number ranges from 1 8 to 2 0, so that the total variation 
IS 10 per cent On the other hand, de Haas and Gorter®’* have 
recently found that sohd CuSO^ SHjO follows the Weiss-Cune law 
(Eq (6), p 303 ) almost perfectly even down to 14° K , with /i„n = 1 92 
and with A only 0 70 

Variations of the order of magnitude of those mentioned in the pre- 
ceding paragraph are understandable on the ground that the external 
fields such as (2) may not be adequate to quench the orbital angular 
momentum completely Even if the inequality (5) is fulfilled, there is 
always some residual effect of the high-frequency elements which may 
vary from one material to another Also it is quite hkcly that the left 
Bide of (4) 18 not entirely neghgible eompaied to the right side, so that 
the spin IS not completely free In some cases Eq (1) is a remarkably 
good quantitative ajipniMmation For Vn-* •, V+++, V++ in solution 
Freed finds 1 745, 2 700, .ind 3 805-3 855, respectively for the effective 
Bohr magneton numbers, wheieas the theoretical values predicted by 
(1) arc 1 732, 2 828, and 3 873 Freed even endeavours to distmguish 
between vanadium ions which have attached an oxygen atom to them 
and those which have not Freed thinks his value given above for V * ' ' 
is probably really for VO rather than free V+++^ , but that the other 
values arc for free ions, except for water molecules of coordination. 
The value quoted for V ' ' was for the green vancty Freed suggests 
that the brown variety involves really VO' instead of V'<++, but the 
magneton number which he finds for it is 2 813-2 848, and thus in even 
closer accord with (1) than foi the green vonety If the V+++ ion really 
attaches itself to an O atom to form a diatomic ion, the latter must be 
in a state to explain the vahdity of (1) Perhaps the unusually good 
agreement for the vanaihurn ions is because (4) is better fulfilled in the 
first than second half of the iron pciiod, as the multiplets arc narrower 
Also reference to the table shows that the discrepancy between (1) and 
the values ‘actual Av’ is, rather fortuitously, unusually small for the 
V ions, so that the suseeiitibility would be only slightly altered even if 
the quenching is only partial, provided, however, the ions are mona- 
tomic rather than diatomic For this reason Freed’s data on vanadium 

“ Bircli, J (It riiymqUL, 9, 1,17 (1928) 

For fui thor c orniJuriHoiiB of tiie inagiiotoii nuiiilierR for tlio sarno loii in difforont salts 
BPfl tho table to bo given iii itoiii (7t) 

S7ii W J do Haas and C J Gortor, Leiden Communtcaiions 2lUd 
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perhaps do not funush quite as crucial a test of (1) as would equally 
careful measurements on other ions 

(c) Experimental Values often Intermediate between (1) arid Those for 
Free Ions. This should, of course, be the case if the quenching is only, 
partial Reference to the columns ‘spin free’, ‘actual Lv, and ‘experi- 
ment’ in the table of § 72 shows that this is indeed usually the case, 
especially in the last half of the penod, where the divergence between 
the values ‘spin free’ and ‘actual Av’ is greatest Occasionally some of 
the experimental values lie outside these limits, but nut very far. As 
the quenchmg condition (S) is better fulfilled at low temjieratures, one 
might expect the beginmng of a transition from (1) to the values for 
free ions to mamfest itself as the temperature is raised Stoner notes 
that a limited amount of experimental data seems to reveal just this 
situation 'rheodondes“ finds a magneton number 3 2 for Ni++ m the 
temperature interval 15-1 25“ C , and 3 4 for 1 50-500“ C , to be compared 
with the values 2 83 and 5'5C given respectively by (1) and Laporte’s 
theory for free ions 

(d) Experiments on the Oyromagnetic Effect This is one of the most 
satisfying arguments Such experiments on rotation by magnetization, 
or the converse, yield a g-faotor approximately “ 2 when made as usual 
on Fe, Ni, Co, or alloys thereof Now 2 is just the j-faotor charactoristie 
of the spm alone, and so is indicative that the orbital magnetic moment 
IS completely quenched The usual experiments are, to be sure, made 
on the ferromagnetic pure metals and alloys rather than the para- 
magnetic salts now being studied, but since ferromagnetism is a spin 
phenomenon (§ 77) there can be but httlc doubt but that the quenchmg 

** TheadoruloH, DiHBortatioii, Zuiich, 1921, Compteif Rrittln/tf 171| B48 (1920), J dc 
Fhyift^c, 3f 1 (1922) Honda and Ifihvwam fmd tliat tho grapli of 1/;^ againRt T for 
CuCl| 18 non-liiioar with tho ( oncave sido of the curvat un* tuwai dH tho T axis {Sc% Rep 
Tfthoku Thiiv , voIh 3 -4) and 13irch finds a Bimilor lurvatuit' for CuSOg between 10 and 
531° C Tins IS tho typ<] of ourvuture to bo oxpor tod if tiio rnagnoton number is beginning 
to chaiigo from tho ^spui only’ value 1 73 to tliat J 5J appropriate to fico ions Bmh 
gives a niagiietoii nuinlxir 1 82 for CuCi, in solution from and 2 0 from 49 85^ C 
Tins fliiTorenoe gives, however, a rather exag^ rated impression of the amount of curva- 
ture, as the magneton number is taken by Hmh to be proportional to [;^ (T-f A)lt and 
there are nearly ( oinpensatnig ohangon m A, which bo gives as msjiectively — 10 aiul -|-65 
111 tho two mtervalfl If the magneton number is taken proportional to (^T)* i e , without 
the WeiHS modification in tho Curio formula, it has nearly identical values, viz 1 85 and 
1 86 111 those two intervals 

** It IS usually stated that gyromagnotK experiments y lold a g-factor which is 2 within 
tho experimental error However, the very earofnl rLMout work of 6 J Barnett and 
L J H Barnett (J Amer Acad 60» 127 (1925), Phya Hev 31, 1110 (1028) ) yields a 
g-factoT 1 87 for pure iron, quite definitely less tlian 2 This is doubtless because tho orbital 
magnetic moment is not complot-oly quenched Tlio g factor for a free Fe'^'*"^ ion is 2, 
but that for Fe+''' is 3/2, and both types of ions ore perhaps present. 
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on the orbital part is similar in both cases Also particularly pleasing 
IS the fact that gyromagnetic experiments made instead very recently 
by Sucksimth*® on a paramagnetic salt containing Gr+++ stiU reveal 
fa ^-factor 2, m marked contrast to the agreement of his gyromagnetic 
experiments on the rare earths -with the theory for free ions (cf. § 60) 
(e) CrnifimuUvon in i’e+++ and These ions are in 8 states, so 

that there are no questions of multiplet structure, and Eq (1) gives the 
same result as the theory for free ions Hence the calculations should 
hold more closely than usual Now it is noteworthy that Mn++ does 
indeed have a remarkably constant magneton number In a careful 
study of solutions of the chlonde, sulphate, and nitrate, Cabrera and 
his collaborators have found in each case a number close to 6 92 
independent of the concentration On the other hand, a variation of 
nearly 10 jier cent in the magneton number of the Fe ' ' * ion is observed 
when solutions of different concentrations or acid content are prepared 
Perhaps this variation is due to chemical effects, such as the attaching 
of water molecules of coordination, or possibly, a suggestion made by 
Stoner, a partial formation of diamagnetic complex ions 

(/) Complex Salts There are many so-called complex salts m which 
the ion of the iron group is known to be present only as one of the 
constituents of a oomiilicated radical Very often such salts have 
susceptibihtics which can be approximately represented by (1) if S is 
given the proper value For instance, [Cu(NH 5 ) 4 (NO;)jj] and also other 
similar complex cupric salts usually have magneton numbers somewhere 
between 1 8 and 2 0, Cr(NH 3 ) 5 T 3 and other chromic salts numbers from 
3 4 to 3 8, and NifNHjloBrj, &c , numbers ranging from 2 6 to 3 2 These 
values are nearly the same, though usually somewhat higher than those 
1 73, 3 87, and 2 83 given by (1) with S resiiectively 1/2, 3/2 and 1 
These are just the values of 8 for isolated Cu++, Cr+++, and Ni++ ions, 
and this suggests that the inm group ions often have a fairly indepen- 
dent existence even in the complex salts Hence in (A) we shall draw 
freely on the temperature data for complex salts In any case the 
obvious interpretation is that the complex radical has a nearly free 
resultant spin, and that any excess over (1) is due to an only partial 
quenching of the orbital angular momentum 
There are, however, many complex salts, e g KMn 04 , K 2 Crj 07 , many 

W Suckflinith. pai>er ooznmunicated to the Bntusli Ahcmx lation, 1930 

B Cabrera and A Buporior, J de PhyavjttCf 6, 121 (1025) 

" For further diseuBsion of oomplcx sslte see Stoner, Magneitem and AUmne Stmeture^ 
pp 326ff , WoloandBaudiflch,,?^a{ure,ll6,359, 606(1025), S ShaftorandN W Taylor, 
J Amer Chem Soc 48, 843 (1026), Bosenbohm** 
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ferrous complex salts, and some sixty cobaltamines measured by Bosen- 
bohm, which are either diamagnetic or only feebly paramagnetic. The 
obviouB explanation is that here the resultant spin of the complex ion 
IB zero This is allowable, as in each case the latter contains an eved 
number of electrons The spins of the individual constituent atom-ions, 
in so far as they have an isolated existence, need not be zero, but only 
the vector sum over the entire radical 

(g) Feeble Paratnagneiistn, of Certain Saits Some of the complex salts 
cited in the preceding paragraph are feebly paramagnetic instead of 
diamagnetic For instance, after allowing for the residual diamagnetic 
effects, Rosenbohm*® finds that the molar susceptibility of the hexa- 
mines, pentammes, tetramines, and triamincs of cobalt are respectively 
approximately .55x10“*, 60x10“®, 73x10“®, 07x10 ® The ordinary 
paramagnetic susceptibilities which we have previously been treating 
are of the order 10 “® or greater It seems reasonable to attribute this 
feeble paramagnetism to the residual effect of the high-frequency matrix 
elements, or, in other words, to the fact that the quenching of the 
orbital angular momentum is necessarily imperfect This idea finds a 
beautiful confirmation m the fact that such feeble paramagnetism is 
usually found experimentally to be mdependent of the tomperaturo,®* 
or nearly so, in accord with the general theorem of (’hapter VII that 
high-frequency matrix elements give a eontribulioii to the susceptibility 
which IB indejiendent of temperature bi this connexion the second 
term of Eq (11), Oliap X, and remarks relating thereto should be 
consulted, as it was there found that the feeble paramagnetic term is 
unavoidable when the molecule or ion contains more than one atom 

Ladenburg ®® has emphasized that certain ions which arc m states 
when free sometimes seem to exhibit a small paramagnetism when in 
compounds which is usually independent of tcmjierature For instance, 
ScjOj, TiOj, V 2 O 5 , CeOj all seem to exhibit paramagnetic susceptibilities 
(after allowance for diamagnetism) of the order 10 “® to 10 “® per gramme 
mol independent of temperature, despite the fact that Re® ' , Ti®+, V®+, 
and Ce* ' 10 ns all have ^S configurations Such measurements are neces- 
sanly unprecise and difficult because of the smallness of the effect and 
uncertain estimate of the diamagnetism, hut seem quite definite for 

** Koseiibohm, ZftM f Phyit Chem 93, (*93 (1919) 

** SeoT Iflhiwara, Nfi Hep Toktiku Unir 3, :H>3 (1914) , P Wi'ihk and Milo P Collot, 
Compten EenduH,i7S,2\4T (P)24) 181,1(K>] (IWi^) 182, J05 (1U36) , Froodand Kaapor, 
J Amer Chim Soe , 52, 4(>71 (1010) Krocxl oxphoitlv inontions Iho agroomeiit of his 
obser\'afioris on toiiifioratiim \ariation Mith Kq (1 1), <'hap X, or its eqiuvaleat 
R Ladoiiburg, Zcit^ f Phyv CJum 126, 133 (1037) 
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V®+ m view of the careful work of Weiss and Mile Collet ** Other oon- 
vinoing data have recently been given by Freed ** Such small residual 
paramagnetism finds its explanation along the hnes of the preceding 
■paragraph Here the important thing to note is that in comphcated 
molecules the inter-atomic forces not merely quench most of the orbital 
paramagnetism if the constituent atom-ions are not in states when 
free, but can actually create a small paramagnetism if they are all in 
states and hence diamagnetic when isolated from each other This 
IS because the square of the orbital angular momentum never vamshes 
(and hence cannot be 8{S-\-l) with jS = 0) when there is more than one 
nuclear centre, as explained in § 69 

{h) Approximate Conformance of Temperature Variation to the Weiss 
Law It IB a remarkable and illuminating fact that the temperature 
variations of the susceptibilities of most salts involving the iron group 
are represented rather wcU down to a certam critical temperature by 
the so-called Weiss formula, 


^ C 
^ T-fA’ 


( 6 ) 


in which Curie’s law is generalized by addition of the constant A to 
the denominator In view of (1) the approximate value of the constant 
C IB usually iNp‘S{S-{- 1 )/3fc A^ole pages could be devoted to recordmg 
the values of C and A reported by different investigators, not always 
in overly good accord with each other We shall content ourselves by 
giving in the following table some of the measurements made by Jackson 
and others at Leiden,®’ as the Leiden data usually extend to lower 
temperatures than elsewhere, and so furnish a more crucial test of (6), 
usually revealing the temperature below which (6) fails ** Instead of 


I'^or RTi oxf elloiit ey of the Oiffcront oxponmontal dotorminations and roforeuceR, 
8W Sl/Oiior, Mofpwtwn and MrMcfun, pp 127, 132-7, 144-9, or Cabrera, 1 c • 

Tho mouHuroim ntM foi the nickel and cobalt salte (except (hlondos) given in the 
tj>blo aro by Jacluon, Leiden Commun%c€dtonii 163, or Phxl Trans Roy Soc 224, 1 
(1923) Tho valueH for the ferrous salts arc as quoted and calculated by Jackson from 
oarlior I,^idon work The pajiors on tho f hlondos arc c itod in notes 42 and 44 bolow Tho 
resultH on tho ferrii and manganous salts am taken from a variety of the Leidon papers 
{Communxcationif 129b, Hie, 139c, 108b) mostly by Onnes and Oosterhuis For Cu++ 
see ref 27 a The doticrmination foi Cr|(SO«) 9 K^O« 24Ha() is by do Haaa and Gortor, 
Leiden Communicatione 208 1 

In tho oarly days of tho old quantum theory several attempts were made to explain 
the deviations from Curie*s law at low tmnporaturos as found at Loiden, by quantizing 
the rotation of a free diatomic molecule See, for instani o, F Reiche, i4nn der Phyeik, 
54,401 (1917), S Kotszajn, lAid 57,81(1918) These attempts do not seem to bavo any 
physical significance, as an ionic crystal surely does not consist of such freely rotatmg 
molecules 
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giving the Curie constant C, we give in each cose the effective Bohr 
magneton number defined by == (3kC/N^)* 
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0 
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3* 

6 55 

FpCI, 
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CoB04(NH4),804 BHjO 

22 

5 00 

, CoCl. 

-33 

5 03 

NiS04(NH4),S04 

4 

3 21 1 

1 NiCIj 

-67 

3 17 


As a rule the values of A given m the table are found when substituted 
in (fi) to yield a formula which represents the experimental data fairly 
well down to about 65-]3.5”K Below this critical region of temperatures 
£q (6) usually ceases to lx; vabd, and the cryomagnctic anomahes 
discussed below begin to set in In a few cases, however, Eq. (6) with 
the constants as given in the table is found to hold quite well down to 
the lowest temperature investigated (usually about 14° K ) These eases 
ore indicated by asterisks m the table “ 

As regards the theoretical interpretation of A, it is quite clear that 
it IS not usually an atomic property, but is due primarily to distortions 
by inter-atomio forces This is shown, for one thing, by the fact that 
A varies so much with the com|)oimd in which a paramagnetic ion of 
given valence occurs, in marked contrast to the comparative constancy 
of the magneton number tlhlondes, for instance, usually yield a 
negative A, and sulphates a positive one As a rule the values of A are 
lower in oomxKJunds of high ‘magnetic dilution’, such as the hydrated 
sulphates and amono-sulphatcs in the table Heiscnlxirg’s theory, which 
wc shall discuss m Chapter XII, shows that the exchange forces between 
paramagnetic atoms oi ions have the effect of adding a constant A to 
the denominator of the usual Cune formulae, thus yielding an expres- 
sion of the desired form (6) We have, however, already mentioned 
that the exchange forces probably play only a subordinate effect in the 
ordmary salts, and if all of A is due to the exchange effect, then A 
should vanish when the magnetic dilution is high Reference to the 
table, on the other hand, shows that A is still appreciably different 
•• In tlm coaoa of MuSO,, MnSO, 4H,0, FoSO, 7H,0, and NiS 0 i(NH|)jS 04 0H,O, 
the dcviationn from (6) at low t>emperati)roB axe, however, considerably less pronounced 
titan for tito other salts not dostgiiated by asiorisks m the table 
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from zero even for some of the h^hly hydrated salts One therefore is 
probably safe m attnbutmg only a part of A to the exchange effect, 
and the balance to distortion effects involving the orbital angular 
momentum, probably because the mequahties (4) and (5) are not ful- 
filled with any great precision, although the requisite mathematical 
theory has not yet been developed to show that the temperature 
dejiendence is of the form (6) ^ 

This view that A is often due mainly to the influence of orbital angular 
momentum finds support in the fact that A is usually smaller in the 
manganous and feme than in most other salts The Mn++ and Fc* + 
ions are m S states and hence devoid of orbital angular momentum 
Hence, only the part of A ansing from the exchange effect should still 
remain, and this disappears at infimte magnetic dilution This is in 
beautiful accord with the fact that A is zero for Mn804(NH4)2804 GHjO 
and Fej(S04)3{NH4)jS04 24H2O within the experimental error The 
latter of these (alum), with its 24 water molecules, of course represents 
an unusually high degree of magnetic dilution Furthermore, for these 
two salts Curie’s law holds right down to the temperature of liquid 
hydrogen, without the usual iiregularitics setting m at about 70° K 
We can, so to speak, say that in the salts of the iron group the orbital 
magnetic moment and all traces of gaseous multiplet structure are 
pretty well exterminated, mamfesting themselves only indirectly in A 
and in irregularities only at very low temperatures In Mn++ and Fe+ * • 
there are no multiplets to exterminate, and this is reflected in the closer 
apphcabihty of Curie’s law than for othei ions, except possibly ('0++ 

The data on A which we have previously quoted have been for solids 

Without n doluilod takulutiouit tail tx pmiiHoil that the tht on In a1 ( xproHHiuii for 
the aust’eptil)ihty lan bo tlcvelopwl in a wiiw of thf form ^ t ^ ^ I" when 

we consider ( omH tionn to (I ) result ingfiom the fiu t that the left Ride of (4) is not negligible 
I oinparecl to tlio right side, but at the Barnc. tune nogicc t ony orroi rcMultiiig from the foot 
that the i oiidition (5) may nut bo well fulfilled Thin fiev olupinent is the earno oh (6) to 

tfirniB of the order T * if wo take A ‘ffi/C? It is not <loar without lengthy roniputa* 

tions of Og whfither or not this development and that obtained b> oxjianRion of (C) 
tliffei appro( lubly in the terms of or<ler T'*, , also how niuili the diM lopmciit is 

spoiled because (5) is never ideally fulfilled 

In this connexion w'o may mention that a development of the biir( opt ibility in doscciul- 
ing powers of 7 is likewise obtained in the theory of Cabi'ora and Vuloi los, An iSoc esp 
Fv» Quxm 24« 297 (1926) They also havf> the idoa that part of tlie susceptibility of the 
free ion is suppressed by inter atoinu forces, bufciii our opinion the nuincrieul values of 
the coefficients in thoir senes development are ui error betausn they oveilook the fact 
that the second- as well as first order Zootnan terms contribute to the Curio tonn of the 
susceptibility when the frequencies m the perturbation doiiommators are small compared 
to kTfh 

35f6 8 


X 
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The expenmental data on A in solutions aie rather hard to analyBe, 
as there are comphcated variations of A with acid content, with the 
temperature mterval (mdicatmg that here (6) is really not a good 
formula), &o Generally speaking, A changes but slowly with com 
centration, and does not vanish at infinite dilution This is theoretically 
comprehensible if there arc certain clusters or complexes which mam- 
tain their existence at any dilution The fact that the value of A 
depends somewhat on the nature of the negative radical of the dissolved 
salt indicates that the cluster apparently sometimes has a more com- 
phcated structure than Fo+'' wHjO, &c Cabrera and Dupener*^ find 
that A is about —23 to —28 for aqueous solutions of manganous salts. 
This IS rather puzzhng, as the Mn'+ ion is m a state when free, and 
hence should presumably be affected but httle by the surroundmg 
molecules of hydration In our opinion the data on hydrated solid salts 
furmsh a more reliable and more easily analysed test of the theory than 
do the measurements on solutions In particular, the determinations of 
A in solutions are often based on such restricted temperature intervals 
that they lack much sigmficance {cf end of note 28) 

It IS to be understood that (6) is not claimed to be an entirely accurate 
representation of the temiwrature variation even at room temperatures 
and higher Instead A must itself be regarded as a slowly varying func- 
tion of the temperature, in line with the transition effects mentioned 
at the end of item (c) One fact, however, stands out sharply, namely, 
that the large departures from Cune’s law do not apjiear experimentally 
in the first half of the iron group which should appear theoretically m 
the ideal free or gaseous shite because the multiplets are comparable 
to Keference to the table on p 285 shows that in the upper half 
of this tabic the effective magneton numbers for the free state calculated 
for ‘Av — oo’ or T = 0 arc quite different from those calculated for 
‘actual Av’ or ordmary tcmjicratures One can, for instance, calculate 
the following effective magneton numbers for free Cr'++ and Cr++ at 
various temperatures 
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Analogous departures from Cune’s law in the free state do not come 
in question in the second half of the iron penod, as here the inversion 
of the multiplets makes the mtcrvals between the lowest components 


B Cabrora aiul A Dujxjrior, / 6, 121 (1925) For further mformation 

on tho values of A for solutions see Cabrars*8 articlo in the report of tho 1930 Solvay 
Congress, also Stoner, MoffneiisjH and AComte Structure, p 127 
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large compared tokT. Uniortunately there is a dearth of data, especially 
at low temperatnres, on the temperature behaviour of the moments of 
the ions m the first half In particular, no adequate temperature data 
•are available for Cr++ and Mn+++, which resemble Eu-* ' ' inasmuch as 
the free magneton number drops to zero at T = 0 However, Woltjer" 
finds that CrCIs obeys the formula x — 61)®/3fc(2'— 32 5) down to 

about 136° K. The susceptibdity thus increases more rapidly with de- 
creasing temperature than according to Cune’s law, whereas we have 
seen above that the effective magneton number of the free Or ' ' ion 
instead diminishes with decreasing temperature, giving a departure from 
Curie’s law in the opposite direction This difference shows vividly how 
‘un-gas-like’ are conditions in salts of the iron group, m marked contrast 
to the rare earths He Haas and Gortcr find Crj(S04)3K2S04 . 24H2O 
follows Curie’s law almost perfectly down even to 14°K Turning to 
measurements at somewhat higher tcmjieratureH, Honda and Ishiwara 
find that CrClj, Crj(S04)3, and CrjOj THjO all approximately obey 
Curie’s law throughout the entire temperature ronge about 100-800° K 
they studied, barring oxidation effects at high temperatures and 
Weiss A-oorreotions imjiortant only at low temiieratures This is m 
accord with the theory of § 73, wheri’by the quenehmg effect effaces 
the multiplet stnioturo, and yields Eq (1), thus restormg Curie’s low 

Cryomagnetic Anomalies Wo have already mentioned that (6) fails 
below a certain cntical temjierature, usually about 70° K This is at 
least in part understandable on the ground that the inequality (4) is 
less apt to be fulfilled at low temperatures, so that the couplmg between 
spin and orbit becomes more important Usually below the cntical 
temperature the susceptibdity increases less lapidly with d(>creasing 
temperature than predicted by (0), which is just what we should expect 
if the spin ceases to be free 

At very low temperatures more anomalies than merely departure 
from the simple temperature variation (0) sometimes mamfest them- 
selves It is found that at the temperatures of liquid hydrogen the 
susceptibihties of CoClj, CrClj, EeClj, and Nil’lj, also Fc2(S04)3, arc all 

^ H R Wolt^oT, Ltiden Commun%cai^onli 173b 

T Iflhiwara, Hot Hep Tohoku l^nw 3, Jb3 (1^14), Honda and Ishiwaia, tbid 4, 
215 (1915) They find that the 8 tiHt»ptibility of Cr,Os dooroai^iH otilv voi’v alowly as the 
toinperaturo la raised, in inarke<l (untrast to C 1 CI 3 or Cr^Oa THgO Tho moaning of this 
iH not clear Tho departure from (Mnu’s low foi Ci^Og uro, to bo siiro, in tho same dirot 
tion SB for tho free Cr**"* '< ion, but it is liard to boliovo that in tho oxide tho Cr * ion 
18 more free than elaewliei'e, although it is concfMvablc that thcru 18 diflorent < rystalliiie 
symmetry in tho other salts In gonoral, the behaviour in the vi< iiiity of 1000" K in \ ory 
irregular for the different chroimc salts preaumably biH auso of choiiuuil offevts 

X2 
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dependent on the field strength H, m some cases meieasmg (NiCl«, 
C 0 CI 2 ), m others decreasmg (CrCl*) or even mcreasing and then de- 
creasing (FeCy as the field strength is increased." One has here a sort 
of mcipient ferromagnetism, but not true ferromagnetism, m that theret 
IS no saturation or enormously high susceptibihty The explanation is 
probably that the exchange forces between magnetic 10 ns, which 
Heisenberg shows can create ferromagnetism, may be vital at very low 
trmpiTatures even though not at higher ones, as the imjxirtance of 
interaction energies is always gauged by comparmg them with kT. This 
seems plausible since the chlorides have less magnetic dilution than 
many salts, so that exchange forces may be relatively more important 
than in the others 

We must not give the impression that all compounds of atoms of the 
iron group with atoms not belonging to this group arc not ferromagnetic 
except possibly at very low temperatures Ishiwara," for instance, finds 
that certam nitndcs of Mn arc ferromagnetic above room temperatures 
The forces tending to create ferromagnetism are thus here stronger than 
in the chlorides, possibly this has somethmg to do with the fact that the 
normal state of the N atom is a quartet state Pyrrhotitc (approxi- 
mately Fe^j), magnetite (FojO^), haematite (FcjO,), and the Heusler 
alloys arc well-known examples of ferromagnetic compounds consistmg 
only in }>art of atoms of the iron group Generally sjieaking, the sul- 
phides and oxides of this group, even when merely para- rather than 
ferromagnetic, often do not conform at all to Eq (1) (cf note 43) This 
IS in marked contrast to the rare earths, where the oxides liehavc nearly 
as regularly as hydrated sulphates (§ S8) Oxides have less magnetic 
dilution and more symmetric and simple crystal structures than salts 
composed of a variety of atoms, so that we need not bo surprised that 
they often do not obey Eq (1) 

It may be noted that WiUiams" finds that at room tcmxieratuieB the 
pure rare earth metals, in distinction to the salts thereof, exhibit sus- 
ccptibihties dependent on field strength This is probably the same 
sort of phenomenon as that of the chlorides of the iron group at low 
temperatures, as a true state of mtense ferromagnetism has not been 
reached but yet x dejicnds on H That pure rare earths are thus less 
ferromagnetic than pure iron is doubtless because the deep sequestering 

** Woltjur and OmieH, Leiden Communtcaiionit 173, Woltjer and Wiorarnu, ibid 
201 a Tho dopeiidoiico on field strenglh at low toinpomtui'os was first ubsorved in feme 
sulphate by Onnos and OosterhuiB, tbnl 120b 

T Ishiwara, Sci Itep Tohohu Univ 5, 53 (1916). 

K H Williams, Jtev. 29, 213 (1927) 
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of the 4/ orbits makes the mter-atomic exchange forces smaller than in 
the iron group. 

CrystaUme IHssymmetnes The data which we have previously quoted 
•have been for powders or other preparations in which the various 
crystalline axes cannot be isolated In a few cases it has been found 
possible to use single crystals and so measure susceptibilities along the 
different crystal axes Different salts behave qmte differently (We, of 
course, discuss primarily only paramagnetic crystals, ferromagnetic are 
much more complicated ) Three distmct cases which arise are 

(T) Magnetically isotropic crystals As an example, gadolinium ethyl 
sulphate*’ is found to obey Cune’s law with the same constant for all 
three axes to within one part in a thousand. 

(II) Crystals in which the constant C in (0) is the same for the 
different axes, but the constant A is different As an example, Jackson " 
finds that CoS 04 (NH 4 ) 2 S 04 BHjO has A = 9 8, 62, 15 respectively for 
various axes Usually, though not mvanably, the magnitude of A is 
least along the axes along which the atoms are spaced most sparsely, 
in accord with the general projKMition enunciated by Onnes and 
Oostcrhuis that A decreases when the ‘magnetic dilution’ becomes 
gieater This is in quahtativc agreement with our interpretation of A 
as due to intcr-atomic forces, although a quantitative theory for crystals 
18 wanting 

(111 7) (.'i vslttls in -which the < 'une « onstont C has ihfieronl values fur the prim i- 
pnl ii-KOs .liuksun and do Haas*’ report that in MnS 04 (NH,),S 04 bHjO tlio 
eiTei live Uohr inagrioton numbers are 6 9, 5 9, and 4 (J for the throe piincijial axes 
As repinlH tlieoiy, the analysis of Cliaplei VIT will yield Curious law with different 
omistaiits fur ttio diffuiunt axes if one abandons tlie laotropy relations given on 
ji 193, Ciiaptei VII and instead makes tlio aiijiposition that the effect of the 
(piantiiiri iiiiinbei la on the energy is laigc coinpansl to kT Ilien only the 
diagonal elements of llie moinont matrix coiiliihute approciahly to the sus- 
coptibihly This, however, -aoiild involve queiuhing most of tho auseeptibility 
of tho fine ion and soom.s iirei mi< iliblo with the fact tliat .Tiukson and Orniea find 
tiliat tho mean susceptibility for all throe axes has the sarno value as for the free 
ion An even greater difficulty is that it is haisl to imagine appreciable forces 
causing inagnetK dissymmetry when the ions are m 8 states, as are those of Mn* 
Furtliennoro, according to tho measuiemctits of Rabi,”* the magnetic anisotropy 
of MnS 04 {NH 4 ) 4 S 04 (iHjO at louiii tomperatiiro does not oxceeii one per cent , 
which IS conviiuing ovidonco that the ruiistant C does not really depend mueh 
on tho axis It is therefore noteworthy Uiat very recently K S Krishnan"'’ 
*1 Jackson and Oiinos, Leiden CommunKoitone 16Ha (1921) 

** L C Jackson, Leiden Communicatume 163, Phil Trane Ray Roc 224 , 1 (1923), 
226 , 107 (1026) *• Jackson and do Haas, Leiden Commumcattone 187 

•••I I Rabi, Pllys fieii 29 , 174(1927) 

‘•’K S Krishnan, Zeita / Phyeih, 71, 137 (1931) 
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claims to have found a computational eiror in the paper of Jackson and de Haas, 
and states that when proper corrections are mode the dissymmetry proves to bo 
of the usual type II “ 

One would expect the magnetic dissymmetnes in crystals to be duei 
primanly to distortion effects involving the orbital angular momentum 
at least indirectly The magnetic moment may well arise almost entirely 
from the spin magnetic moment and the anisotropy he m conjunction 
with the coupling of orbital and spm magnetic moment within a given 
atom This coupling may have some disturbing effect because the left 
side of (4) IS not negligible compared to the right, and need not be 
isotropic when the orbital angular momentum is exposed to an external 
field. The anisotropy of the crystal then makes itself felt directly on 
the orbital angular momentum, and hence indirectly on the spm The 
beginnings of a theory based on this idea may be detected in interestmg 
recent work by I’oweU,®' though pnmanly in connexion with ferro- 
ratber than paramagnetism He subjects the spm to a Weiss molecular 
field having the same symmetry as the crystal This may be regarded 
as a crude portrayal of the fact that the couphng (3) of spm and orbit 
wiU indirectly subject the spin to forces havmg the same type of sym- 
metry as the crystal if the orbit is itself first quenched by the crystallme 
fields associated with (2) Powell’s model is, of course, merely a sub- 
stitute for the real dynamics connected with (2) and (3), but he shows 
that It can account quite nicely for certain crystalbnc dissymmetries 
in the magnetization curves of iron and nickel 

It should be particularly noted that the exchange forces between 
atoms, winch create effectively a couphng between spins, do not create 
any magnetic anisotropy in the crystal This is one of the consequences 
of Heisenberg’s theory of ferromagnetism (§ 77) and is one of oiir mam 
reasons for attributing the anisotropies to effects involving the orbital 
angular momentum 

'I'his idea that orbital distortions cause most of the magnetic aniso- 
tropy seems to lie nicely confiimed by the almost perfect magnetic 
isotropy of crystals of gadolinium ethyl sulphate The Gd+++ ion is in 
a ®)S state and so has none of the complications coming from orbital 
angular momentum Also, Rabi^®‘‘ finds manganous salts much more 

Bcmidoft tho TnoaHiimmontfl on cobalt ainmomuni sulphate quoted above, Jackson 
tnenHiireil the tliruo jinru ipol suscciptibiUtiMi of NiS ()4 white Foex had provioivsly 

measurefi those of aidoiose {AnnalM tie Phyniqu?, 16 , 174 (1021) In. each case the dia- 
synimetry was found to be of tlie type U rather than IIT 

V C rowel!, Vroc Hoy Soc 130 a , 167 (1030} Fowler and Powoll, Proc Comb 
Phtl Soc 27,280(1931) 



XI, {74 ESPECIALLY SALTS OF TEE IBOIT GBOUF 311 

isotropio magnetically than nickel, cobalt, or ferrous ones. This is 
what one would expect since the Mn+ ion is in a ‘/S state 

Even without coupling to the orbits, there can be some slight amso- 
■tropy in the part of the susceptibihty commg from the spin because 
of the purely magnetic forces lietween the spins of different atoms By 
a classical calculation, whose results no doubt hold in quantum 
mechanics, Becker has shown that no anisotropy arises from this 
cause as long as the crystal is cubic Also, Kramers ^ has shown that 
even in an S state a fine multiplet structure, interfering somewhat with 
the freedom of the spm, comes into existence as soon as the atom is 
subject to a non-central field Both these potential causes of magnetic 
anisotropy are second-order effects, as magnetic forces between different 
atoms are small, and as the Kramers fine structure effect is very narrow 
However, there are reasons for bchevmg that crystalline dissymmetries 
in magnetization are themselves n secondary thing in oiigin 

75. The Palladium, Platinum, and Uranium Groups 

Hero respectively id, 5d, and 6d inner shells are m process of develop- 
ment The structural situation is thus like that in the iron group in 
that the incomplete shell is one of d elections, with a capacity of ten. 
The table on p 312 seta forth the available expemnental data, in 
comparison with the theory for free ions, and with the assumption that 
the spm only is effective, which was found so frmtful in the iron group 
We mclude as ions illustrative of the various configurations only the 
smattering assortment with various valencies, for which exjierimental 
data are available The salts employed by Oabrera,®* by Bose,®® and by 
Guthrie and Bourland®® arc the ordinary anhydrous ehlondes, except 
that the values in parentheses are for oxides, and except for the values 
by Bose to which astensks are attached The latter arc respectively for 
KTaF„ ThiCOa)^, K,W(OH)Glj, UfrA)^. K 3 M 0 GI 0 I 2 H 3 O, K^W^Cl,, 
2 Ir(''l 3 3HjO Thus the values designated by asterisks usually lepresent 
measurements on more complex salts of more magnetic dilution than 
the other data The value for Mo®^ (MoOj) is by Berkman and Zoeller ®’ 

“ B Boclior, ZeUs f Phynk, 62, 25} (1030), rplfttod olhf'f woik bv (3 S Malmjani, 
Phil Trawt Boy Boc 228, «3 (1929), N 8 Akulo\, Zeiiv / Physik, 52. **89. 54, 582, 
57, 249, 59, 254. 64, 559, 817 (1930), Iv W McKwhan, Bc\ Mwi Phys 2, 477 (1030), 
Nature, 126, 052 (1930) « H A Kromore, ZvUa J Phy»d, 53, 422 (1929) 

B Cabrera, AUt del Congreseo {Covio) Jntemaztonale d<.% i'wfCf. i O') (1027) 

B M Bobo, t&id p W^orZetts f 48, 71G (1928) BohuIob the data given 

in the table, he finds a magneton number of 3 71 for Mo+^ ' m Mo(SCX)g(NHj )4 4HaO 

“AN Guthrie and !• T Bourland, Phys Rev 37, 303 (1031) 

8 BorkmanondH Zoeller, ZeUe f Phye CJtem 124, 318 (1927) 
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rather than Cabrera In connexion with the measurements on oxides, 
we must remember that even m the iron group the oxides often had 
a different and more complicated behaviour than the ordmary salts 
Consequently data on oxides can scarcely furnish a crucial test of the 
theory 

The column headed ‘spin only’ gives the magneton numbers yielded 
by Eq (1), while the theoretical values for free ions have been calculated 
under the assumption that the miiltiplets are infinitely wide compared 
to IT, permitting the use of Eq (10), t!hap IX, with a = 0 This is 
legitimate since in the Pd, Pt, and U groups the multiplcts are much 
wider than in the iron group “ 

The agreement between the measurements of Cabrera and Bose is 

X rnv (Inta hIiow thut tlu* Hcreoiung coiist^it for tho inultiplpl^ involved iii the l*d 
group iH about 24 ThiK bIio>^h that tho multiplota aio horo roughly about 6 tunos as wido 
HU 111 tho iron group, ho that Mo*’ > and Ru ‘ + should have about the Hame magm^ton 

mnnhorR at room UiTijKMutun h ns Cr ' ' and Cr ^ ^ rospotUvely at 50" K Reference to 
tho tabic on fi hIiowh that (fie theoretical \aIuo8 for Mo' ' ^ and Rii^' thus become 
approximately ] 2 and 2 5 when tho rorrcM*tioiiR for finite muLtiplet width are roncudorod 
ThiH \aluo feu Mo^ ' ' is not enough greater than that for Ar — oo to shed much light 
on the glaring gcmroral diHcrcponcy between theory and experiment, while m the case of 
Hu >11 + expenmental data are a>ailablo onl> for tho oxide Tho corresponding change 
in the l*t ond U groujiH is even Iors important, ns tho multiplotR are still greater The 
con’CH tion for finite multiplot ulth would be signifleant if adequate measurementfl wore 
available for tho c onfiguration, which is much the most sensitive to this correction 
In configurations othei than <P and d* this corroetiou becomes of subordinate unportanco 
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none too good,^ but the data are adequate to show that the magnetic 
behaviour of the Pd, Ft, and U groups is exceedmgly complicated, and 
that here the susceptihihties do not conform except m isolated instances 
«ither to the theory for free ions so successful m the rare earths, or to 
the ‘spm only’ theory charactenstio of the iron group This is the exact 
opposite of the frequent conjectures made before the recent expenments 
that the heavier atoms with mcomplete 3d configurations would be 
more amenable to theory than the iron group because the multiplet 
structures are wider and hence less easily distorted. 

An outstandmg characteristic revealed by the table is the very low 
experimental susceptibihties, especially m the second half of the period 
One naturally seeks to explain this on the ground that the ‘mtemal 
magnetic’ coupbng (3) is stronger than the mter-atomic forces respon- 
sible for the spacial separation, so that on inner quantum number J 
can still be employed even in the presence of (2) One can then show 
that the spacial separation will tend to quench the total angular 
momentum rather than just the orbital part, for it is now necessary to 
treat the perturbations m the order (3) followed by (2) rather than (2) 
by {3), and so the argument used m § 73 to demonstrate quenching of 
orbital angular momentum now demonstrates quenching of the total 
angular momentum Even should ^3) not be larger than (2), it is qmte 
possible that the inequality (4) is not satisfied, so that the spin is not 
free and the susceptibility is hence low On this view that the spacial 
separation should leave the multiplet structure intact in heavier atoms 
one would expect the theory for free ions to be more nearly applicable 
than the assumption that the spm only is free This is supported by 
the fact that the susceptibilities of Ru*+, W+++, and W‘+ conform much 
more closely to the values calculated for ‘free ions’ than for ‘spm only’, 
but the latter assumption seems to succeed better m Mo^ f ' and U* ' 

A probably msupcrablc objection to the explanation attempted m the 
preceding paragraph is that abnormally low susceptibilities are observed 
for Ru+++, Oa+++, and Ir*^, despite the fact that these ions are in *8 
states This is m marked contrast to the close conformity to theory 
of the analogous Fe ' < -< , Mn *' ' ions m the middle of the iron group In 
8 states it is, of course, no longer possible to impute the quenching of 
magnetic moment to ordinary (le non-exchange) mter-atomic forces 

ForhapH a liitlo of tho discrepancy is due to different assumptions concoming the 
corrections for diamagnetism whi( h are omitted m some cases The latter become of 
course, relatively more miportant when the effective magneton numbers are as small as 
they are for many of the salts m the table However, the diamagnetic corrections are 
inadequate to shod any light on the discrepancies between theory and experiment 
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which act upon the orbital angular momentum and hence mdireotly on 
the spin if the multiplets are wide. Three possibilities seem to present 
themselves' (a) that the Hund theory of sjiectral terms is inapplicable 
and that the lowest-lying term for is here not an 8 one; (6) that the> 
exchange forces between paramagnetic atoms are sufficiently large to 
quench the spin after the fashion to bo explained m § 80; (c) that the 
ions do not exist m monatomic form, but mstead form complexes or 
molecule-ions of zero resultant spin, possibly through electron-sharing, 
or Bomethmg of the kind, so that one might have, e g Wg instead of 
W ions Alternative (a) docs not seem likely, although some slight 
anomalies m the position of spectral terms have been found m the Fd 
and Ft groups Cases (6) and (c) resemble each other in that both 
BupxHise that the exchange forces tend to create units of zero resultant 
spin, in one case micro-crystallme, the other molecular. If (6) is correct 
the anomahes should disappear if the ‘magnetic dilution’ is mcreased 
by adding more water molecules of hydration, or otherwise, while m 
(c) the anomalies should still persist when this is done, as the molecular 
units still remain (This difference is really the definition of the distmc- 
tion between (ft) and (c) ) Measurements for Eu ' + >•, Os •■+ < , Ir* ^ m salts 
of different degrees of magnetic dilution would thus be of considerable 
interest, os in the anhydrous chlondcs so far employed the density of 
paramagnetic atoms is probably sufficiently high so as not to preclude 
the explanation (6) However, (c) seems more probable, as the jiosei- 
bility of molecular units is cited by both Cabrera and Bose Cabrera “ 
notes that Werner and Pfeiffer have remarked that there is considerable 
physical-chemical evidence that the halides of Fe, Co, Ni are true salts 
that can be dissociated electrolytically, but that m those of Ku, Kh, Pd 
and of Os, Ir, Ft the atomic clusteiing effects seem to be predominant, 
and it IS questionable whether their halides are truly saline in nature 
It will be noted that in the iron group as well as in the groups now 
under consideration the ideal theory for free ions seems to apply some- 
what better in the first than in the second half of the penod This 
seems reasonable, ns the inter-atomic perturbing forces may well in- 
crease with the number of electrons in the incomplete group 
One point at least stands out clearly When none of the simple 
formulae are obeyed, Curie’s law should not be followed, and Cabrera 
does indeed find complicated temperature variations for the salts of the 

Cf Ilund, Ltmeruipeklrprif djagram p 160 The peciUiantieB ai'e found in the arc 
spectra, and arc prosumahly miith loss hkely to occur m the doubly and tnply enhanced 
Bpoctra 
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Pd and Pt groups which he has studied In general, the graph of 1/x 
against T is curved rather than linear as given by (1) or (6) Usually 
the susceptibility decreases somewhat as the temperature is increased, 
4>ut in one case (PdCl,) it actually increases The susceptibihties of 
BhCl 3 , IrClg, OsClg are nearly mdependent of temperature, suggesting 
immediately the predominance of ‘high-frequency elements’ On the 
other hand, Guthrie and Bourland find that BuCl, follows Cune’s law 
with A = 37 

Further experimental data on the different salts of the Pd and Pt 
groups arc greatly to be desired Without them further discussion 
would be too speculative 



xn 

HEISENBERG’S THEORY OF FERROMAGNETISM. 
FURTHER TOPICS IN SOLIDS 


76. The Heisenberg Exchange Effect 

An outstanding oharactcnstic feature of the new quantum mcchames 
IS the so-called ‘Austausoh’ or exchange effect, first discovered by 
Heisenberg ^ It is concerned with the degeneracy associated with the 
possibility of two electrons trading places, and is best explamed by 
considering first a system with only two electrons and with neglect of 
spm First suppose that the electrons do not influence each other and 
that they are subject to fields denved from similar jiotentml functions, 
so that the Schriidinger wave equation w 

A solution of this equation is 

’ll 1/1, (2) 

where T^, are solutions of the Schrodingor equation for a single 
electron subject to a potential V, ns m the absence of mtoraction it is, 
of course, possible to consider each electron separately rather than 
together os in (1) We shall sup|)osc tlie wave functions are real, 

orthogonal, and normalised to unity The physical inti'rpretation of 
solution (2) IS that electron I is m the state /. and electron 2 in the 
state m (not necessarily states belonging to the same atom) This solu- 
tion IS, however, not the only one belonging to the energy 
An alternative solution i.s clearly 

T„ = It _ HH-It;,, (3) 

m which the electrons have traded jilaccs as compared to (2) More 
generally, any hnear combination of (2) and (3) is a solution The 
question now anses as to what is the proper combination to use when 
the degeneracy of interchange is removed by adchng to the potential 
energy m (1) a potential energy Tjj of interaction between the two 

* W Hoisoiiborg, / /Vii/miA, 38, 41 1 (1920) Tho Bariio ofToc t w atf also diuf ovorocl 
almofft BimuItanoouHly by Dirar , /'roc Hoy Soc 112a, bbl (102fi) 

* The resirutioii 1<o Kial nohitions iiivoUeB no eHnontial Iohh of gonoralUv for our pur- 

posoH, azid avoids the of introducing complex LO(>flKiontEi in equations such as 

(4) or for diatinguiHhing between J 12 aud The roquirenient of orttiogoiiahty is usually 
not met m the miportant cofw* that A, m relate to diffemnt atoms, but tlie resulting error 
ifl not great if the wave fuiutioiiH of tho diffen'tit atoms do not overlap too much (cf 
Hoitler and liondon, ZeUa f Phytnk, 44, 455 (1927)) 
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electrons, which we may suppose symmetrical m the coordinates y^, 
and a;,, y,, Most readers doubtless already know that the answer 
IS the ‘symmetnc’ and ‘antisymmetric’ combinations 

'*;nt==^,('l'l-'ril>- (4) 


One way of provmg (4) is to note that (4) diagonalizes the energy as 
far as the exchange degeneracy is concerned, since one can easily show 
that the fundamental quadrature (14), Chap VI, vanishes if are 

respectively symmetrical and antisymmetncal or vice versa, and if / is 
a symmetrical function, such as V,, Or one can set up the secular 
equation conesponding to the pair of wave functions (2) and (3) This is 


Wq+A'j 


-W 




= 0 


(5) 


where Hq is the energy m the absence of the interaction term 
and wheic 


j'i\iVu'ihdv,dv„ (6) 

f'yiVn%i<lv,dv, (7) 

The solutions of (.">) are 

ir •— llo-|-'^^2+'^l»i W = Wo+-Kj 2— Jjj, (8) 

and correspond respectively to the solutions /8(I,1) = 5(11, 1) and 
5(1,2) =- —5(11, 2) for the simultaneous hnear equations of type (33), 
Chap VI, associated with the determinant (5) This agrees with (4) 
If we grant (4) instead of using jierturbatioii theory the result (8), of 
course, follows directly fiom the fundamental quadrature (14) of 
Chapter VI on takmg «' = », f-y,. and usmg one of the wave func- 
tions (4) 

The Tauli exclusion pnnciple demands that one use only antisym- 
metric wave functions ^ The symmetry projiertieB, however, are pro- 
foundly modified by inclusion of the spin If we neglect the ‘magnetic’ 
coupling between the spin and orbital angular momenta, the wave 
functions arc the product of the orbital and spin ones Therefore, when 
the orbital wave function is symmetrical, the spin one must be anti- 
symmetncal and vice versa Now it can be shown that in a two-electron 
problem the spin wave function is symmetrical when the spin quantum 
number 5 is 1 and is antisymmetncal when it is 0 * In other words, the 

* Tile interpretatjon of tiio cacJuuioji piinupla Jii temie of tiio Byininotry of tho wave 
fuiictioiis appears to have first boon given by Heisenberg and by Dirac, Ic^ 

* Cf, for instance, Dirao, The Vr%nc\pUg of QuarUum MedtanteSf p 214, or Sommerfeld, 
W dUnmediamadter Eiganzungahandt p 274 
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tnplet and singlet spectra (e g ortho- and parhelium) are respectively 
antisymmetnoal and symmetrical m the orbital part of the wave func- 
tion Let Sj and Sg be the spm angular momentum vectors of the two 
electrons, measured m multiples of the quantum umt hj2ir as in previous 
chapters. The characteristic values of the matrix the square 

of the magmtude of their resultant, are S(jS-|- 1), with 8 equal to 0 or 1. 
(By the characteristic values of a matrix are meant its diagonal elements 
after it is converted mto a diagonal matrix by a proper canonical trans- 
formation. Cf § 35 ) Now sf and 8^ are invariably diagonal matnoes 
whose diagonal elements are all — as the spm quantum 

number for one electron is mvariably in other words, s'f and 8^ are 
‘c-numliers’ in Dirac’s terminology As (81-1-82)* = 8f-t-8§-(-28i 82 it 
now follows that the characteristic values of the scalar product 81 82 
are |(0— 2 J)= — | and i(2— 2 = i corresponding respectively to 

8 = 0 and iS' = 1, or to the symmetric and antisymmetric orbital solu- 
tions The charactenstic values of the potential energy of inter- 
action between the electrons are seen from (8) to be Ai2-fJi2 and 
ifj2— ^12 respectively for the symmetrical and antisymmetnoal orbital 
solutions, as the remaining terms in the Hamiltonian function have 
the charactenstic value Wg independent of the symmetry Thus the 
matrix has the characteristic value Ajj-j-Ju when 8^ Sj has the 
charactenstic value —'I, and when the latter has -f J. In 

other words, I'i2—h'i2-t-J/j2-t- 2^,282-82 has the characteristic values 
zero How a matrix whose charactenstic values are all «‘ro is identically 
zero regardless of the system of representation, as any canonical trans- 
formation applied to a null matnx clcaily still gives only a null matrix 
Consequently we have the matrix equahty 

P ^2 = -hia \'fit 2e/j2Si 82 , (9) 

which applies regardless of whether the matnccs in question have been 
transformed to diagonal form 

Eq (9) shows that the two electrons behave as though there were 
a strong couphng between their two spins which apart from an additive 
constant is proportional to the scalar product of these spm angular 
momenta, or to the cosine of the angle between the two spin vectors 
The latter is precistdy the dependence of angle found in one term® of 
the mutual potential energy of two dipoles, so that the exchange effect 
has a partial semblance to a very powerful magnetic couphng between 
the spins This is not at aU the same as saymg that actually there is 

* Tho mutual potoutial energy of two dipulos IB /i| r)(^ r)/r‘‘ Thus only 

the first term is of the typo fonn <10> 
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a real magnetic coupling of such magnitude, as the actual magnetic 
forces are so very weak that we have neglected them entirely m the 
present connexion. The semblance of large direct couplmg between the 
spins is only because the exclusion principle requires one type of orbital 
solution when the spins are parallel and another when they are anti-* 
parallel. Nevertheless, the interpretation (9), due to Dirac, of the 
exchange effect as formally equivalent to couplmg between spins is 
exceedingly useful, as it enables us to picture and also to follow quanti- 
tatively the workings of the exchange effect by means of the vector 
model The large par-ortho energy separations were shrouded in 
mystery before the new mechanics, as they require the constant of pro- 
portionality J ,2 in the coupling (9) to be fairly large This trouble now 
disappears, as •/ 12 exchange integral rather than a small magnetic 
factor 

Let us now pass to systems with more than two electrons, say a 
crystal composed of N atoms each having Z electrons The exchange 
degeneracy now becomes exceedingly complicated Tt is, m fact, (NZy- 
fold rather than twofold as above, since in onler to treat the mter- 
atomic forces such as interest us for magnetism in soluLs it is necessary to 
consider the permutations of electrons not necessarily in the same atom 
of the crystal Even the problem of the Z'-fold exchange degeneracy 
for a single atom is complicated Regardless of the number of electrons, 
the Pauh exclusion principle requires that the wave functions still be 
antisymmetric m any two elections if both the spin and orbital co- 
ordinates be interchanged, but they will no longer m general be sym- 
metrical or aiitisymmetrical in the oibital and spin parts considered 
separately (The latter characteristic is jieciihar to systems with only 
two electrons ) Eq (9) shows that this is equivalent to saying that the 
spins of two electrons taken at random m the crystal (or even in the 
same atom) will not m general be parallel or anti-jiarallel, a result which 
seems qmte obvious The proper linear combinations of the (NZy 
origmal wave functions are usually deduced by rather involved group 
theory We owe to Dirac® and Slater’ the elucidation that this is not 

* V A M Dirac, Proc Roy Roc 123a, 714 (192*)), or T/ic PiiHcipleti oj Quantum 
Mechamca, Ohap XI 

’ Another method of avoiding group tlieory has been given hi Slater, Phys Rev 35, 
fl09 (1030) Slater’s method could douhtloes he used to obtain the moon valuoe (22-3) 
which we calculate m § 78 In fatt it le used by Bloch {Zeita f Phyfnk, 57, 545, 1930) 
and Pauh (Report of the 1930 Solvay Oongmes) to obtain the mean energy (22), or ita 
ec^uivalont, but they do not give the more difhc ult computation of the mean square 
energy (23) Dirac’s and Slater’s procedures resemble earli other in that their strength 
arises from recognizing at the outset that the exclusion pmiciple severely restricts the 



320 EEISENBEBO’S THEOBT OF FERBOMAGXETISM XII. § 76 
teally necessary because the exclusion principle limits so severely the 
allowable ‘characters’ in the group theory Zhrac points out that the 
important results can mstead aU be obtamed m an elementary way from 
the fact that Eq (9) shows that any two electrons k, I in the crystal 
can be considered as havmg their spins coupled together by a potential 
of the form -2J«8*-8„ <10) 

where the coupling constant or exchange integral will depend on the 
states assumed to be occupied by these two electrons, k and I, before 
allowing for the permutations We here drop the first two nght-hand 
terms of (9) as they do not depend on the orientations of the spm, and 
are of no interest for our problems m magnetism These terms should, 
of course, be added when one requires absolute, as distmct from 
relative, energies When there are more than two electrons, solution of 
the exchange degeneracy does not transform the matrix (10) into 
diagonal form, but only the expression 

2 J*,8;t-8j, (11) 


which IB the total exchange energy of the crystal except for the additive 
term — i 2 *41 which we have dropped The summation is over all the 
INZ{NZ— 1) pairs of electrons in the crystal The fact that individual 
terms in the sum (11) are not diagonalized does not impair the kinc- 
matical representation (10) of the exchange effect, as we have already 
mentioned that the vahdity of (9), which is basic to (10), (11), is 
invanant of the system of representation We shall, for instance, show 
that use of (11) yields the mean values employed by Heisenberg in his 
theory of magnetism 

It IS clearly to be understood that (11) is only an approximation, in 
that it embodies only the ‘exchange’ secular problem connected with 
the mteraction between the various members of a family of (NZ)^ states 
having the same ongmal energy, and neglects the interaction with the 
infinity of states with other unperturbed energies An analogous ap- 
proximation m the two-electron problem was made in (4)-(9) In other 
words, we use (32) rather than (15) of Chapter VI, i e wc seek to express 
the perturbed wave function as a Imear combination of a fimte number 
of unperturbed wave functions, whereas an infimty is reqmred for a 
complete development This means that by solving the secular problem 
connected with (11) the energy is obtained only to a first approximation 
in a parameter A proportional to the coupling forces between electrons, 

symmotry character Slator'e method ir very powerful for tomputing purposes when 
Bpacial dogonoracy in the orbital motion must be considered, but does not give quite as 
much kiiiematical msight as Dirac’s 
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Tliia not only auffioes to give all the esaential qualitative features of 
the exchange effect, but is often a fair quantitative approximation m 
the case of mter-atomic forces, our primary mterest In the latter case 
•the related integrals such as (6) and (7) are usually small smce the wave 
fimotions of different atoms overlap but little The most important 
thing for magnetism, however, is merely the fact that the excJumge effect, 
themgh enttrdy orbital in nature, is, because of the exdusum principle, very 
sensitive to the way the spin is alined, and is formally equivalent to ‘cosine 
coupling’ between the spin magneis of the various atoms. 

A very vital pomt is that the almement of the spm of a given atom 
havmg a non-vanishing spm is not influenced by the mteraction with 
atoms which have closed shells of electrons and are thus m ^8 states. 
It IS not correct to say that the exchange effects disappear entirely 
between a pair of atoms if at least one of them is in a '^8 state, as there 
IB in any case the additive exchange term — 1 which we have dropped 
111 going from (0) to (10) This term, however, docs not involve the spm 
and so is not of significance for our magnetic work The sigmflcant 
part of the exchange energy for us docs, however, vanish if one of the 
atoms IS in an 8 state To prove this* consider the mteraction of a 
given electron h of one atom with a closed shell of r similar electrons 
(Z = 1, , r) in another atom According to (10) the part of the exchange 
energy depending on almement of the spm is s, This 

vanishes, as 2 is zero for a closed shell In other words, for our 
purposes (viz neglecting terms which have no abnmg effect on the 
spin), the exchange forces can be considered as existing only between 
the paramagnetic atoms or ions of a solid These forces will thus be 
subordinate if the material has a high ‘magnetic dilution’, i e consists 
pnmarily of diamagnetic rather than paramagnetic atoms Hence, 
exchange effects have played only a subordmatc role m the preoedmg 
chapter 

" Tho proof hciru given thiit the oxpro88ioii <UV Miniffhos on being sunnned o\ or a cloHod 
Bhell IS a bit inconiplete m Ibat it takes no cc^iizance of tho fact that m actual atoms tho 
orbital spocial dogoiioraiy is suporjiosod on tho exchange dogenurary Tho extension of 
Dirac’s procedure to include the foniior d^^norary will be given in a future paper by 
the wTitor* where Dirac’s and Slater’s methods will bo compared in detail It will there 
be shown that full generality can bo achieved allowing the coefficients to be matrix 
functions of the orbital angular momentum vectors A wavo function for a closed shell 
can be constructed by superposition and linear combination of wave functions based on 
nh, mi quantization (case (a), fig 6, § 40), and tho vital pomt is that £ 8^ 8 1 = 0 on summing 
over tho two values tn, = of m, possible for given mt Another proof that closed 
shells do not mfluence spins of other electrons has boon given by Slater,^ i»Hing considera* 
tions closely related to these 

8696.8 


Y 
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77. Heisenberg’s Theory of Ferromagnetism* 

The explanation of ferromagnetism has long been a conundrum. The 
early work of Ewing, subsequently amphfied by Honda and others, 
showed that many of the phenomena of hysteresis and of magnetization 
in crystals could be described by assuming a large potential energy 
between adjacent molecular magnets Also Weiss, in his well-known 
theory,*! showed that many properties of ferromagnetic media, especi- 
ally the thermal ones, could be imputed to a local field of the form 
H+qM The portion qM proportional to the intensity of magnetization 
M IS called the ‘molecular field’ The great difficulty, however, has been 
that tremendously large values must be assumed for the constant q, of 
the order 10*, quite different from the value 47r/3 calculated under 
ordmary electromagnetic assumptions (§ 5) The magnetic forces be- 
tween molecules are clearly too feeble to account for such enormous 
values of q, or for the large araoimt of interaction between molecular 
magnets in the Ewing theory Classical electrostatic forces lead to 
interactions of the right order of magnitude, but do not give the desired 
Imeanty of the Weiss molecular field m M or, what is more or less 
equivalent, the nght dependence of the Ewing interaction energy on 
the angle between the elementary magnets ** 

This dilemma has been beautifully solved by the quantum-mechanical 
exchange forces desenbed in § 76 These forces are electrostatic, but 
because of the constraints imposed by the Pauli exclusion prmciplc are 
formally equivalent to a tremendously large coupling between spins 
In fact, reference to Eq (10) or (11) shows that this coupling is pro- 
portional to the cosme of the angle between two spins, just as in the 
classical theories of Weiss and Ewing Even without the following 
further analysis the empirical successes of these theones are thus already 
qualitatively understandable 

A crystal is nothing but a large molecule Hence, it we neglect the 
usually subordinate, purely magnetic couphng between spm and orbital 
angular momenta, the total spm of the entire crystal is conserved, like 

• W Heisenberg* 49, 619 (1928) 

« J A Kwing, Proc Jim/ aSot 48, 342 (1890) , Proc Poy Soe Edtnh 47, I4l (1027). 
K Homla and J Okubo* Set Rep Tohoku Vn*v 5, 153, 6, 183, 13, 6 (1010) Sum* 
manes by Tony in Thwneji of Magneit»in (Bull Nat Research Coun No 18), p 144 
or by McKoohan, Rev Mod Phys 2, 477 (1930) 

” P Weias, J de Phyeique, 6, 667 (1007), 1, 166 (1030) A good survey of the Weiss 
theory is given m Theones of Maynetvsm, p 114, or Stoner’s Magnei%8m and Atotn%c 
Stnuiwr^ p 75 

** Foi further discussion of this and related jioints and of the magnitude required for 
g see p 703 of Debye’s article m Handbuch der Hadtologie, vol vi 
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that of an ordinary free molecule, and its square has the characteristic 
values 8'(8'+l), where 8' is a whole or half-mteger according as the 
number of electrons m the entire crystal is even or odd. Also, if we 
‘contmue to neglect the magnetic forces m comparison with the larger 
electrostatic ones, the energy of the crystal will not depend on the 
orientation (as distinct from the absolute value of) its resultant spm 
The truth of these propositions can be seen by mvoking the formal 
similanty of a crystal to the arbitrary polyatomic molecule Or they 
can be established more fundamentally by proving that the square 
S'* = (2 8^)* of the total spm of all the electrons of the crystal, also 
any Cartesian component thereof, say 8',, commute in matrix multi- 
phcation with the part (1 1 ) of the energy which mvolves the spm This 
can be seen from the commutation rules given m note 41 of Chapter VI 
Since S'*, 8'^ commute with (11) and with each other, it follows that 
S'*, 8'. can be assigned their characteristic values <9 '(j.V'-(- 1) and in 
a stationary state Instead of 8'^ we could equally well choose or »SJ, 
for this spacial quantization, and this implies that the energy is inde- 
liendent of the orientation of S' relative to the crystal, a result already 
quoted in § 74 

At this point it 18 perhaps well to say a word on notation We employ 
pnmes, as in S', M'^f, &c , to distinguish ‘crystalline quantum numbers’ 
and other expressions which relate to the entire crystal, regarded as 
one big molecule Quantum numbers written in capital letters without 
primes, such as S, Mf/, refer to a complete single atom, while those 
written m small letters, such as s, m,, are, as usual, for a smgle electron 
within the atom 

If a magnetic held is ajijilied along the z direction, the z component 
of the crystal’s spm assumes a quantized value JIfJ, Let us suppose 
that the crystal is composed of n identical atoms each having a given 
spin (S The maximum value of S' is then nS 'I'he number of states 
of the crystal having a given M'^ is best obtained by imagining 
a field so stning as to bieak down mtcr-atomic coupling and give each 
atom mdividual s]iaeial quantization of spm and orbit That ordinary 
laboratory fields arc not adequate to do this is immaterial since wc are 
merely counting the number of terms Bach atom, then, has a spacial 
spm quantum number and Q is clearly the number of different 
combinations of the consistent with the condition Mg. In 

case S = the expression for 12 takes the simple form 


( 12 ) 



321 HBIBENBERO’B THEORY OF FERROMAGNETISM Xlt, { 77 
as here atoms must have Mg — -f-if mid ^—M'g must have 

Mg— — hence Q is merely the number of permutations of n things 
between two classes For arbitrary 8 it is readily found that 

= coefficient of m {ar®+ a;*-* + (13) 

The number of states at of the ciystal having a given resultant spin 
i«(S')=n(-Sf')-Q(S'+l). (14) 

smce Mg— —S', ,+S', so that fl(Jf^) contains all states having 
8'^ In ferromagnetism we are interested m qmte large values 

of S' In this region fl(^>'')>fl(/S'+l), so that approximately 

tu(S')=Q(S') (15) 

The physical sigmficance of (IS) is that the great bulk of the states of 
a given M'g have S' = provided is fairly large 
Heisenberg’s calculations appear to assume that the atoms are m S 
states, but this is not really the case, as it is only necessary to suppose 
that the orbital angular momentum is quenched after the fashion 
explained in § 73 He also assumes that a given atom has an appreciable 
exchange coupling only with adjacent atoms, and possesses z such 
neighbours equidistant from it Thus z = 2 for a hnear chain, 4 for 
a quadratic surface grating, Q for a simple cubic grating, 8 for body- 
centred cubic, and 12 for face-centred cubic Let us further suppose 
that the valence electrons, or electrons not in closed shells, arc m similar 
states The part of the Hamiltonian function which involves mter- 
atomic spin couphng, and which we shall denote by Jif', is then 

v^'=-2J y St Sj (16) 

nt ficolHmi H 

Here J is the exchange integral (7) between two valence electrons of 
adjacent atoms, and the summation extends over all neighbouring 
pairs of atoms. The result (16) can be seen from (9) or (11), smce 
2 8*. 8( — 2 8fc- 2 ®i — Sj if 1. and I refer to different atoms t and 
j and if we sum over the valence electrons of both atoms Closed shells 
contribute nothing to (11) or (16), as explained at the end of § 76, whde 
exchange effects between electrons of the same atom merely give an 
additive constant to the energy as far as we are concerned, smce we 
may suppose the mter-atomic forces not large enough to destroy the 
quantization S of the spm of each individual atom 
The fundamental problem of Heisenberg’s theory of ferromagnetism 

The iLumbor to hero given does not uiclude tlie spacial degeneracy factor 25'-]- 1 
which results because different orientations yield identical cneigios m absence of 
external fields 
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is to calculate the charaotenstic values of (16) and hence the energy 
states belonging to various resultant spins of the crystal Before 
explaining the mathematical details of how this is done, or rather 
• circumvented, it wdl perhaps be illummating to consider quahtatively 
three himtmg cases 

1 JJkT^l. Here the exchange couphng is so exceedingly great 
that the state S' — nS of maximum crystalhne spin has much less 
energy than aU other states of less S' and hence is the only normal 
state By regarding the whole crystal as a single molecule of spm nS, 
its susceptibihty is seen to be {2nSp/H)B„g(2nS^HjkT), where B„g is 
the Bnllouin function defined in § 61 As the number n of atoms is very 
great, virtually any field is sufficient to make npHjkT^l, and so 
B„g=l, thus giving the full saturation magnetization 2nSP The 
crystal is then, so to speak, infinitely ferromagnetic In fact it would 
possess a magnetic moment even without an external field This diffi- 
eulty IS, of course, avoided by supposmg that our crystal is really a 
micro-crystal and that the macro-crystal is composed of a large number 
of micro-crystals, whose spins have random orientations and hence 
compensate each other without an external ahning field 

2 I J/fcT K 1 Here the inter-atomic exchange coupling is negligible, 
and the susceptibility will bo x~^S{S+l)^/3kT, disregarding the 
here negligible saturation effects This is the case which arises in para- 
magnetic iron salts ((ffiap XI) Wc may here remaik that the derivation 
of the Langevm-Hcbyc foi inula given m Clhapter VII can still be apphed 
if the unit of structure is the (micro-) crystal instead of individual 
atom We showed in Eq (6), § 54, that the orbit and spin made the 
same contnbution to the susceptibility as though both were entirely 
free, provided only their interaction energy is small compared to kT 
Similarly, one can show that the susceptibihty is the same as that coming 
from the individual atomic spms, considered separately, provided only 
the mter-atoniic exchange couplings are small compared to kT, 

3 JjkT^ — l Here J is mgative and the energy will be lowest 
when as many spins as possible are anti-parallel, and the normal states 
are those of least S' The mter-atomic coupling thus here erases practi- 
cally all the paramagnetism, os will be discussed more fully in § 80 

Even ferromagnetic bodies conform to case 1 only asymptotically at 
T = a In such bodies the state S' = nS of maximum spin for the 
crystal does, to be sure, represent the least energy,** as when the spins 

Aiioilmr proof that tlio atato of maximum spui is an oxtromum in onorgy has lieeii 
given by Teller, ZvUa f Phyatk, 62, 102 (1930) 
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are all parallel, each term in the Bummation (11) has its Tninimum 
oharactenstic value (assuming J >0) However, whereas there is only 
one state with the maximum spm nS, there are by (13)-(16) n—1 states 
of spin S' = nS — 1, approximately »*/2 states of spm nS — 2, &c This, 
increasing number of states as S' is diminished from its maximum is 
important for two reasons First oi all, strength of numbers will 
partially offset the smaller Boltzmann factors for spms less than the 
maximum In other words, the probability of the crystal being m some 
state having a given S'<inS may be appreciable even though the 
probability of its being m one particular designated state of this S' may 
be negligible Secondly, all the states with a given S' < nS do not have 
the same energy, and a few favoured ones may have quite low energies, 
even though they can never lie as deep as the state S' — nS Whereas 
the infinitely ferromagnetic case 1 is thus too much of an idealization, 
it may nevertheless well be that most of the crystals have very large 
resultant spins This seems to be the characteristic of ferromagnetic 
materials A field of ordinary magmtude is then not able to produce 
the true saturation magnetization 2nSp, as this would require that the 
field be able to convert the crystal mto the state S' = nS, and only 
enormous fields can have an appreciable effect on the distribution of 
S' as distinct from JfJ, However, it is possible at the same time to 
have HS'p/kTy, 1, though S'<nS, H^jkT' 1, so that the field is 
able to almc the spin of the crystal m its direction There is then 
what we may tcriii a state of pseudo-saturation, which is the saturation 
observed in the laboratoiy and which will be discussed more quanti- 
tatively on pp 334-6 This pseudo-saturation, of course, approaches 
asymptotically the true saturation at T = 0 On the other hand, if the 
temperature is raised sufficiently, cose 2 above will become a better 
approximation than case 1, m agreement with the well-known experi- 
mental fact that ferromagnetism is obliterated if the temperature is 
raised above a certain cntical point, called the (’une point 
We must now seek to make these ideas mon* quantitative If f5 be 
the partition function 

i5 = 2e lUkT (17) 
then the magnetic moment per unit-volume m the direction of the field 

(18) 

n oH 

These relations are readily seen to be the equivalent of (3), Chap VII, 
or the quantum analogue of (59), Chap 1, applied to the magnetic 
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rather than electnc moment In the second form of (17) we have utihzed 
the fact that the magnetic moment is assumed to come entirely from 
the spin, so that the crystal, regarded as one big moleeule, poBsesses 
a Zeeman term 2MgPH (cf Eq (103), Chap VI) As usual N denotes 
the number of atoms per c c , so that N/n is the ‘density of miero- 
crystals’, Eq (18) involves Njn rather than ^ as m previous chapters 
since our unit of structure is now the (micro-) crystal rather than the 
atom 

The precise determination of the unperturbed energy-levels W be- 
longing to a given value of the spin S', i e the determination of the 
characteristic values of (16), is virtually impossible, as it involves 
solution of a secular problem of degree w (cf Eq (14)) Heisenberg 
therefore makes the approximation that the discrete succession of <o 
energy -levels belongmg to a given S' can be replaced by a contmuum 
He further supposes that tins continuum is distributed according to the 
Gaussian error law about tbe average energy for the spin S', which we 
shall denote by Thus he takes the number of states of the crystal 
of given spin which have energies between ® and Wif\-x-\-dx in 
the absence of the field H to be 


e-**'*^" dx. 

(2ir)*A^ 


(19) 


The mean energy 17,, and the constant A,^. which determines the Gaus- 
sian ‘spread’ will be calculated later as functions of S' The partition 
function (17) now becomes 








(20) 


As M’^, S' are large numbers, the summations over M'g, S' may be 
replaced by mtegrations The integration over M'g is immediate, and 
here to a sufficient approximation we may take 

If we perform also the integration over x, Eq (20) is transformed mto 

cu(S')e<“' aS' (21) 

2pH J 

The Special Case S = Following Heisenberg, it is best to consider 
first the case /S = ^ of atoms with only one electron each not in a closed 
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shell. We shall show m § 78 that here 

( 22 ) 

n 


^2 


(23)‘ 


The prevalent states have sufficiently large values of so that 

the Stirling approximation a:' can be used for the factorials in (12), 
and (15) can be employed instead of the exact formula (14) By (22), 
(23), and (12), Eq (21) now reduces to 


where 





(24) 


kT ^ nkT^ 16nW* 


+nlogM — (J»i+iS')log(jM+S')— (In— S')log(i»i— S') (25) 

As the integral (24) cannot be evaluated m closed form, it is necessary 
to have recourse to the method of steepest descents This method 
hinges on the fact that the integrand of (24) has a sharp maximum at 
the value of S' which maximizes /(S') and which we shall denote by 
S^ It can be shown that the equation 

« - " <“> 


for determining S^ has either (o) one real niot, a maximum of /(S'), 
or (6) three real roots which give respectively a maximum, a mimmum, 
and a subordinate maximum The correct root to use then is, of course, 
the dominant maximum If we stop with quadratic terms m the 
Taylor’s expansion of / about S' = St, Eq (24) becomes 

— 00 

where y = S'— St, —2a — d^fjdy^\^ o The hmits for y are not really 
± 00 , but this IS immaterial owmg to the sharp peak of the integrand at 
y ~ 0 The expression (18) for the magnetic moment is now, by (25) 
and (27), 

M = 2S^P-, (28) 

n 


111 comparing results su( h as (22), (23) with Hoisenberg'a paper, it should bo noticed 
that our n ir the samo oh 2n in hie notation, and that he retains the additive term in the 
oxohango energy which ir indepcndont of spin and which we dropped in passing from 
<tt> to <!<)> 
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Since in performing the differentiation involved in (17) the implicit 
dejiendenoe of f{8^) on H through (which is a function of H) may 
he disregarded m virtue of (26), so that dfjdH = 2pS^lkT Also the 
dependence of the factor 1 jHa^ in (27) on H can be considered negligible 
compared to that of as /> 1. With these observations Eq (28) is 
obtamed immediately The physical significance of (28) is that is 
so great that the spm S' ~ S^ ahnes itself parallel to the field. 

It IS convenient to use dimensionless measuies of the moment, and 
also of the importance of the exchange integral J, by introducing special 
notations J, y respectively for the ratio of the moment to its true 
saturation value at T = 0, and for the ratio of zJ to kT Thus 


M _S* zJ 

2NPS nS’ kT 


( 29 ) 


In the present ease S J, but we shall later use (29) also m the general 
case of any 8. 

On working out the explicit form of (26) by means of (25) and using 
the new notation (29) it is found that 


J = tanh«/, with 2 / = ^^, + Ji^y— (30) 

This 18 Heisenberg’s final result, which will be discussed after the next 
paragraph 

The General Case of Arbitrary 8 Unfortunately it has not yet been 
possible “ to calculate the mean square deviation of the energy for 
given S' from its mean value except for the special case 8 oi 
only one valence electron per atom For S > J, one can therefore not 
yet calculate the susceptibility even under the assumption of the Gaus- 
sian distribution of characteristic values. Instead one must make the 


Ail attempt to oxtond the c-alt ulation of to the coho of atoms with arbitrary S 
has boon made by Hoisonborg iii }us articlo in Probleme tier modemen Phy/nk, p. 114 
(Sonimerfold Festschrift, editetl by JJobye) Unfortiiiiatoly, ibis article is marred by an 
error, and when appropriate corrections ore madr, the group theory method there used 
fails to give a result on Aj' except for ^ = i Tho calculation of on the other hand, is 
entirely cori'ect (Details of the error aro as follows It consists in overlooking the fact 
tliat m tho case (2) cuiisidorod by Heisenberg at the top of p 110 his exprossion bu'*' 
will have different values when T, T* dofliio truispositions from tho common element 
to elements located m a common second atom or to elements m entirely different 
atoms This is allied to tho fact that evon when I are in different atoms from t, the 
mean value of {tit 6^)(«| ai) is different whon y, { are in tho same atom or m different 
ones, as a constraint is imposed by the resultant of the spins for a single atom being S 
Analogous diffloulties are encountered m case 3 The number of different kinds of &'s 
IS thus greater than Heisenberg lecognized, and Uiis complication makes them incapable 
of calculation m the manner sought ) 
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still cruder supposition that all crystaihne states of the same spin have 
the same energy ITj,. Then Wg- is the mean energy appropriate to the 
spin S', which can be calculated by very elementary means for any S. 
This mean will be so shown m § 78 to have very approximately the 
value given m Eq (22), regardless of the magmtude of S As the pre- 
cedmg detailed analysis for the case S=^ has made it clear that the 
prevalent states aline themselves parallel to the field, it will not be 
neoessaiy to carry through the niceties of the method of steepest 
descents, and we can take the partition function to be 

Z = ym(8')e + n (31) 

V 


Because of the sharp maximum of the summand at some particular S' , 
denoted as before by S\ it will suffice to lotam only terms through the 
first order in the Taylor’s expansion about S^, so that (31) becomes 




tr (32) 

As we may use the approximation (15), the expression (32) is, in virtue 
of (13), merely 


as'/l/i 


Z = e " (e’'+e “ + +e * +e“’')“, with y = +2yiS!*( 

(33) 

This rather elegant obseivation is due to Heisenberg ” In the jiresent 
method we assume <i4 hoc that there is an overwhelming pnibubility 
that the crystal lie in the state — S' -■ iS’l Hence the moment 
given by (18) must be the same as 2pS^(X/n) oi 2pSN^ (cf Eq (29) ) 
In view of (33) this means that 

S = Bs(y), with y ■= + 2yS% ^ oH+hf, (34) 

where 

,S'e»+(,S'_l)e(.s-iws^ +{_S+l)e(-'5’ W.sx_S')e->' 


2fii+l 

2S 


coth 


(“S’) 




A. 

2S 


W Heisenberg, 2 c sIho ORpooially Soinmoifeld FeBt8(hnft, p 122 It will be noted 
that quite apart from tlie neglect of Ag' we have used a different method of calculation 
for the case of arbiti’ary S than for the t-aae S — ^ Our procCMlure for S based on 
steepest descents, is taken largely from Fowler and Kapitza, Froc Hoy Soc 124a, 1 
(1029) while tliat for any S follows more nearly the original papers of Heisenberg The 
latter method avoids the necessity of using Stirling’s theorem, but does not give such a 
good justification for the assumption of a sharp maximum without some further study, 
such as was given in Hoisonborg’s original paper * We purposely use for variety one 
method in one case and one in the other 
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The expiesaion B^y) is what we called the Bnlloum function in § 61 
When /S' — Eq (34), of course, reduces to (30), provided we neglect 
the part of y m (30) which is quadratic in y This part resulted from 
,the Gaussian spread of energy -levels, now omitted 

Discusston of Eqs (30) and (34) Either of the pairs of simultaneous 
equations (30) or (34) bears an obvious relation to the classical Weiss ones 

S == m, with y = ~ aH+ht (35) 

obtained by taking the argument of the Lnngevm function 
i(y) = cothy— 1/y 

to be proportional to the applied plus molecular field II-\-qM In fact, 
(34) IS identical in form with the Weiss expression, except for the 
difference, characteristic of quantum theory, that the Bnlloum function 
occurs in place of the Langevin one We explained in § 61 how the 
Bnlloum function merged asymptotically for very large quantum num- 
bers (or fictitiously small h) mto the Langevin A elassical analysis 
startmg with (10) would thus yield the Weiss result'* (35), provided 
one overlooks the distribution of eneigies for crystalline states of identi- 
cal angular momentum The major role of quantum moohames is thus 
to provide a real mechanism, viz the exchange effect, for (16) The 
tenii in (30) which is cubic in ^ or Jlf is a refinement resulting from the 
Gaussian spread, and finds no analogue m the Weiss theory, but is 
iiinnijiortant, at least tioin a qualitative standpoint Like other wnters, 
we henceforth for simplicity omit this tcim in discussing the workings 
of Eqs (30) or (34) 

The exposition of how Eqs (30) or (34) yield the ferromagnetic 
jihenomena of the Clune point proceeds largely as for the Weiss expres- 
sion (35), and so need be given only briefly here 
The simultaneous equations (30) or (34) will have a real positive 
solution for C even if the applied field H is zero, provided the propor- 
tionality constant b, which measures the effect of the apparent molecular 

E\eii befora tho advent of tlie new quantum mecluuiicu the subBtitutLOii of the 
nrilloiiin for tho Tsanpcvjii function lu the Wojbs tlioory waa proposed and studied by 
Debye, in Handbuch dcr Rad%olog%et \i 718 The justification of Eqs of tho form (34) 
by means of tlie excliange mcLhanisin was first given by }foisonborg in the Sommorfeld 
Festschiift, p 122 

In seximing contradiction, lamg found tiiat classically thoro was no forromagnetiain 
regardless of tho crystalline arrangement {Zats f Physik, 31* 253 (1925)) This, how- 
ever, was because Ising arbitrarily took the coupling between elementary magnets to be 
proportional to rather than to tho complete si alar product 
*** For elaboration of the details of the Weiss theory see the references cited m note 1 1 
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field, is sufficiently large. This is most easily seen graphically, as the 
solutions of (34) for H — Q are the mtersection of ^ = B^) with a 
straight Ime £ = yjh passmg through the ongm m a i-y diagram. There 
will he a real positive solution provided the slope tan ^ = 1/6 of this line 
is positive, but less than the initial slope tan 6 = (dBgjdy),, of the 
Bnllouin curve This is illustrated in Fig 13, p 258, for the case 8 — \ 
The cntical temperature at which 6 = ij>ia the Curie pomt Below this 
temperature, ^ is leas than 6, and there is a solution of the type > 0 
when H = 0,bo that spontaneous magnetization is possible Above this, 
if, exceeds 6, and the only real, non-negative solution is the non-magnetic 
one J = 0, showing that here the strength of numbers of the crystalhne 
states with jS' ~ 0 more than offsets the fact that some of the states 
with larger spins have lower energies In other words, the prevalent 
states have laige spins below and small spms above the Cune pomt, 
and correspondingly there is ferromagnetism below and only para; 
magnetism above 

To derive a quantitative expression for the Cune pomt, and for the 
paramagnetism at high temperatures, we expand the Bnlloum function 
as a power senes in y Eqs (34) then become 


^ 3 a ^ 720.S*'-' ^ ^ 


with y= 


2P8H 2 JzSK 

kT kT ' 


(36) 


The cubic term could be omitted for present purjioses, but is retained 
for later use m § 79 As explained above, the first-degree portions of 
the two equations of (3<5) must become identical foi II — 0 at the Cune 


point T(j Hence 


9 1 ~ 

ro="“5f(-S-fl) 


(37) 


If instead we used (30), we would similarly find 

T^- 

The observed Cune temperatures are roughly of the order 10®° K , and 
in view of (37) or (38) this means that the atoms in ferromagnetic bodies 
must be close enough together so that the exchange integral J is of the 
order 10® fc or about 0 1 volt, which does not seem unreasonable 
Bduimour above Curie Point Above the Cune point it is adequate 
to retain only the hnear portion of (36) The elimination of y between 
the two parts of (36) can then immediately be performed, and it is 
thus found on using (37) that the expression for the susceptibility 
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X = 2NpSCIH may be written 


( 39 ) 


_ 4NP‘8{8+1) 

^ 3k(T—Tc) ’ 
instead one uses the Gaussian refinement (30), the corresponding 
formula proves to be the same as (39), specialized to 8 = I, only if z is 
large and if in addition the temperature is high 

Eq. (39) IS in good agreement with expenment, inasmuch as the 
BUBoeptibihties of ferromagnetic bodies are usually found to exhibit a 
temperature dependence of the form x=G/(3’+A) above the Curie 
point. Also the constant A is often found to be roughly equal to the 
negative of the Cune temperature Tr, but there is sometimes the com- 
plication, not envisaged by (39), that A changes at the various poly- 
morphic transitions For instance, m iron, one of the worst offenders, 
C has respectively the values 2 21, 1-53, 4-03, and 0 25 (per gramme 
mol), and —A the values 1047°, 1063°, 1340°, and 1543° K in the 
intervals 1047-1101°, 1101-1103°, 1193-1668°, above 1668° K (Fe )S„ 
jSj, y, S) Nickel behaves much better, as it conforms quite accurately to 
a formula with 0 = 0 325, A —645 from 689-1173°K ; above 1173°, 
however, dejiartures seem to set m Typical experimental values of 
3J, for Fe and Ni are respectively 1042° K (Terry) and 637° K (quoted 
by Weiss) Different determinations vary by as much as 20°, and 
Weiss states that on the whole seems to be about 20° less than 
—A m Ni 

We have seen in § 74 that a formula of the form x = C/(T-i-A) often 
represents quite well the tem^ierature behaviour of purely paramagnetic 
bodies, such as iron salts, over considerable temperature ranges When 
A IS negative this imphes, according to (39), that the paramagnetic 
body IS really a ferromagnetic one, but with so low a Cune point that 
the ferromagnetic properties are not exhibited at ordinary temperatures 
Some of the cryomagnetio anomalies cited on p 307 lend some support 
to this view, but on the whole not as many traces of ferromagnetism 
are actually found at low temperatures as one would then expect More 
often A IS positive, and on Heisenberg’s theory this simply means that 
the Cune temxxsrature is negative According to (34), (37) this will be 
the case if the molecular field (i e the part of y proportional to J) is 
negative The question of the sign of this temperature will be discussed 
on p 336, and we shall there see that one would expect negative tern- 


The expenmontal data above the Cur» point are disciissed by Stonor m Magnetxam 
and Aiomw Strwture^ p 140 and ref 23 , altso m the reports of Weiss and Cabrera for the 
lose Solvay Congress. 
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peratures to be the more common However, these considerations on 
paramagnetic atoms may be a bit irrevelant when the atoms are not 
m 8 states, as we have seen m § 74 on salts of the iron group that the 
primary cause of A is probably here not the exchange effect but th6 
incomplete quenching of the orbital angular momentum On the other 
hand, the rough equality of —A and IJ, in real ferromagnetio media 



Fic 16 


above the Curio pomt must mean that in the latter, A is ically due to 
the Heisenlierg exchange effect 

Behavtour beJmo Cune Pmnt In this n>gion £ can be determined as 
a function of the ‘reduced temperature’ TIT,, by numerical solution 
of (34). The resultmg curves for various values of 8 arc shown in 
Fig 16 Owing to the use of T/TJ. instead of M, T as variables, the 
curves arc uniquely determined, and do not mvolvc J and N as para- 
meters This absence of parameters constitutes the so-called ‘law of 
corresponding states’, a famous result of the Weiss theory (which 
behaves like 8 — oo), and is seen to hold m quantum mechanics only 
for materials with the same atomic spms, as the curves do depend on 
S As explained on p 320, the spontaneous magnetization represented 
as a function of temjierature in Fig 16, is not the experimental residual 
magnetization m the absence of any apphed field, but rather the experi- 
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mental saturation value, whioh we dubbed the pseudo-saturation 
magnetization. No adequate theory has yet been developed for the 
magnetization curves in weak fields or, m other words, for the transi- 
tion from the compensation of the micro-crystals at i? = 0 to the state 
of pseudo-saturation According to the preceding theory this transi- 
tion should take place with infimte rapidity, and there should be no 
hysteresis, this defect perhaps arises because the magnetic forces be- 
tween particles have been neglected m comparison with the exchange 
ones. The former forces are, to be sure, usually subordinate, but might 
be important durmg unstable equihbna mvolved in sensitive readjust- 
ment processes such as are involved m the study of hysteresis and 
retentivity 

Magneton Numbers The experimental saturation values for nickel 
and iron are represented respectively by dots and crosses in Fig 16 
The experimental points for mekel are seen to fit the quantum curve 
for S J better than the original Weiss curve “ Also, the Curie 
constant for nickel above the Oune point agrees approximately with 
that obtained by takmg ti — | in (39), as the experimental magneton 
number is I 62 from 689-1173° K, and 1 91 above 1173° K, while 
V(4-i i)=173 For cobalt, /ie„=3 21, -A = 1404° from 1443- 
1514° K , and 2 93, -A 1422° from 1614-1576° K , while the 
theoretical is 2 83 for iS = 1 The existence of an apparent spin 
quantum number } for Ni, and jxissibly 1 for Co, is a bit hard to 
understand theon'tically, as neutral nickel and cobalt atoms contain 
respectively even and odd numbers of electrons, and so should have 
respectively integral and half-integral S Perhaps the explanation of 
this dilemma hes in the fact that metals are composed of ions and con- 

** Tho greatest progratm along thia lino appoara to have been iiiatlo in the tlatwical 
theories of G S Maliajani, Phtl Trans 228, (192U) * N 8 Akulov, Ze%ts f Phystk^ 

54, 582 , 57, 240, 254 , 64, 550. 817 , 67, 704 , 69, 78, 822 , and R BoL-ker, ibui 62, 253 
(1030) DiRousHion of thoHo papers m bcvoiid the siopo of our rhapler, primarily on 
quantum developments We may, however, mention that the question os to whether 
a demagnetized t rystol really consists of spontm^usly magnetized micro crystals has 
been the subject of considerable controversy Besides the papers of Akulov on this 
subject soo also iiitorostuig artides by Frenkel and Dorfmami, Nature^ 126, 274 (1030) , 
McKeehon, ibtd 126, 952 (1030) A very mterosting study of single crystals has 
recently been given by Webster, Proc Lon Phys Soc , 42 , 431 (1030) He deduces 
convincing evidence that the micro crystals are really spontaneously magnetized The 
magnetization curves for single crystals are much more amenable to theory than those 
for other ferromagnetic bodies 

** A particularly careful comparison of theory and experiment for nickel has been 
given by F Tyler, Phtl Mag 9 , 1026 (1930) An excellent r4sum4 of the status of the 
theory of ferromagnetism in comparison with experiment is given by Stoner m Phtl Mag 
10 , 27 (1930) 
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duction deotrons rather than of ordinary neutral atoms.** If the 
conduction electrons are sufficiently free, the magnetio effect of their 
spins virtually disappears because of the Fenni-Dirao interference 
effects to be considered in § 80 If, then, an odd number (most hkely 
one) of electrons are detached from each neutral atom of Ni or Co to 
become conduction electrons, the residual ions might have the desired 
values of 5 A further difficulty is that the saturation moment of Ni 
at 2* = 0 IS found*® to be about 40 per cent lower than the value Nfi 
which would be expected on the basis of S = J The value for Co is 
probably about 10 or 20 per cent lower than that 2JVj8 corresponding 
to S = 1 Possibly these irregularities are because mteraction with the 
conduction electrons hmders complete almement of the spins of the ions 
The variations m the Curie constant of iron at the polymorphic 
transition points arc clearly too complicated to explain by any simple 
theory There is thus, all told, no adequate existing theory of the' 
numerical magneton values in ferromagnetic media, although the values 
of Ni and Co are, as we have seen, not entirely unreasonable 

Question of Sign of J), To permit a ferromagnetic solution of Eqs 
(30) or (34) it IS essential that the Curie temperature be positive “ 
Otherwise the condition 0 < ^ < fl is incapable of realization, ns negative 
or imaginary temperatures have, of course, no physical meaning The 
absence of a positive T(, means either that the molecular field is 
negative, and so opiioses ferromagnetism, or else is positive but too 
small to have an appreciable effect £q (37) shows, if one makes the 
crude assumption of identical energies for all crystallme states of 
identical spin, that the necessary and sufficient condition for ferro- 
magnetism 18 that the exchange integral J be positive Heisenberg 
estimates that J can be positive only if the principal quantum number 


** Tho iiocd of coiiHidering loiiu inagtiotic unity rvon iii metals has boon omphasizod 
by Stoner, Proc Leeds PhU Soc 1, 55 (192b) Stonor is able to account more or loss 
({uantitativoly for the vorious niomoiitsof luckel above tho Cufio point on tho assumption 
that Ni, Ni* and Ni^ ' atoms arc present m tho ratio 9 11, but this supposition seems 
rather arbitrary Anotiier interpretation of tho magneton numbers in nickel has very 
recently boon given by A Wolf, Zetts f Phys^, 70, 519 (1931) He suggests that two 
slates of tlie neutral niokel atom alternate in tho c^rystal structure 

^ The experimental saturation magnetization for Ni extrapolated to T 0 yields 
a moment almost exactly 3 Weiss magnetons per atom, wheroas the theoretical value for 
S s- ^ IS 1 Bohr magnoton or 4 95 Weiss magnetons 

^ Ferromagnetism clearly cannot exist without a critical Cuno temperature at which 
it disappears (though not necessarily discontmuously) For at very high temperatures 
the inter atomic interactions become of negligible consequence and the ordinary formu- 
lae for paramagnetism in gases become applicable Hence by raising T sufficiently, one 
con always reach a point at which the ferromagnetism is eflacod from a body 
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n is 3 or greater, in agreement with the fact that ferromagnetiBm is not 
found in the first two Mendeleef periods, but the fact that the normal 
state of 0| has a spm quantum number 1 rather than 0 seems to require 
4hat J can sometimea exceed zero even when n = 2 This exception is 
not Burpnsing as Heisenberg’s estimates of the sign of the exchange 
mtegrals are only very crude ones The whole Heitler-London theory 
of valence ^ is based to a large extent on the idea that stable chemical 
compounds as a rule (barring, e g Oi) have as small spms as possible, 
implying that commonly J<0. 

Hven when J >0, there may still fail to be a real Curie temxierature 
if one assumes a Gaussian distribution of energy-levels Reference to 
(38) shows that with the latter distribution a real Tq is achieved only 
if z ^ 8 Ferromagnetism should then exist only if each atom has at 
least eight neighbours Heisenberg cites m mce confirmation of this 
theory that the common ferromagnetic crystals Fe, Ni, Co are either 
body-centred cubic (z = 8) or face-centred (z = 12) However, as men- 
tioned to the writer by Dr Wiersma, there are known ferromagnetic 
alloys and compounds in which the atoms of the iron group which are 
responsible for the ferromagnetism have themselves the simple cubic 
arrangement, and so have z — 6 if wo consider only neighbours with 
outstanding spms Such exceptions are not discomforting, as they can 
conceivably be explained on three different grounds (a) the Gaussian 
distnbution may be but a poor approximation to the actual distribution 
of energy values, (6) ferromagnetism may be due to free rather than 
bound electrons, (c) the behaviour may be substantially modified by 
the presence of an orbital magnetic moment 

Alternative (a) seems the most hkely The accuracy of the Gaussian 
hypothesis can be tested by calculating ( W — Hs-)* or (MK — with 
the methods of § 78 (or then- group-theory equivalent) and examining 
whether these fluctuations agree with those obtamed with the Gaussian 
distribution after the constant dctermimng the spread has been obtamed 
from (IF— W^)^ This has been done m unpublished work of Peierls, by 
the group method His calculation shows that actually the Gaussian 
assumption is a poor approximation, but does not give enough further 
information to permit any real improvement in the theory The only 
service of the calculation with the Gaussian distnbution is to show 
qualitatively that there are other entena for ferromagnetism besides 
a positive exchange mtegral 

n W Hoitler and F London, Ztita / PhysJc, 4*, 466 (1927), Heitler, litd 46, 47, 
47, 836, London, i6td 46, 466 (1928) 
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Improved Method of Cakidatton near T — 0 Although a ligoious 
solution of the to(S')-dimenBional secular problem connected with (16) 
IB impossibly difiBcult, a very mgenious approximate method of solution 
has been developed by Slater Unfortunately, space will not permit 
us to give details The essence of the method is that by throwing away 
relatively few of the elements in the secular equation it can be thrown 
into a form which can be solved rigorously In this way closed expres- 
sions for the different energy values belonging to a given 8' can be 
obtamed It is, of course, far preferable thus to obtain the mdividual 
energy-levels than a rough distribution curve for all the levels regarded 
as a continuum Unfortunately, Slater’s solution is only a good ap- 
proximation when S' is nearly equal to its maximum value nS Hence 
it IS useful for ferromagnetism primarily at very low temperatures, 
where the pseudo-saturation is nearly the true saturation, or the pre- 
valent spms nearly the maximum spms It does not thus aid in studymg 
the phenomena of the Oune point Slater did not consider his solution 
of the secular equation in connexion with the problem of ferromagnet- 
ism, and the apphcation to the latter has been made m an important 
paper by Bloch “ The results, which relate entirely to atoms havmg 
S = are as follows A linear chain, the quadratic surface grating, and 
hexagonal surface grating, should all not exhibit ferromagnetism These 
results are the same as with Heisenberg’s (laussian calculation, as the 
number of neighbours is less than eight For simple cubic and body- 
centred cubic crystals, Bloch hnds that there can be ferromagnetism 
This IS an advance over the Gaussian method, as we saw that the latter 
did not allow ferromagnetic simple cubic crystals The refinement of 
the method is evidenced by the fact that it predicts ferromagnetism for 
simple cubic but not for hexagonal surface gratings, desinte the fact 
that there is the same number, six, of neighbours in each, thus the 
arrangement as well as number of neighbours is important Bloch cal- 
culates that in a simple cubic crystal the moment C should approach 
its saturation value 1 in the followmg fashion 

( fp\ 3/2 -A 1 J 

-j , where 0 0587, 6,,= ^ (40) 

For the body-centred cubic he finds the same form of temperature 
dependence but a different value of the coefficient a Eqs (34), on the 
other hand, give an asymptotic solution of the form J = 1 — S-ie~®7y<®+^>7' 
” J C Slatei, IVij/s Htv 35, SOB (1 HSU) 

*• F Blofh, 61,200 (1010) Summary by Pauli m Report of the 1930 

Soh ay Congress 
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in the vicinity of T = 0, regardiess of the form of crystalline arrange- 
ment, provided only a positive molecular field is granted As (40) is 
surely more accurate than (34) near T=Q, the true theoretical curves 
should be drawn somewhat differently than in Fig 16 in the immediate 
vicimty of T/SJ, = 0 They should still remain horizontal at T = 0, but 
exhibit a more pronounced downward curvature at this point There 
are not adequate data available at extremely low temperatures to test 
experimentally this modification (Data ^ at ordmaiy low temperatures 
favour an empirical formula of the form t = 1 — ajT®— ajT*— , but con- 
ceivably higher-order terms in T/Tf,, neglected m obtaining (40), might 
make the theoretical formula sufficiently resemble the empirical one 
over a limited temperature range somewhat higher than covered by 
Eq (40)) 

Fossibvltty of Fenomaguetxam from Free Electrons A variant of 
Heisenheig’s theory has been given m another paper hy Bloch “ Here 
he assumed that the electrons whose exchange effects give the ferro- 
magnetism are the free rather than bound electrons This corresponds 
to usmg the wave functions characteristic of the Sommerfeld “ theory 
of conduction instead of the Heitler-London theory of valence The 
type of crystal structure, of course, then does not enter Instead Bloch 
shows that free electrons will give ferromagnetism if, and only if, the 
tendency towards ferromagnetism is able to conquer the tendency of 
the Fermi statistics or the Pauli exclusion principle to suppress the spin 
jiaramagnetism of free electrons, an effect to be discussed in § 80 
Assuming that there is one free valence electron per atom, and that 
the temperature is below the critical degeneracy temperature of the 
Sommerfeld theory, Bloch shows that this requires that the inter-atomic 
distance be not loss than 0 22A*/»»e® = 0 5 10 -’em This is only a 
rough approximation, but it is noteworthy that the actual intei -atomic 
distances are considerably less than this critical value in the alkalis, 
thus giving insight into why the latter are only feebly paramagnetic 
Stoner*'* further points out that if ferromagnetism were due to free 
electrons, the Curie point would have to be higher than the critical 
temperature of the Sommerfeld conduction theory, and this would yield 
absurdly high Curie points 

Summary Although it is not yet possible to formulate quantitatively 
the exact criteria for a positive molecular field, all the foregomg con- 

>0 Weiss, J (U Fhymque, 10, 3.74 (1929) 

F Blooh, ZeUit J Phyinky 57, f>46 (1929) 

*■ A Sommerfeld, ZexUt f Phyntk, 47, 1 (1928) 

” E C Stoner, Proc Letds Ph%l Soc 2, 60 (1930). 

Z2 
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sideratioiiB make it clear that ferromagnetism is possible only if the 
exchange mtegrals are positive, and even then only under very special 
conditions of crystalline arrangemmit and spacing This agrees vith 
the fact that relatively few materials are ferromagnetic. « 

78. Proof of Formulae (22) and (23) for the Mean and Mean 
Square Energy 

These formulae were first derived by Heisenberg with the rather in- 
volved machmeiy of group theory, but we shall show that Dirac’s 
kmematical mterpietation of the exchange effect as eqmvalent to a 
couphng (9) between spms frees us from the need of using this 
The square of the resultant crystalhne spm vector is 

( 1 S,Y = JSl+2Si-Si=8'(S'+l) (41) 

wholocryMtal t/j 

Now the square of the spin of any atom t is a number iS(iSf-|-l), and, 
further, if we average over all the different states belonging to a given 
spm, the mean value (i e mean diagonal element) of will by 

symmetry be independent of the mdioes %,j, provided There are 
n terms m the single and n(n— 1) m the double sum in (41), as the 
crystal contains n atoms Therefore ^ 

S7^ = ^{8j±l)-n^±l) _ ^^2) 

’ ’ »(«— 1) 

The sum m (16) contains by definition {nz terms, and so (16) becomes 

ITs. = ^ = - ^;^^[S'(S'+l)-nS(8+ 1)] (43) 

In ferromagnetism we are interested in states which have large spm, 
so that S' IS of the order n On the other hand, S is of the order umty, 
as one atom contains only a hmited number of electrons Also, it is 
only necessary to retain the terms of highest order m n, and with this 
observation (43) yields (22) immediately 
We shall now calculate the mean square deviation A^, but with the 
specialization 8 = 8=^, which was not needed for (43) ** When one 

** The bars throughout § 78 are to bo construed aa denoting averages over all the states 
belonging to a given S', with all such states weighted equally Such averages should not 
be confused with the usual statistiuil averages wherein the various states are weighted 
with the Boltzmann factor 

Besides tho usual case of one valence electron per atom, the present calculation is 
appLcablo to atoms whicli are one electron short of a closed configuration, as here S !=s ^ 
ovon though S is not identical with the spm s of an individual electron Nevertheless it 
lias seemed bettor m the onsmng equations to denote the ^ui of quantum number | by 
8 rather than S in order clearly to diatmguish tliat the fonnulao, except £q (44), do not 
apply with an arbitrary 8 substituted for s. 
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squares (16) one enoounteis three distinct types of tenns havmg 
respectively two, three, and four unlike indices It is very important 
to note that these three types hence have different mean values. When 
one counts the number of times these different kinds of products occur, 
one sees that the mean square of (16) is 


^ = 4 J* 8y)^+»Ml(2- 1)(8, 8^)(8< 8fc)+ 

+ + 8,)] (44) 


Here and henceforth it is to be understood that no two subscnpts are 
identical, so as to free us from the necessity of wntmg out exphcitly 
i t # 2, &c On p 318 it was shown that the scalar product 8, ■ 
of two electron spins has the characteristic values J, — f, and so always 
satisfies the algebraic equation (s, s^— J)(8< s^+J) = 0, quite mdepen- 
dently of whether or not one uses a system of representation m which 
this product IS a diagonal matrix Hence 


(8, 8,)’ — — jSj • 8j+j’^ — 


rs'(S'+i)_|n-| 

2»(n-l) 


(45) 


In the second form of this relation use has been made of (42) with 
S = 3 =l The algebraic equation satisfied by Sj S, would be of 
higher order than the second if wo did not take S = J, as S, • Sj 
has 25+1 characteristic values, and this explains our making such a 
restriction. 

The first kind of term in (44) is now evaluated The method for the 
second is similar We observe that the square (s,+8j+Sj)® of the 
resultant of three electron spins has the characteristic values 5g(53+l) 
with 83 = 1 , J As sf-'l, therefore a: — 8,- 8^+8, 8^+8^ 8* has the 
characteristic values —2, +| and so always satisfies the algebraic equa- 
tion x“ = On squaring the left side of this equation one has three 
terms of the form (t, j)® and six of the form k) Hence, with the 

aid of (45), 

(sr^(s; 8,) ^ (46) 


To find the third term of (44) we note that m virtue of formula (41) 
for the resultant crystalhne spin, we have 

(28rS,)* = L5'(5’+l)-|np, 

as now 2 ®i = Here the summation extends over the entire crystal 
On reckoning the number of tunes the different kmds of terms occur 
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m squaring out the left side, ve find that 


2»(«— 1)(84 8,]*+4n(jl-l)(»-2)(Bj-8,)(8< Bfc) + 

+«(ra-l)(ji-2)(n-3)(8<-8j)(8i 8,) = [S'(/S'+l)-in]» (47f 


Substitution of (45) and (46) m (47) now yields 


•(S/ Sj)(8* s,) = 


g>4(5<-H)4_ (|»_3) g>(g'+l)+^|n(^_2) 
n(u— 1)(»— 2)(»— 3) 


(48) 


The mean square deviation is 

= (49) 

One can now substitute (45), (46), and (48) in (44) and then in turn 
(43) and (44) in (49) One then finds the Heisenberg result (23) if one 
keeps only the terms of highest order m S' or n These terms are those 
which increase as the first power of n or S' when n and S' become very 
great To be sure, the highest-order terms in and W'J. both increase 
as »*, but they cancel each other in (49) To the approximation under 
consideration one may ignore the distinction between n — 1 and n in the 
denominators of (45) and (46), but m squanng (43) and in (48) one must 
use the somewhat better approximations (n— l)-*~(n+2)/»i* and 
[w(w — l)(n— 2)(n— 3)]"*~(«-(-6)/n.® respectively, os the correspond- 
ing terms in (49) are larger In this fashion one finally aixives 
at (23) 


One assumption wlm h may well have bothered the readei is that we have sup- 
posed that all the w alar pioduct terms in<10 have the same mtsui value as niveii 
111 (42), despite the (lut, that 16 > involves only noighliouriiig pairs, whereas we 
obtained (42) by avei iHfiiig ovei all jiaire of atoms m the crystal, whether otljai ent 
or not The legitimacy of this procedure is not immediately obvious, as the 
preseiue of tho coupling potential <lt>' might conceivably make the mean of 
8, 8j for interacting pairs (i, j iieighbourK) different than for tho non-mtoractmg 
pairs not involved m - 18 > Superlic lolly this might seem the more likely since m 
tho actual system of cjuantizatioii the expression < 16> is a diagonal matrix when the 
sum IS taken over interacting pairs rather than over any arbitrary pairs The 
following argument somewhat resemhling one of Dirac’s** removes this objection 
The average value m ciuostion is proportional to the ‘spur’ or diagonal sum of the 
<o(,S'')-dimonaional matrix representing S, Sj lor given S' 7'he invariance of tho 
spur (S 3fl) shows that this average is invariant of tlie mode of quantization, and 
by a proper transformation one can mako a sum analogous to <16> a diagonal 
matrix for any Jns pairs, rather than for tho actual interacting pairs (neighbours) 
In virtue of this invariance such transformations will not affect the average of 
any S, Sj Therefore tho moan value of S, does not depend on whether it is 

“PAM Dirac, Proc Roy Soc 123a, 730 (1920), or TAe Pnnnplea of Quantum 
Mechaniof, p 211 
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included in < 16>, and so all pans are on a par as regards their mean values, regard- 
less of whether or not they are neighbours ’’ One can similarly justify the 
assumption made m using (45), (46), (48) in connexion with (49) that these venous 
mean products are the same regardless of whether t,},k,l are neighbours. 


79. Magneto-caloric and Magnetostrictive Effects 
Since a body m a magnetic field has a different energy than m its 
absence, and smce the amount of magnetization changes with tem- 
perature, the apphcation of such a field will produce a change in the 
specific heat If measured per gramme mol , this change, which we shall 
call the ‘magnetic specific heat’, is given by 

c.-e« = (W-F«) = , (50) 

where W and Z are respectively the mean energy per molecule and the 
partition function in the presence of the field, and Z® arc the 
correspondmg expressions in its absence 
The third law of thermodynamics requires that the entropy S remain 
finite at 3' = 0 As the specific heat at constant volume is = TdSjST, 
this means that the specific heat must approach the himt zero at S’ = 0 
Contrary to this law, the magnetic specific heat in the Langevm theory 
has the non-vamshing value Lk at T — 0, as is seen by using m (60) 
the Langevm partition function 
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On the other hand f e” is indeed zero at S’ — 0 if one employs the 
Bnllouin function demanded by quantum mechanics, for the Brillouin 
partition function is“ (x '—r ''*)/(! —a”), where x- and this 

makes (30) vanish at T — 0 The compliance of the magnetic specific 
heat in quantum mechanics with the third law stiU remains true even if 
a Weiss molecular field is included to represent the effect of the Heisen- 
berg exchange coupling, or if the Bloch modification of the Heisenberg 
theory appropnate to low temperatures is introduced We omit explicit 
proofs, as all such results are merely special cases of the quite obvious 
result that any quantum distribution gives zero specific heat at S’ = 0 


This IS not to (oiiHtruod an iiioaimig that all pairs havo the same mean \alue in 
problems whore loiistraints an* impoHod ou certain groups of electrons, such as e g 
Heisenberg's calculation cited in note 10 Foi instaiic4>, in atoms with the moan 

of 8| Bj IS different for iiiter-atomio than mtra atomic electron pairs lieiause we con- 
stram S to one partKular value rathoi than average o\er all values of S consistont with 
given jS' 

** This partition function is the same as the donommator evaluated on p 267 
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In fact, quantum partition funotionB are diaorete Bummations 
so that near 7 = 0 the expression log{Z/Z<>) is very approximately of 
the form —(Wi—W^)lkT, where W^—W^ is the change in energy pro- 
duced in the lowest state by the field This form makes (SO) vanish, f 
whereas the classical distnbution functions involving mtegration rather 
than summation do not have this property. The physical significance 
18 that near T = 0 the molecules are not raised out of their quantum 
state of very lowest energy (mcluding the spacial orientation of least 
energy) by increasing the temperature mfimtesimally from the absolute 
zero Instead IcT must be made comparable with the excitation energy 
of the next state before c, becomes appreciable 

The magnetic specific heat predicted by (60) is observed quahtatively 
in some ferromagnetic matenals, usually with an adiabatic experimental 
method, whereby application of the field produces a change m tem- 
perature We shall not give details, which have been discussed by 
Weiss,** and which he shows are mcely explained by his molecular fields 
As wo have seen that Heisenberg’s theory gives results substantially 
equivalent to the Weiss theory (except for the difference between the 
Langevm and Bnlloum functions), there is no difficulty in understandmg 
in a general way these Weiss thermo-magnetic effects 

Even m the absence of a magnetic field, there should be a discon- 
tmuity m specific heat as one passes through the Cune point, a result 
first noted by Weiss ®* In terms of the Heisenberg theory, this is 
because the states of high resultant spm are probable for the crystal 
below the Cune pomt, while those of very low spin gain the upper hand 
above the latter In other words, the prevalent spm is laige for 
T< T(„ but IS very small for T > Tc, as the crystal loses its spon- 
taneous magnetization above the Cune pomt To calculate this dis- 
contmuity m c* it will suffice, as a first approximation, to assume that 
all states of the same crystaUme spm possess the same energy. An 
eqmvalent assumption was made m the onginal work of Fowler and 
Kapitza ** Also we may neglect the statistical distnbution of vanous 
values of S', as we saw m § 77 that the probability had a steep maximum 
at S' = iS!t Thus for T< T^, we may take nW*^ equal to the expres- 
sion Wg. given m (22), with S' — S*, while for T > JJ, we take 1^= 0 

** WeiHB and Beck« J de yhystguCj 7* 249 (1908)> Woiss« I’lccard, and Garrard, Arch 
deduct Phys et Nat 42, 370 (1916) , 43, 113 and 199 (1017), B Weias, J de Physique, 
2, 161 (1021) , Woiss and Forrer, Annates de Physique, 15, 153 (1026) , Stoner, Magnetism 
and Atomic StruUurc, p 269 

** B H Fowlei and P Kapitza, Proc Roy Soc 124a, 1 (1920) 

The factor n appears here because (22) relates to a crystal of n atoms 
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Here, of oourae, we have diaregarded additive tenna in the eneigy which 
do not involve the spin interaction, and so are continuous at the Curie 
point The discontinuity m specific heat at the Curie point is thus 


Ac5 = — lim 

fl 




( 51 ) 


by (22) and (29) The value of Bl*/dT is found by differentiation of the 
first relation of (30) with respect to T after setting y — 2zJ S^ijkT. 
Since S approaches zero when T does Tc. this gives 


■3 8 ' Tc~\kTj 


dT . 


r( 2g+i )«- n 

720 


.L 


and so, after use of (37), Eq (51) becomes*® 


' ®^*|(2S+l)»+lJ 


( 52 ) 


As Z/l:'~2cal , the numerical values given by (52) for some particular 
values of 8 are as follows in calones/gramme mol 
Ac« = 3Q(S=^’2), 4 0(S^1), 4 4l(S = ’J, 5 0 (A’=qo) (53) 

The value for iS = 00 is, as we should expect, the same as in the classical 
theory of Weiss Some experimental values arc*® 

AcJ = 2 2(Ni), eUFcjO^), 6 8(Fe) (54) 


** Vowlor aiul Kajiitza^ dorived (52) for tVw> tajH' iS = i The peorral expression (52) 
appears to have been first obtained in unpubliRhod work of Landau, quoted by Porfmann ** 
Stoner notes that, in the case of N ss inrliiRion of a Gaussian distribution makes tho 
theoretical value lower than (52) and so inakos for pooroi agreement with experiment 
{Phil Mag 10,27(1930)) TIio rt'sultiiig disagnximent is not, however, oh bad os repre- 
sented by Stoiior an his formula < ontaiiis an oxtraneoiiH fnt toi ^ bee aiise of un algobrait 
error With the (iaiiBBian rlistiibution the tbooreiital \alite for S ^ is 

We liave already mentioned that this distribution ih not an osihh tally gixid approxima- 
tion, though doubtlosa bettor than neglect tug the sproatl oiitirely, and so we need not be 
worried at quantitative discrepant ics with oxpeiiment 

** These experimental values are ffom Weiss, Piccard, aiid Carranl, I c except that 
the determination for Ni is by Mine l^pp, Annales de Phgitifjuc> 12, 442 (1929) Tho 
agreement on Ni is ameliorated if, following Weitw, one writos (51) m the form 
Ac; - - ITcC V(2Z^.S't/n)» V/T. 

and UBiw merely empirical values of tho Ouno point T, tho Curie t onstant C, and the 
saturation magnetization ILfi^yn The discrepancy is then only a few per cent Accurate 
agreement with the theoretical form (52) of (51) is clearly out of tho question since the 
saturation magnetization is only 0 6 as largo as that to bo expected from 8 i 

By measuring changes in the Tliomson boat, Dorfinann, joanus, and Kxkom {Zetts f 
Phyaik, 54, 277, 289 (1029)) roiKirt a discontmmty of 2 0 cal inol m tho ‘spocifio heat of 
electricity ’ of nickel at the Curio point The agrooment with (53) for 8 — closer than 
the probable accuracy of (53), os (53) neglects entirely tho 'spreading' of energies for 
given 8' Also, especially there is tho further difficulty that the discontinuity m tho 
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The agreement between (63) and (64) aa regaxds order of magnitude is 
gratifying As the calculation is only a crude one, we need not worry 
over the want of quantitative agreement, or the fact, sometimeB urged 
against the theory, that the expenmental discontinmties are somewhat 
gradual rather than perfectly sharp at T = 7^ As also seen on p 335, 
mckel seems to accord much better to iS = ^ than any other value of S, 
but too much weight should not be attached to this fact as precision is 
wantmg m both theory and experiment 

The transition from large to small crystalhne spins naturally imphes 
a change of volume at the Curie pomt Fowler and Kapitza*" calculate 
that the order of magnitude of this change should be about 1 per cent , 
in accord with experiment The reader is referred to their mterestmg 
paper for details The sign of the observed change is such as to reqmrc 
dJ jdV > 0, or that the exchange mtegral increase with the volume 
This seems at first thought a little mystifying, as one would expect \ J\ 
to be greatest at small volumes, but is in accord with a theoretical 
prediction of Slater “ that states of low crystalhne spin have the least 
energy if the atoms are close enough together This is more or less 
equivalent to saying that J would become negative if the volume were 
sufficiently diminished, although this statement is a little misleading, 
as Slater’s whole argument is based on the fact that the Heisenberg or 
Heitler-London perturbation theory is a poor approximation at small 
mter-atomic distances, so that one should use instead a method de- 
veloped in Bloch’s theory of conduction In support of his view that 
sufficient concentration precludes ferromagnetism, Slater cites** the 
fact that in ferromagnetic bodies the ratio of the orbital radius of the 
3d electrons to the mtcr-atomic distance in ferromagnetic bodies seems 
to be smaller than the usual ratio of the radius of the valence orbits to 
this distance in most materials Fowler and Kapitza emphasize that 
the sign and small magnitude of the volume change at the Ciine point 
show quite conclusively that the forces between the electrons which are 
responsible for ferromagnetism cannot be the ‘cement’ which holds the 
solid together Instead, forces between other groups of electrons, pre- 
sumably the outer or true valence electrons, as distinct from the 
‘ferromagnetic’ electrons m inner mcompleto shells, must be mvoked 

olectneal Bperifif hoat haH the opposite sign from that which one would expect on 
ordinary elementary > lews Hence the thoorotical signiiicaiice of Dorfmanii's mterestmg 
moaaurcmonts is at present a little obsiure In particular, they cannot be regarded as 
forcing the conclusion that the oloctroiis responsible for ferromagnetism are conduction 
electrons 

** 3 C Slater, Phye Pev 36, 67 (1030) 
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The same conclusion is reached independently on different grounds in 
Slater’s work on cohesion 

The ordinary phenomenon of magnetostriction, i e the change m size 
observed on actually magnetizing ferromagnetic bodies, must be related 
to the change m volume at the Cune point in the same way as the 
thermo-magnetic effects of Weiss are related to the change of specific 
heat at this point Both the Curie-pomt phenomena are primary effects 
resultmg from the obliteration of the spontaneous molecular fields (or 
rather their quantum equivalents), whereas the others are secondary 
ones resultmg from the superposition of the external on the molecular 
fields Fowler and Kapitza show that m view of the observed magnitude 
and sign of the volume change at the Curie point, the observed magneto- 
stnctive effects are of the nght sign and order of magmtude (viz the 
relative change in length calculated for iron on pseudo-saturation is 
3 5x 10-®, as compared to 2X 10“* observed by Webster) 

80. Feeble Paramagnetism 

Numerous sohds exhibit a feeble paramagnetism, which is comparable 
with diamagnetism in order of magmtude, and which is often indepen- 
dent of temperature, even though spectroscopic theory shows that the 
same materials would be strongly paramagnetic and conform approxi- 
mately to Curie’s law if present m the gaseous state The researches 
of Honda and of Owen** show that a great many pure solid elements, 
c g the alkalis and earths, are of this category 

There is no difl^iculty in understanding theoretically the existence of 
such feeble paramagnetism There arc two possible explanations, viz 
on the ground of mter-atomic interactions, which we shall consider first, 
and on the ground of the degenciacy jihenoniena in the Fermi-Dirac 
statistics Actually both effects arc doubtless to a certain extent super- 
posed, but they arc too complicated to discuss when together 

Inter-atomic Interacttons — ‘Exchange Demiujnettzaium’ We have 
shown at length in § 73 that if the spacial separation due to inter-atomic 
interaction is large compared to LT, the orbital magnetic moment is 
largely quenched, leaving only a small residual effect, due to ‘high- 
frequency matrix elements’, which has the desired independence of 
temperature Unless the atoms happen to be in singlet states, it is also 
necessary to have some mechanism for quenching the spin One pos- 
sibility IS the existence of such an intense magnetic coupling between 
spm and orbit within the atom that the mequahty (4), Chap XI, is 
K Honda, Ann der Phystk^ 32, 1027 (1010), M Owon, ihid 37, 657 (1912) 
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leversed The inter-atomio forces are then unable to loosen sufficiently 
the couphng between spin and orbit, and the spin magnetic moment 
can hence be quenched along with the orbital (cf p 313) This is hhely 
only in very heavy atoms, where the multiplet structures are wide,* 
whereas many feebly paramagnetic sohds are bght (e g aluminium) or 
even exist in S states devoid of multiplet structures (e g the alkalis) “ 
A further difficulty is that Kramers* theorem (p. 206) shows that the 
quenching of the spin is necessarily only a partial one if the atom 
contains only an odd number of electrons. 

It IS probable that the spin is more commonly quenched through the 
operation of the Heisenberg exchange effect If the exchange mtegral 
J IS negative, this effect favours the states of low crystaUine spin, and 
so tends to efface any paramagnetism which would be present in the 
gaseous state Wc then have ‘exchange demagnetization’, the exact 
opposite of ferromagnetism Except for the change m sign, the discus- 
sion proceeds entirely as in Heisenberg’s theory of ferromagnetism If 
we neglect the refinement of the ‘spread’ of energy-levels belonging to 
a given 8', the susoeptibihty will be given by the expression (30), which 
can always be used smeo now always T>T(j as 0 The molar 
susceptibility will thus be given by the expression 


Xmul 


Wi) 

ZklT-Taf J’-f-A ’ 


where 


A = -T(.- 


2zJ 8(8+1) 

3h 


(of (37)) This susceptibility will be of the order of magnitude 1 0 ®-10 * 
observed experimentally m feebly jiaraniagnetic media, provided one 
assumes that 7), is of the order — 10* The tcmjieraturc dependence 
18 then very sulwrdinate, as A^T Such a value of Tf, or A requires 
that the exchange integral J be about — 1 volt, a larger numerical value 
than m Heisenberg’s theory of magnetism, where 7{j~ 10®, 0 1 volt 

This difference does not seem too unreasonable, as the exchange 
integrals between the true valence orbits, especially the highly eccentric 
s ones, may well be laiger than between the nearly circular d orbits 
responsible for ferromagnetism Also one has Slater’s®*’** somewhat 
allied suggestion that the ratio of the orbital radius to the interatomic 
distance is loss than usual in ferromagnetic media 

Two pomts may be mentioned as favouring the above One is that 


** I'he alkali atoma have *S ground states, and henco have strong spin paramagiiotism 
(given by Eq (69) § 80) when free The normal levels of earth atoms, such as Al, are of 
the type *P and hence possees both spin and orbital momenta 
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the relative abundance of feebly paramagnetic matenals as compared 
to ferromagnetic is m agreement with the Heitler-London idea that the 
common bonds have negative J, also with Slater’s proposition that low 
tcrystaUme spins predominate at high densities — not to mention the fact 
that tbe Gkiussion calculation, &c , shows that even with positive J the 
exchange effects may still not lead to ferromagnetism without the proper 
crystalline arrangement, number of neighbours, &c The second point 
IS that many feebly paramagnetic media, notably, of course, pure ele- 
ments, ore composed solely of naturally paramagnetic ions, so that 
practically aU neighbours have exchange couplings between their spms 
This IB in marked contrast to the salts of the iron group, where we saw 
that the large magnetic dilution made the exchange effects subordinate 
and the spin hence free We must, however, caution that there also 
exist feebly paramagnetic complex ions, whose feeble paramagnetism 
persists urespective of the extent to which these ions are diluted in 
other media Such ions mvolve the theory for polyatomic molecules, 
as discussed on pp 272 and 293, and so are not to be confused with 
the present discussion of solids composed of simple atoms We can, 
however, say that m the theory of these ions the complex ion is a umt 
of structure correspondmg m a certain sense to the whole micro-crystal 
in the present discussion 

Fermi-lhrac Statutics. Pauh has shown that it is possible to explam 
the quenchmg of the spm m solids in quite a different way without 
mvokmg the exchange forces between electrons if one assumes that all 
the electrons not m closed shells participate to a certam extent m con- 
duction or, m other words, are at least partially free, so that they can 
be considered as wandering m, say, a cubical box of volume V = P. 
Each electron has then three translational quantum numbers tIj, n^, 
besides a fourth quantum number m, which gives the component of 
spm along some axis. The Pauh exclusion prmciple states that no two 
electrons have all four quantum numbers the same At the absolute 
zero the totahty of electrons, regarded as one big system, will be m the 
state of lowest energy In the absence of external fields the dependence 
of the energy on m, can be disregarded, and if there are n conduction 
electrons this means that a,tT = H — 0 there are two electrons for each 
of the n/2 combinations of the quantum numbers %, n^, which yield 
the least energy Each combmation of these numbers, i e each transla- 
tional state, we shall call a cell Because of the exclusion prmciple, two 
electrons m the same cell differ as to the sign of m, and compensate 
« W. Pauh, Jr , ZeUt / Phynk, 41 , 81 (1927) 
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each other magnetically Any paramagnetic ahnement of the apins in 
a magnetic field, whereby more electrons have fn,= than m,= 
can be secured only by ‘boosting’ some of the electrons out of the »/2 
originally occupied cells, and giving them higher values of the quantum 
numbers «j, «, We now see quahtatively why much of the para- 

magnetism IS suppressed in the Fermi-Dirac statistics based on the 
exclusion prmciple 

The readjustment in the distnbution among the cells in a magnetic 
field does, however, take place to a certain slight extent even at low 
temperatures, leaving a small residual paramagnetism The latter may 
be calculated at the absolute zero without delving into any of the 
intricacies of the Fermi-Dirac statiBtics,*^ such as, for instance, what is 
meant by temperature, which can no longer be defined as proportional 
to the mean translational kinetic energy We shall follow a simple and 
elegant method due to Frenkel At the absolute zero the distribution 
18 , of course, that of minimum energy When a magnetic field is apphed, 
this IS no longer that in which the electrons are paired m the njZ 
originally lowest cells Instead we may suppose that the n/2 — k cells 
of least original energy have their full quota of two magnetically paued 
electrons, but that the next succeeding 2k cells each have a smgle 
electron with J As k n, we may to a sufficient approximation 

regard these 2k cells as equally spaced in unperturbed energy, with the 
same spacing AH' as that in the vicimty of the highest onginally occu- 
pied cells, which wo shall call the critical spacing The change from 
the original complete pairing to the new distribution involves an increase 
of amount k*AlF in the ‘unperturbed’ part of the energy, as takmg an 
electron from cell In—x to In+x changes this energy by an amount 

k 

2xAW, and to a sufficient approximation 2 ® However, this 

T=1 

change in the distribution diminishes by an amount 2k)8// the part of 
the energy due to the magnetic field, as ‘turmng over’ an electron from 
wi, = to j», = — J gives an alteration —gPH = — 2j8£f The value of 
k appropriate to the absolute zero is that which mmimizes the total 
energy fc^AW'— 2j3kH-l-constaiit, and is hence fc = jS/f/ATF As 2k elec- 
trons now have spms aimed along the field, the susceptibility per 


umt-volume is 


^~VU VikW 


(55) 


** For exposition of these statistics sec, for instance, Fowler's StatiHtccU Mechan%ca 
Chap XXI 

** J Frenkel, ZeUa f Phyatk^ 49, 31 (192B) 
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The value of the oriticol spacing AIT vill depend on whether we 
consider the conduction electrons as absolutely free, or consider the 
binding effect of the atoms through which they migrate We shall first 
treat the cose that they are absolutely free, as in Sommerfeld’s theory 
of conduction Here the unperturbed translational wave function of 
an electron is 0 = ^sin(7mja;/2)sm(7m2y/l)Bm(7r%z/l) as it vanishes at 
the walls of the box and satisfies the appropriate wave equation 
= 0 provided 




(«l,Wj,»3>0) 


(56) 


There is one eeU at each comer of unit cubes in the Wj, Wj, Uj space, 
and BO the number of cells with energies inferior to some given value 
^mai approximately the volume (4ir/3){2mPir,„„/A’)*l® of one octant 
of a sphere of radius The critical energy, or energy of 

the highest cell occupied at T = ^ = 0, is (A®/8mZ*)(3»/ir)*^*, as it defines 
an octant of volume n/2 The spacing A If' of the cells near the critical 
upper limit is MWjdn = {h^j6ml^){9jiT^n)* Substitution of this value 


of A IF in (S5) yields 


(57) 


where njV is the number of conduction electrons per umt-volume This 
IS I’auli’s celebrated formula, which marked the beginning of the quan- 
tum theory of electrons m metals It will be compared with experiment 
at the end of § 81 By considering a second approximation m the 
Fermi-Dimc statistics of free electrons, Bloch “ has shown that a more 
accurate formula than (57) is 


™ ri2wi 6477 *Fm*fc* 7 ’*l 
(f) (sj - — 9n/p -J 

= 2 20X lO-J^^V-l 03x (58) 


As njV IS of the order 10®*, the second term is negligible compared to 
the first at ordinary temperatures, so that (57) can be regarded as an 
adequate approximation or, in other words, it is legitimate to treat the 
electron gas as completely degenerate The mdependence of tempera- 
ture predicted by (57) or (58) is approximately confirmed in the 
measurements of McLennan, Ruedy, and Cohen,®* which extend down 
to — 190°C. 


^ F Bloch» ZeUs f Phyaik, 53, 216 (1929) 

J C IMcLeimaii, K Kuedy, and E Cohen, i^roc Hoy Soc 116a, 468 (1927) 
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As an alternative to the standard Sommerfeld theory based on free 
electrons, Bloch “ has developed a theory of conduction based on bound 
electrons. Such electrons can pass from one atom to another because 
of the remarkable fact that in quantum mechanics there is a finite 
probabihty of a particle traversmg a peak of potential energy greater 
than its own energy. In Bloch’s theory an electron is in a ‘valley’ of 
potential eneigy when bound m an atom, and is continually playing 
leap-frog from one valley to another, thus giving an electnc current. 
Bloch shows that the ‘over-lappmg’ of the wave functions of adjacent 
atoms removes the degeneracy associated with the fact that electron- 
levels are identical m identical free atoms An electron playing leap-frog 
thus has a variety of closely spaced energy states even though it has 
only one normal state when in a perfectly isolated atom If the total 
splitting of these closely spaced levels (i e the ‘critical energy’ or total 
energy spread W(j of the nl2 different levels occupied at T = 0) is large 
compared to hT, the ‘degeneration’ will be practically complete, and 
the susceptibdity will be given by the expression (55), as the various 
steps used in the dcnvation of (55) retain their vahdity The constant 
A If will, of course, have a different value than that calculated for free 
electrons in the preceding paragraph Thus, if the over-lapping of the 
wave functions of adjacent atoms is sufficient, Bloch’s theory also will 
give a feeble paramagnetism independent of temperature This is 
encouraging, as Bloch’s conduction mechamsm probably comes closer 
to reabty than that by free electrons in many cases It must, however, 
be cautioned that it is not at all certam whether the ‘over-lapping’ m 
his theory is m many oases adequate to make the sphtting or diffusion ^ 
W(, m the ground state large compared to kT. If madequate, £q (55) 
no longer applies In the limit susoeptibihty is given by 

the same formula, 

X^^YkT’ 

as m the Boltzmann statistics, and the sohd is strongly paramagnetic 
In the Sommerfeld theory for free electrons, £q. (69) also, of course, 
apphes to the analogous limiting case (h®/8ni{*)(3n/7r)®/® ^ kT, which is 

« F Bloch, Zeitu J fhymi, 52, 655 (1928) 

^ This diiTuaioii Wf, iii Bloch'e theory la not to bo coufuBed with the *spacial aepara- 
tioii * iiitroducod in § 73, and will ueually bo much smaller than the latter or than the 
corresponding diffusion oi c riticol eiiorgy (/**/8m)(3n/frr)l for free electrons The ‘spaoi^ 
separation* is associated with the removal of the spocial degeneracy for a single atom, 
and gives a sphtting into 2L-\ 1 components (negloctmg spin) The Bloch diffusion effect 
involves a further division of each of these 2L-\~ 1 components, removing the degeneracy 
associated with the fact that those components are otherwise the same for all atoms 
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usually realized only at extremely high temperatures We have seen 
that the susceptibihties of rare earth and iron salts can be treated by 
the Boltzmann statistics We now see that this imphed that in these 
salts the Bloch leap-frog effect was so small that the Fermi-Dirac inter- 
ference effects were neghgible Another way of saymg the same thing 
18 that the electrons could be regarded as firmly bound to an individual 
atom, for Bloch’s theory is a sort of intermediary between that for 
isolated atoms and that for free electrons This is in accord with the 
fact that these salts are much poorer conductors and have higher ioniza- 
tion potentials than, for instance, the feebly magnetic alkah metals. 


81 . The Diamagnetism of Free Electrons In Quantum Mechanics 

Landau^ has discovered the very remarkable fact that the orbital 
motions of free electrons give a diamagnetic contribution in quantum 
mechanics, whereas we saw in § 26 that classically they were without 
such an effect This difference is a httle hartl to explain intuitively, 
but arises from the fact that the boundary electrons have different 
quantized velocities than those which do not touch the walls of the 
vessel, and so the magnetic moments of these two types of electrons 
do not compensate each other as m classical theory (Classically, both 
types have the Maxwell-Boltzmann distnbution of velocities ) 

The calculation is most easily made by using cylindrical coordinates 
p, z, <!>, with the apphed magnetic field along the z direction. The z 
component of motion can then be disregarded for our immediate pur- 
poses, as there is no force on the electron in this direction. We have 
then to deal with the two-dimensional wave equation 


A* /d^iji 1 di/i I cPili\ H eh dip 

B7r*in\dp’ p dp p^dip^j 47nwic 0^”^ \ Swic* 


= 0 , 


(60) 


as can be seen, for instance, by introducing cyhndncal coordinates into 
(2), Chap VI, and then ignoring the z degree of freedom As the solu- 
tions of (60) are clearly of the form i/i = e*”‘^/(p), the term m (60) which 
is proportional to dipISip has merely the effect of displacing W by an 
amount heniHj^vmc. Without this term, Eq (60) is identical m form 
with that of a two-dimensional oscillator of frequency v = He/4^rme. 
The characteristic values of the latter are well known*® to be 


(2n,-h |»j|-fl)Av, 

^ L Landau, Zetie f Phy9%kt 64, 629 (1930) , also given by Pauli in the report of the 
1930 Solvay Congress. 

See, for instance, Condon and Morse, Quantum MeehanvcB, p 78 
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where Wj, sre integere Hence, as p — hejinnnc, 

IF = (»i+|«il+2«,+l)j8H. (61) 

Thus a free electron, even when not enclosed by bounding walls, has 
a discrete rather than continuous spectrum in a magnetic field The 
magnetic moment corresponding to the stationary state (61) is 

“0?/ = K|+2as+l)]8 (62) 


CUasHically the azimuthal quantum number has the geometrical 
signihcanco _^ijr 

= ( 63 ) 


where r is the radius of the circle described by the electron under the 
influence of the field, and d is the distance of its centre from the ongin 
p — 0 To prove (63) wo have only to note that“ 

P4 — ni{xy—yx)—He(x’‘+y^)l2c 
and that classically we may take 

P^~njil2n, a: = *:o+rco8(£fel/mc), y — y^+rsm(nellmc), 

AS in the field the electron moves with an angular velocity ” Hejmc in 
a circle about some point jTo, Of course the geometry of (63) is not 
to be taken too literally in wave mechanics, but will clearly have at 
least an asymptotic meaning for large quantum numbers, by means of 
which the most probable position of the statistical charge density can 
bo approximately located 

In point of fact we must consider not ideally free electrons, as above, 
but rather those enclosed by some vessel, ns we saw on p 101 that 
reflection at the boundary played a very vital role It is most con- 
vement to take the vessel as a cylinder of radius R, with axis parallel 
to the field. In order to avoid the complication of distortion of charac- 
teristic values by the waD, the only case readily treated is that in which 
the classical radius of curvature r = ^{2mc^W is much smaller 
than R for the great bulk of electrons (Whether the suseeptibiUty 
would be the same m the case r ^ £ is at present uncertam, although 
the concept of spectroscopic stabihty suggests that perhaps it would 
be ) Since in Boltzmann statistics the prevalent energies are of the 


** That tins IS the proper definition of the canonical generalized momentum associated 
with the coordinate can be seen from the theory given in § 8 

Note that this angular velocity, which is readily deduced by elementary mechanics, 
IS twice that corresponding to the Lannor frequency This difference arises because 
Larmor's theorem neglects second order terms m H 
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order hT, this ciondition r^R becomes 

R^^(27nc*kTle»H*) = 3-nxlO-^TilH, 

,an inequality clearly satisfied for ordmary values of T, H, and R Out 
of alt the electrons withm the vessel a fraction of the order r/R have 
‘boundary’ orbits which classically hit the wall This shows that in 
quantum mechamcs the overwhelming majority of common stationary 
states will not have their characteristic values appreciably distorted 
from (61) by the influence of the boundary, although there may l>e 
a very slight distortion because some of the charge wanders outside 
the classical limits. 

Boltzmann Stattatica If we use Boltzmann statistics, the partition 
function IS 

y ^ ^-(n,+ln,\+3n,+nfiHlkT (^ 4 ) 

Wi -—n^lplhc H, -II kc 

»• 

Here the choice of the limits used m the summation over % requires 
some discussion Positive values of % have been omitted because if 
R 'p>r, only a negligible number of electrons have or, m other 
words, centres near the ongiii p = 0 It is very vital that, following 
Landau, we have taken the lower limit for the summation as —TrtHB^jhc 
rather than — oo This value is obtained on the ground that the centre 
of the orbit cannot be distant more than approximately B from the 
origin, and so we can exclude all values of Wj which by (03) would give 
d> R The sum over Wg m (61) is readily evaluated, as it is merely 
a geometric senes, and one finds Z — iTT^BhnpiIh~^j{e^"l'‘^ —g-PBiKT-j 
The moment per umt-volumo is 

(65) 

and IS hence 

M = - = -YMpa/kT), ( 66 ) 

where L{y) is the usual Langevm function, but the presence of the 
minus sign means that there is dia- instead of paramagnetism In the 
limit h — P — 0 the nght-hand side of (66) reduces to zero, in agreement 
with the fact that classically there is no diamagnetism for free electrons 
This asymptotic agreement with classical theory can also be verified by 
replacing the sum by an mtegral in (64-), as then Z tuecomes mdependent 
of H. For the usual case pH-^kT, Landau’s formula (66) reduces to 
X = MIH = —nP^jSVkT, and so the orbital diamagnetism is ono-third 

A a 2 
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as great as the spin paramagnetism (69), making the total resultant 
Busoeptibihty Znp^jZVkT, 

The moment (66) is not the same as that furnished by the more immediate 


formula 


2 

M— ^ 

V s 


(67) 


if we use tho same limits of summation as m (64) and same energy values as m 

(61) Kq (67) then yields a preposterously large diamagnetism (viz the first term 
alone in Eq 66), as each of the states (61) has a strongly diamagnetic moment 

(62) This difference as compared with (66) arises because m (65) part of dZJdH 
('omes from tlie fact that m (64) the limits of summation, or number of states, 
OH well as tho energy -levels W are functions of H (In our previous work Z involved 
H only tlirough W and as a matter of fact we derived (65) only for this special 
case, cf p 25) To obtain a proper expression for the moment by means of (67) 
it IS very essential to include the 'boundary' elections which are reflected at the 
walla of the cylinder (cf Fig 6, | 26) These electrons are tow in numV>er, but 
have enormously greater moments than do the inner orbits — so much greater mfact 
that they completely neutralize tho latter in classical theory If (66) is correct, 
the term m (65) resulting from the dependence of the limits on H must be tlie 
some as that whi<j}i smalts from mehision of the hoimdary electrons in (S7) 
Another way of saying the same thing is that Landau's use of (65) without 
boundary electrons to obtain (66) implies that these electrons make a negligible 
contnbution to (60) despite the fact that they moke a large one to (67) The 
states nj< — ore those representing boundary electrons,®* so that when 
tliey are mcluded, the partition function contains a constant rather than variable 
number of states, emd so involves H only through W There would thus be no 
doubt as to tho applioabihty of (65) were the boundary electrons included therein. 
It is obvious that Z itself would not be appreciably affected by mcluding the 
boundary states, since, tliough groat m number, they have such high energies that 
only a negligible fraction, of the order r/H, of the total number of oloctrons are 
located therein It is, however, not quite so obvious (although justifiable on closer 
examination) that tho boundary states make a negligible contnbution to dZjdU, 
Hiiico they have abnonrially large momcoits —dWjdH It is therefore reassuring 
to sliow that the moment (66) can also be calculated from (67) We sliall follow 
a variant of a method <iiie to Teller As B^r, the magnetic moment of a bouml- 


^ This 18 moHt easily seen by rogardtiig the wall as equivalout to a fictitious central 
held \ihich 18 zero fur p ^ R but which increases to a very large value when p slightly 
exceeds B The dynamical problem is then one m central fioldn, where n^, are respec- 
tively the azimuthal and radial quantum numbers All positive and negative values of 
ni are allowable m this problem, and tho range of values of n|^ not absorbed by the inner 
electrons must bo duo to the boundoiy electrons Values of nj less than 
rapidly take the electron mto the region whore this fictitious field is large, and so give 
large energies. 

E Toller, Zetta f Phyatk, 67, 311 (1931) Our procedure differs from his m the use 
of a cyhndrical rather than infinite plane boundary. BtiU another method, which is quite 
simple, hss been given by Dorwm (Report of the 1930 Solvay Congress or Proc Comb 
Phd 8oc , 27, 86) Instead of using bounding walls, or the equivalent sudden rqcmlsive 
field cited m note 68, he mtroduces a radial linear restonng force —op whv^, of course, 
becomes large only gradually. The wave equation for this system m a magnetic field is 
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Ary eleotroa is approxunately (— e/2c}29ra>K,JR* where cun, is the frequency with 
whuh this electron creeps around the complete circumference of the wall. 
Further by the oorrespondenoe prmoiple we have ciin^ » dWfhdni, a well-known 
kmematical result in the old quantum theofy As the radius R of the cylmdor 
^ large compared with the radius of an ordinary orbit, hta^JW is very small 
Hence with given the states belonging to different consecutive values of lie 
very close together, and the summation over for the boundary electrons inuy 
be replaced by an mtegration Hence the expression (67) becomes 

I + 

n »• 0 • —00 

( 68 ) 

Here tlie first term in the numerator arises from the overwhelmmg number of 
inner electrons, and the second from the boundary ones, whose enerf^ies n,, n^) 
would he difficult to determine explicitly The8iimmationovern,from —mHK‘lhe 
to —I has already been performed for the former, and we have omitted tho 
conti ibut ion of the latter to the denominator, which is clearly nepl igible on iiccimnt 
of the hifjih values of The mte^^ration of the second term over n, can immedi- 
ately ho performed Furthermore Wg has the value oo at n, - — a> and tho 
value (61) at = —mHR'jhc, as at the latter limit the orbits just bofiin to touch 
tho walla of tho cylmdor and so do not have their energies appreciably distorted 
from (61) The second term in tho numerator thus becomes KTjH times tho 
denominator, and so the boundary electrons contnbuto tho second term of the 
Longevm function in (66) It is easily seen that now tho expression (68) assumes 
the desired value (66) 

Fermx-Ihrac Statxatica In actual aolids the calculations should be 
made with the Fernu-Dirac rather than Boltzmann statistics Here 
also the orbital diamagnetism proves to be one-third as great as the 
spin paramagnetism Landau has shown that this is true regardless of 
whether or not the degeneracy is complete, but we shall give an ele- 
mentary proof m which complete degeneracy is assumed, so that all 
orbital states may be supposed occupied by two electrons up to a certain 
critical energy W,,, and vacant thereafter A siimlar assumption was 
made on p 349 and is amply warranted at ordinary temperatures, for 

readily iiitegrotod, as the harmonic form w preBerved, and m tho limit a = 0 Darwin 
finde tho satno expression for tho suscepttbdity as Landau’s 

The boundary olootrons have iiiordniAtoly largo xuoineuts because they enr ircle the 
origin when tlioy make a circuit of the wall (Cf Ftg 5, § 20) Hence in their (>ase uo may 

replace mp^ by — 2wmR*(i»n Dn the other hand, tho inner electrons usually do 

not encircle the origin, so that they have ^ - 0, their resultant moment (62) is duo 
entirely to the fact tliat p is different at different points of tho orbit, a fac tor of subordi- 
nate importance m the case of the boundary olectrona 

Cf for instance, J H Van Vlork, Quantum Principles and Line tSpretra, p *298 
This relation wdl be a good approximation with the new mechanics, as tho quantum 
number ni is large for the boundaxy electrons 
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the density of electrons m ordinary conductors is sufficient to make 
WJk of the order 10*° C Unlike the case of the Boltzmann statistics, 
the component of motion m the direction z of the field H cannot be 
entirely forgotten, as the exclusion prmoiple can be apphed only when* 
we consider all components If the eylmder has a length I, the charac- 
tenstio values of the energy associated with the z component are 
hhiySmP(cf Eq (56) ), and consequently there are values 

of Mj for which this part of the enei^ does not exceed any given limit 
As there arc two {lossibiUties for the spin quantum number, and 
as a state is occupied if the z component does not require more energy 
than Wf,— W, the weight of a given state Bj, Bj of motion m the x, y 
plane is 2f{W), where /= if W <Wc, and /=0 if 

W > Wfj As previously, we use W' to denote only the x-y part of the 
energy In Eq (68) we must now replace the Boltzmann exponential 
factor by this /(IT) The integration of the boundary term over can 
be performed in the same fashion os previously explamed in the Boltz- 
mann case The expression for the moment thus becomes 


M = - 


( 69 ) 


with 2 b£,4' I = WflPH, It IS adequate to replace the sum by an integral 
m the denominator, but the numerator vanishes in classical theory, and 
here it is necessary to use the more accurate approximation formula 
y» ! i 

%F(x)— f F(x)dx—^F'{xy''\ Eq (69) thus gives ilf= —n)S/4EB,, 
1/.-1 


By filhng twice the b/ 2 lowest orbital states, one finds 

irp=(A*/8w)(3B/7rF)*'’ 

This is, as we should expect, the same value of as we calculated on 
p 351 in the absence of the field It is thus finally found that (69) 
becomes x— — 4mj8®i(i"*(B7r®/9F)’l®, so that the resultant susceptibility 
mclusive of both spm and orbit has two-thirds as large a value as (57) 
It IS to be emphasized that all these results apply only to electrons 
which arc absolutely free As soon as an electron becomes tightly bound 


Cf Ilungo ftiid WiUers m derMatii Ww ii 2|U2 Wo apply this approxixua* 

lion formula to our function F (le8pi<<o the fact that this F haa a discontinuity m its first 
derivative at = no smeo wu must take F - 0 for rig > The justiiioation for so doing 
lies m tho fact that this discontinuity disappoars as soon os ono makes any allowance, 
however small, fur tho effect of temperature Xu othor words, if is greater than 0, but 
small compared to \^fk tlio distribution function dimmishes exceedingly rapidly but not 
diBcontuiuouslv in the \ icuuty of W => Wo 
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to the atom, its diamagnetism will be given by the ordinary atomic 
formula — eV/6»ic* (of Eq. (2), Chap VIII), even though occasionally 
it plays leap-frog from one atom to another The freak case of bismuth, 
In which the electron seems to migrate around frequently from one 
atom to another, and so has an abnormally large radius and dia- 
magnetism, has already been cited m § 23 In general one has no 
adequate theory for the intermediate case of feebly bound electrons 
It IB tempting to calculate the susceptibilities for the alkali metals 
under the assumption that the valence electrons are completely free 
and conform to the Fermi-Ihrac statistics It is essential to mclude 
a correction for the diamagnetism of the residual positive ions (Na+, 
&c ), which can be estimated by any of the methods given in § 52 This 
ionic diamagnetism we denote by x+ m the following table, while x-r 
denotes two-thirds the expression (67), multiplied by the volume of 
a gramme mol of the metal We use Pauling’s estimates of x i for 
Na+, and K', but Ikenmeyer’s for ltb+ and Cs+ as the method of 
screening constants is probably more reliable for light atoms and the 
additivity method for heavy (see § 62) 

Cak iiLATiiD Ann OosFHVi' u MutAR SdSCRFnBnjTiES Or Alkali Metals 



Li 

Na 

K 

Rb 

Cb 

Colo 

6 8xl(r« 

10 2x10'* 

15 7x10* 

182x10* 

21 5: 

Xi Cole 

-00 

- 42 

— 167 

-31 3 

— 45 7 

Xnwl Calc 

5 0 

62 

— 1 0 

—11 1 

— 24 2 


Honda & Owen** 

'i-21 

12 

16-23 

0 

-13 

Su( kninith''’ 


14 

20 

6 

— 3 

M( Leniiaii, R & 


14 

19 

17 

28 

C“ 

Laiio** 


15 

21 

18 

29 

Bittior*® 

20 

, 

. 


. 


The discrepancy between the different observations shows that experi- 
mental os well as theoretical precision is difficult It is possible that 
the susceptibility vanes considerably with the physical treatment 
accorded the specimen, as Bitter®® finds that stretching increases the 
susceptibihty of copper almost 60 per cent Hence no quantitative 
agreement with simple theory can be expected The experimental 
values are invariably greater than the calculated, and this fact is 
probably to be explained on the ground that the electrons are not 
entirely free Very tightly bound electrons have the strong spin para- 

** W Suckflmith, Phil Mag 3, 21 (1926) 

« C Lane, Phil Mag 8, 364 (1928), Phys Rev 35, 977 (1930) 

» F Bitter, Phya Bee 36, 978 (1930) 
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magnetism (69), which is Q’312IT per gramme mol , and so even feeble 
landing might make the free value (67) too low. Also the exchange 
effects discussed on p 348 may be important At any rate, there is no 
difficulty m understanding qualitatively the marked contrast betweem 
the feeble paramagnetism of the sohd alkali metals, and the strongly 
paramagnetic behaviour of their vapours, evidenced by Gerlach’s con- 
firmation of (59) in potassium vapour (§ 57) 



xm 

BRIEF SURVEY OF SOME RELATED OPTICAL PHENOMENA 
82. The Kramers Dispersion Formula 
This formula for the index of refraction » is^ 


with 


•g-WJIkT' 


B = . 


(!) 

( 2 ) 


The frequency of the incident light is denoted by Vg, and its wave-length 
we suppose laige compared to the atomic or molecular radius The 
index I or V denotes the totality of quantum numbers necessary to 
specify a stationaiy state, and the expressions p%{l, V) are the unper- 
turbed matrix elements of the component of the atom’s or molecule’s 
electric moment m the direction of the electric vector E of the pnmaiy 
beam 

Eq (1) was first obtained as an extrapolation from classical dynamics 
by means of the correspondence prmciple, but has since been deduced 
more rigorously with quantum mechanics * It is hence the formula for 
dispersion. Classical theories of dispersion based on naive harmonic 
oscillators owe their measure of success to the fact that each term in 
(1) has the same ‘Sellmeier’ form of dependence on the frequency as 
a conventional oscillator of appropriately chosen charge Cf and mass nif, 
VIZ e^jmi=»7Ail' 

Some features of (1) on which we may comment briefly are the 
following; 

(o) Presence of NegaUve Terms Any term with v(l',l)<Q has a 
negative value of for the correspondmg fictitious or ‘virtual’ 

oscillator Such a term is said to give ‘negative dispersion’.^ This can 


^ H A KramoTR, NtUure, 113, 073, 114, 310 (1024), H A Kramers and W Heisan 
borg, Zetta f Phyatk, 31 , 681 ( 1 923) Except for the negative terms the formula was first 
proposed by Ladenburg, Zetta f Phyatk, 4, 451 (1021) 

* See Bom, Heisenberg, and Jordan, Ze%U f Phyatk, 35, 670 (1926), or Born and 
Jordan, Slementare Quantenmechamk, p 240, P A M Dirac, Proc Boy Soc 114a, 710 
(1027), E Schrddinger, Ann derPhysik, 81, 100 (1026), Sommorfold, Atombau, Wellctt- 
mechantaher ErgdnxungMKmd, p 103 

* The negative terms are difiloult to detect oxpenmontally because of the difficulty 
of obtaining a sufficient concentration of atoms m excited states, but seem to be definitely 
established m neon See Ladenburg, Caret, and Kopfennann, ZeUa f Phyaik, 48, 15, 
26, 61, 102 (1027), Kopfermann and Isadenburg, tfnd 65, 167, Ladenburg and Levy, 
Und 65, 189 (1929) 
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exist only when there is an appreciable concentration of atoms or mole- 
cules in excited states, as v(i',l) is necessanly positive if I is the lowest 
state. For this reason the negative dispersion is hard to detect experi- 
mentally. • 

(6) Behaviour in Limit h = 0 In this hnut, as well as m that of veiy 
large quantum numbeis, Eq (1), of course, merges asymptotically < into 
the classical dispersion formula for the corresponding dynamical system, 
which IS in general a ‘multiply periodic one’, not a harmonic oscillator. 
This requirement was, in fact, the clue to the imtial discovery of (1) 

(c) Isotropic Media If there are no fields other than that of the 
incident light, and if the dispersion is by a gas or even an isotropic 
liquid or sohd, a spacial averaging may be performed by means of the 
prmoiple of spectroscopic stability as on p 103 

(d) Invananee of Temperature Eq (1) is a general expression not 
yet requmng the hypothesis of § 46, that the quantum numbers can be 
chvided into three categories n, j, m such that the effect of the index 
n on the eneigy is large, while that oij, and of the magnetic quantum 
number m, is small compared to kT. If we make this hypothesis and 
also that (c) of isotropy, the procedure on pp 193-6 reduces (1) to 


6nN V v{n’,n)\p’‘{n,n')\^ 


( 3 ) 


provided further that the incident light is far enough from resonance 
to permit assuming tliat the denominators m (1) are insensitive to the 
indices y, / At constant density the expression (3) is independent of 
temperature This is in accord with experiment (see § 10) Eq (3), 
of course, involves the resultant amphtudes »') in place of com- 
})oncnts thereof as in (1) The expression BTr“|p®(n,«')]*/3ft* is the same 
as the Einstein absorption probability coefficient ® for the transi- 
tion n-^n', with unresolved fine 8tructnrey,y' 

(e) Behaviour in Limit Vg = 0 When vj = 0, Eq (3) is the same as 
the induced or non-polar part inNa of the static diclcctnc constant 
(seeEq (28), Chap VII) This agreement seems trivial to-day, but was 
not secured m the last days of the old quantum theory in which refined 
apphcations of the correspondence pnnciple were used to obtain the 
dispersion formula (1) for penodic fields, but m which straight classical 


* For proof see Knunere end Heisenberg J e >. or J H Van Vleck. I’/iys, Rev 24, 347 
(1924) 

“ For diseussion and reforonces on the Einstein A and B coefficients and their relation 
to the dispersion formula see Bom and Jonlan’s Etementare Quantenmechanik, p 240 
or the writer's (Quantum Principles and Line Spritra, pp 120, 161 
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dynamioB were uaed to calculate the orbits to be quantized m the 
analogous static case ol the Stark effect. 

(/) Behavtowr tn Ltmtt v^=ao For very short incident wave-lengths 
Eq. (1) reduces to the classical Thomson formula for the dispersion by 
free electrons ‘ This means that, as we would expect, impressed forces 
of very high frequency are resisted more by the electron’s own inertial 
reaction than by the forces bmding the electron to the rest of the mole- 
cule We shall give only the very simple proof appropriate to a one- 
electron system, although the theorem is much more general Here the 
matrix elements of pj^ arc the same as those of —ez if we suppose E 
directed along the z axis If wo use Cartesian coordinates m the quan- 
tum condition Pk9k~9kPk = ^l^ (12), Chap VI) we may take 

qk — t,Pk—‘niz,eatiia.tpk{l,l') = 2tnmv{l,r)z{l,l') ksv{l,l')— — v(Z',Z), 
we then have {Pi.9kW > 0 = —(9kPkW>^) I’ll® diagonal elements of this 
condition thus yield the ‘Thomaa-Kuhn relation’ ’’ 

4„»i|;v(z,r)iz(i,z')i*=-A (4) 


IJqs (4) and (2) show that (1) will reduce to the Thomson formula® 

Ne^ 


9 1 

n*— 1 =s 


( 5 ) 


provided we can neglect v(l, Z')® in comparison with in the denomina- 
tors, as will be the case if the incident frequency is large compared to 
the atom’s absorption frequencies To prove (5) classically, we observe 
that the solution of the differential equation »»z = —eE for a free elec- 
tron in a periodic field E - = ^qCos 27n'gZ is z = eEjAnhnvl, plus arbitrary 
terms At-\-C not of interest to us Hence w®— 1 = inP/E = —iTrNezjE 
has the value (S) 

(y) Explicit Values of (3) The vanous terms in (3) have been evaluated 
iiiimenoally in certam coses Podolsky • and later Reiche showed that 
in normal atomic hydrogen (3) becomes 

TO®— 1 = 2 25X 10-«(1-|-1-228X 10-“A,-,®-f 1 fiflX 10-®®Aj7*-l- ) 
at 0° C , 76 cm , provided the mcidcnt wave-length is large compared 
to that 4/3i{ = 1216 A of the softest absorption line, thus permitting 


* This osyiiiptotio connoxioxi first pro\fMl by Kiampi's, Phyavia, 5, 309 (1025), 
Although m the old quantum theory Keiche and Thomas, also Kuliii,^ proposed summa 
tion rulos equivaloiit to (4) m order to secure this connexion 

^ Thomas, Naturwisamw^iafttn, 627 (1025), Thomas and Roiche, Zexia f Phyaxk, 
34, 510 (1026) , Kuhn, ibid 33, 408 (1925) 

^ Soo, for instance, A H Compton, X rays and ElectronSt p 205« 

* B Podolsky, Pror Not Acad 14, 253 (1928) 

F Reiche, ZeUa / Phyaik, 53, 168 (1929) 
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use of a senes development m descending powers of Ag ExpLeit calcula- 
tions of (3) are usually difficult because in general the summation 
symbohzes an mtegration over the continuous spectrum beyond the 
‘senes limit’ besides the usual summation over the discrete one Podol> 
sky dodged this integration by an mgemous method due to Epstem,^’ 
while Beiche showed great computational skill by performing it ex- 
plicitly. The various terms of (3) have also been estimated for some of 
the alkahs by various workers.^* They confirm the expenmental result 
that the first hne of the pnncipal senes far overshadows succeeding 
hnes in intensity It is also calculated that the part of the dispersion 
due to the continuous spectrum is less important than m atomic 
hydrogen, the computed ratios of the contmuous part to the total at 
very high incident frequencies being respectively. Li, 0‘24, Na, 0'04, 
H, 0 44 This difference is pnmanly because the normal states of alkab 
valence electrons have pnncipal quantum numbers greater than umty, 
for the corresponding value for the Balmer series of hydrogen is 0 12, 
against 0*44 for the Lyman senes 

(A) Quadrupole Effects Eqs (1) or (3) embody only the dipole part 
of the radiation. Both theoretically and expenmentally “ the quadru- 
pole part sometimes gives an appreciable effect, though usually very 
small 

(t) Baman Scattering Eqs (1) or (3) give the dispersive effect of the 
Kaylcigh scattering, or resonance radiation which is emitted on return 
of the atom to its ongmal state after excitation There is also the now 
famous Raman scattering, first predicted by Smekal and by Kramers 
and Heisenberg,!® m which the scattered light differs from the mcident 
by an atomic (or molecular) frequency v{l',l), and which anses from 
fluorescent radiation, either Stokes or anti-Stokes, whereby the atom 
reverts after excitation to a different state than the imtial As the 
Raman radiation has a different frequency from the primary, it does 

r S Epstoiii, Fror Nat Acad 12, 626 (1626) 

** Hargroaviafl. Froc Vambr Phil Sac 25, 76 (1020), B Trumpy, Zeite f Phynk, 57, 
7H7 (1020) and earlier papera (I.i), Y Sugiura, Phtl Maij 4, 406 (1927) (Na) 

U Y Sugiura, J de Phynque, 8 , 1 13 (1927) 

“ A Kuliuiowicz, Fhya Ecite 29, 817 (1926) , Zetto / Fftymife, 53, 267 (1926),BaitleU, 
Phyn Rev 34, 1247 (1929), A F Stevenaoii, Free Roy Roc, 128a, 601 (1030). 

■* W Prokofjew, ZeUe / Phynk, 57, .387 (1620) 

’• A Sinokal, NatMrmmenechaSten, 11, 873 (1023), 16, 612 (1028), Kramera and 
lleiaonlierg, 1 c i The expenmental literatuni on the Raman effect la too copioua for ua 
to ute, but wo may mention that probably the moat careful moaaureinenta on gaaee, aa 
diatiiiet from liquida, are thoao of Raaotti, Free Nat Acad. 15, 234, 616 (1929), Phye 
Rev 34, 367 (1029), Dickinaon, Dillon, and Raaetti, ibid. 34, 682 (1920), and of Wood 
and Dieke, Phyi Rev 35, 1366, 36, 1421 (1930) 
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not react coherently with the latter to give a dispersive effect or altera- 
tion of the primary velocity of propagation, and can be observed only 
by analysing spectroscopically the scattered radiation The mtensity 
ef a Baman line of frequency vo+KI>^') °Bn be shown proportional to 
the expression , 

*'«+Wi':r) v^+v(i,V) ;i 


Here the p\i},l') Are the matrix elements of the various Cartesian com- 
ponents of the unperturbed electrical moment, while the arc 

those of the component along the mcident electric vector £ As (6) 
involvestheproduotsj)®(Z,?*)p“(J',r) rather than |p®(Z,Z')|®, a necessary 
condition for a Baman hne is that it involve a displacement of energy- 
levels obtainable by superposition of two consecutive allowed transi- 
tions It need not be a possible emission or absorption line The 
necessary condition just given is not also a sufficient one, as the vanous 
product terms in (6) may have such phases as to ‘mterferc destructively’, 
1 e cancel each other when the summation is performed, even though 
they do not vanish individually For instance, it can be shown that 
the only Ramon displacements for the rotational quantum number J 
in molecular spectra arc AJ =- 0, ±2, the displacement AJ = ± 1 is 
impossible, even though there be Q (A J = 0) as well as P, R branches 
(A</ = ±1) in the absorption or emission spectra For a harmomo 
oscillator the cancellation of the various terms in (6) (individually of 
the form An 0, ±2) is so great that there is no Baman effect The 
purely nuclear motions in diatomic molecules are to a first approxima- 
tion simple harmomc Hence the observed Baman displacements m the 
vibrational quantum number v in such molecules (usually Av — ±1) 
must owe their origin to ‘intermediate states’ V which represent ‘elec- 
tronic’ rather than just vibrational excitation When there are electron 
transitions, the vibrational selection rules are governed by the Franck- 
Condon prmeiple, and are more complicated than for the harmonic 
oscillator This prmeiple sometimes allows largo transitions in v in 
electromc absorption bands, but the interference effects are such that 
the only appreciable Baman hnes are those for which Av = 1 (‘funda- 
mental’) or An = 2 (first harmomc) The latter should be much famter 
than the former, and neither of them nearly as mtense as the Rayleigh 
line Av = 0. 

E C Kemblo uid E Hill, Proc Nai Acad 15, 387 (1020), this article contains an 
excellent survey of the theory of the Ramon effect 

C Mannoback, Nattiru)%98m9chaficnt 17, 364 (1029), Ze/da f Phyatkt 62, 224, 65, 
574 (1930), J H Van Vleck, Pfoc Nai Acad 15, 754(1929) 
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83. The Kerr Effect 

When a static eleotnc field E' is apphod (besides, of course, the periodic 
field E of the incident hght), the medium no longer has isotropic 
refractive properties Instead, it becomes birefnngent and the index of 
refraction n has a different value Jij. when E' is apphed perpendicular 
to E than that w,, when it is applied parallel thereto The existence of 
this difference, i e influence of an electric field on dispersion, is known 
as the Kerr effect, and has been investigated in quantum mechanics 
by Kromg^“ and by Bom “ The derivation of the Kramers dispersion 
formula (1), though not particularly difficult, would require us to 
develop the quantum mechanics of non-conservative systems This is 
uur mam reason for omitting all mathematical analysis in the present 
chapter We must, however, mention that once Eq (I ) is granted, the 
calculation of the Kerr effect is a straightforward, though rather tedious, 
piece of static jierturbation theory One simply uses in (1) not the 
amplitudes and frequencies for a free molecule, but rather those appro- 
priate to a molecule in a constant electric field E' These can be found 
by means of Eq (37) and other relations of §§ 34-5, tivating E' as a per- 
turbation parameter The system perturbed by E' becomes in turn the 
unperturbed system for calculating the polarization and attendant 
dispersion (1) produced by the periodic field E If one makes the usual 
hypothesis, that the molecule’s frequencies ore all either small or large 
comjiaced to feT/A, it is finally found that 

(7) 

wheie Co, Cj, Cj are eomplicati-d sums of matrix elements involving also 
the incident frequency v. Calculation of explicit numerical values for 
Co. fi. <’2 would be very tinng, if not difficult, and so the quantum 
mechanics of the Kerr effect has as yet yielded little more than classical 
theory *' The constant Cj vanishes if the molecule is non-polar or mon- 
atomic The constant Cj also vanishes for atoms in states devoid of 

'• It do L Kroiiig, ZeUn f Phynk, 45, 468 (1927), 47, 702 (1928) 

Jiom and Jordaiit Klemcntare (iuantemneUiantkt p 259 

■I Wo do not attempt to mchule any of tho t loamoal tlioory of tho Koit atitl Faratlay 
(iffoote, or the experimental work A good survey of this u givon by Lodouburg in tho 
Mullor-Pouillot*B Lehrbuvh dcr Phynik, Ilth ed , vol u. second half, Chaps XXXVI-XL 
Mu< h of tile expenmeiital work, ospof tally m the case of tho Korr offoct (exnopt Stuart’s 
i-eoont data"), is for hqiiidu rathor than gasos, and then there is the complication of 
possible association Also the (Clausius Mossotti ooirootions, which we have omitted, 
then become important 
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angular momentum The Kerr effect should hence usually be larger 
and vary more rapidly -with temperature in polar molecules It is mdeed 
found expenmentally that nf—n^ vanes less rapidly with temperature 
4han IjT m non-polar molecules (also m the polar ones bromo- and 
chlorobenKol) On the other hand, it vanes more rapidly than 1/T in 
the polar matenals chloroform and ethyl ether, showing clearly the 
effect of the term c, It is particularly striking that recent experiments 
of Stuart*® on the Kerr effect m gases show that after reduction to 
constant density njf — is very nearly proportional to l/T* m ethyl 
chloride and methyl bromide (polar), and to l/T m carbon disulphide 
(non-polar), in these cases the non-vanishing term of highest order in 
1/3' (cj in polar, in non-polar molecules) thus has a preponderant 
influence The second-order dependence on the field strength E' de- 
manded by (7) as well as by all earher theories is, of course, confirmed 
expenmentally. 

84. The Faraday Effect 

If the applied field is magnetic rather than electno, one has formulae 
analogous to (7) with E' replaced by H and with c* = 0 unless the 
molecule is paramagnetic This is the Ootton-Mouton or Voigt effect,®* 
already discussed, like the Kerr effect, m § 31 for the static case or 
limit Vo = 0 Because of the second-order dependence on H, it is hard 
to measure, and the experimental data are rather meagre 
Far more important is the fact that a magnetic (but not an electric) 
field applied parallel to the direction of propagation of the incident light 
produces a rotation of the plane of polarization This is the so-called 
Faraday effect, which is of the first rather than the second order in H 
The rotation 0 in a length x is thus given by a formula of the form 
0 - - HHx The factor of proportionality is called the Verdet constant, 
and IS the same os irvQ{n+—n .)IHc, where n+ are the refractive 
indices for left- and nght-handed circularly polarized beams Ele- 
mentary classical theory based on Larmor’s theorem and a rather too 
simple atomic model yields the so-called Becquerel formula ®® 

0 = CUxv„^ with C = „ - . (8) 

de, 2»iC® 

Wo aro unable iu agree with the etateineut on p 267 of Born and Jordan^a Elemen 
tare Quantetttncchamk that vanishes for all types of atoms 

H A Stuart, Zrtta f Pkyatk, 55 , 358, 59 , 13 , 63, 533 (1920-30), especially p 538 
of 63 

** A survey of existmg experimental work will appear in Professor Cotton’s paper m 
the report of the 1930 Solvay Congress 
” H Booquorol, Comptea 125, 679 (1897) 
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Faraday Effect tn Atoms A quite complete quantum-meohsnical 
treatment in the monatomic case has heen given hy Bosenfeld ** His 
calculations use many of the same general sorts of perturbation devices 
as m our preceding chapters, especially frequent use of the principle o( 
spectroscopic stability and the measurmg of multiplet mtervals relative 
to kT The results reduce to simple forms only in limiting cases, which 
we denote by (a), (6), (c) 

(a) Multiplet width small compared to kT and incident light well 
outside the multiplet By the latter condition we mean that vq— v(n' , n) 
is large m magnitude compared to the size of the multiplet, so that 
there is no especially small denominator or large ‘resonance effect’ for 
one particular multiplet component. Here Bosenfeld finds that 
fj _ V , f{L', Z,)|p»(n,n')|* L{L+1)\ 

~ h\y{n' ,nY-v%f ^ v(n',7i)*-vf ' ZkT / ' ^ 

The terms of (9) which are respectively independent of and mversely 
Xiioportional to the temxierature are usually, following Ladenburg,^’ 
called the diamagnetic and paramagnetic parts of the Faraday rotation, 
but this IS not to bo construed as meaiung that they have opposite 
signs, for this is not necessanly the case The factor / m the second 
term has the value 3/4(L+l), — 3/4Ir, or — 3/4(L*+i/) according as the 
change L' — L m the azimuthal quantum number in the transition 
IS 1, —1, or 0 As »*— l~2(n— 1), comparison with (3) shows 
that the diamagnetic part of the rotation is given exactly by Becquerel’s 
formula (8) In this particular case the spm anomaly has thus com- 
pletely cancelled out, a result previously found in the old quantum 
theory by Darwin ** The need of addmg a paramagnetic term to that 
given by Bocquerel’s formula was stressed by Ladenburg As it con- 
tains the factor £(L-|-1), this term disappears if the atom is m an iS 
state, regardless of whether there is a spm paramagnetism •• 

(h) Incident light very close to resonance with one particular multiplet 
component ** Here we may omit the refractive effect of all Imes but 

“ L Koflonfold, ZeUt f Phymk, 57, 835 (1030) 

11 Lad(^nburg, Zv^ia f Phyoik, 34, 808 (1025) The poeeible existponco of a para- 
magnetic* term appears also to have been intimated in previous work of Drude, Becquezel, 
Olid Ilorfmaiin " 0 G Darwin, Proc Hoy Sac 113a, 314 (1026) 

” Tlio explicit expressions for / contain a factor L m the denominator in the case of 
the transitions L-^L—l and L~^L, but this oocseions no diffloulty even m 8 states 
(L = 0), as the amplitudes ^**( 11 , 0 ') vanish for theen tr ansi tions if 1, = 0 States of nega- 
tive L are, in fact, non-existent, while the non-existenee of the transition = Q 

IS a well-known selection rule 

•" We, however, suppose throughout that the incident h^t is well outside the 
Zeeman pattern, i e that v{n',n) — t, is large m magmtude compared to BeUwme 
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this particular component The expression for the rotation proves 
to be** 


0 = 


‘irtufl 




+ 


+ 


/,,V{J+J) W \1 

\ 3kT ^^nWj',n3f-vV\ 


Because it contains a second rather than a first power of v(n'f ,njY—vl 
m the denominator, the diamagnetic part gives greater resonance than 
the jiaramagnetic, and so predominates except at very low temperatures 
The paramagnetic part is present whenever the atom has a magnetic 
moment, and, unlike the previous case (a), remains even in an S state 
if the latter has a spin moment Smee in the present case one term in 
the summation in (1) has mueh the greatest resonance, Eq (1) shows 
that v^njdv^ is proportional to >^/(e(w'j',»y)* — eg)* Hence the form of 
dependence on frequency for the diamagnetic part is such as to ensure 
the validity of Bccquerel’s formula (8), but m general with an ano- 
malous value of C, viz e/,/2»ic* The expressions /i./j, y, in (10) are 
functions of the quantum numbers which are too complicated for us 
to give explicitly, but we may mention that/i can bo oomiiuted in an 
elementary maiinor** in which it is only necessary to consider the per- 
turbing effect of the magnetic field on the frequencies and not on the 
amplitudes In all other cases, e g (a) and (c) where there is less 
resonance to one particular component, it is vital to consider also the 
Iierturbatioiis in amplitudes, neglect of this fact has led to many 
eironeous articles m the literature The anomalous factor /j proves to 
be just the ratio of the mean Zeeman displacement for the various 
transvei-se components, weighted according to their intensity, to the 
normal Lorentz value Hr/iirmc The most extensive experimental 
measurements for the present case (6) appear to be those of Kuhn 
From the observed rotation he is even able to deduce the Einstein 
probability coefhcients 

(c) Multiplct large compared to kT, incident light outside the multi- 


The existence of Dio part of (10) in\olvmg the factor yp also the tlurd tenn of (11), 
wliK h JB of similar form as regards deptxuieiice on fh, appeam usually to be overlooked in 
the literature This sort of lenii is, roughly speaking, the parallel of the part No. of the 
Husecptibility which is indopondonl of tcinj^raturo (cf , for instance, Eq (1) of Chap 
IX) Except in exceptional cases it will honco bo of subordinato importance compared 
to the tenn of * Curio form ’ which ifr inversely proportional to temperature 
82 For typical explicit oulculatioiis see the following reference to Kuhn 
88 W Kuhn, Phys Comm Dan Acad \n 12 , 11 (1920) 

38M 8 B b 



Xin, $ 84 


370 BRIEF SURVEY OF SOME RELATED 

plot Here the dependence of 0 on T* and vg is of the form 


Q = NHxvl 


yr Ai(n',n) 

■4 [[•'(»'. 


A^(n',n) Ai(n',n) I .... 
T\y{n', n)'— vg] v{n ', »)®— vjJ ’ 


and Becquerel’s formula is not m general vahd even with an anomalous 
value of G 

Faraday Effect tn Molecules Here an adequate analysis is wanting, 
although the beginnings of a theory for diatomic molecules have been 
made by Kronig ^ About all one can say is that the dependence on 
Vg and T is of the general form (11), assuming one is not close to 
resonance with any one line The second term vanishes in a non- 
paramagnetic state It is a cunous fact that the rotation for many 
molecules is represented quite well by a formula of the Becquerel form 
(8) but with an anomalous value of C The anomaly m 0 usually ranges 
from 0-60 to 0 70, but for Hj it is 0 99, so that the unmodified Becquerel 
formula applies almost perfectly to hydrogen Eq. (11) gives a more 
complicated dependence on vg than (8) even with on anomalous value 
of C The abihty to represent many molecules approximately by the 
latter probably means that the second and third terms of (11) are 
usually small compared to the first, and that a group of absorption 
lines having nearly equal values of v{n', n) have a predominant effect 
on the rotation Oftentimes the dispersion and rotation are measured 
in the visible, while the lowest absorption hnes are in the ultra violet, 
then Eq (3) is not greatly different from a disjiersion formula with only 
one assumed molecular frequency 

Experimental Gonfirmatton of Paramagnetic Term — Saturation Effects 
At very low temperatures the paramagnetic part, if present, should 
preponderate This is confirmed especially well in the measurements of 
Becquerel and de Haas*® on nuxeil crystals (tysonitc and xenotimc) 


** R deL Krtmifi, Zeitif f 45, 508 (1927) 

For ftiv excollout i oTn{>ilaVion of tho oxjiemtieiitAl values of the ooTfAtaift C aee 
Durwin and WhIhoii, Prar J{oi/ aVor 1I4a, 474 (11)27) Thow wnterH hnd that the 
behaviour of oxygen ih anonialoiiH, and its rotation (annot even be repreinontod by a 
fonnula of tlu giuieral foi ni ( 1 1 } at IoarI jf one uoHinuoH that there is only one uu^xirtant 
absoTjitioii frequent y p(n^ ?i) The exponincutal work m also well surveyed in Lofleri 
Imrg's artiele already iitcvl In this article it is oniphaRt4od that in media in which the 
infra reel Mhration liands are known to lontrilmto appreciably to the dispersion, a 
forninla of the form ( 8 ), oven with an anomalous (\ is found to be applu able only if one 
replaces dnjdv bv dn'jdvy wlustw n' is the part of the refructivo index uot arising from 
thc^se bonds It is also then necessary to iiiwirt a correction, factor {n-\-*2)^n' 
whose 01 igui IS closely related to that of the oichiiarv Clausius Mossotti correction in the 
case of static dielet trie constants (§ 5) See pp 2150, 2163 of Ladenburg, f c 

,) 13ecqueiel,X( 5, ]6 (1(K)8), Becquoi'el and Ounes, Xetden C'ommuntcalions 
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cont&uung rare earth atoms among the ingredients We saw m Chapter 
IX that from a magnetic standpomt the rare earth ions behave as if 
free even when m sohd oompounds. Because of a factor vj 

^rather than [v(n';«)*— vg]* in the denommator, the paramagnetic rota- 
tion, unhke the diamagnetic, should change sign on passing through an 
absorption band, and this is verified experimentally.^' The theoretical 
proportionahty to l/T is found to hold only approximately In the 
case of tysomte the deviations from this law are not great (about 10 per 
cent ) down to 20° K , but the rotation at temperatures of hqmd hehum 
IS about one-third less than one would expect if it were inversely pro- 
portional to the temperature In xenotime the measurements show 
quite definitely that the rotation does not involve H and T only through 
the ratio HjT 

At very low temperatures one encounters the complication that the 
Faraday rotation is no longer hncar m H, and instead saturation effects 
begm to enter, as filljkT is no longer small compared to unity This 
saturation is indeed found by Becquerel and de Haas “ at liquid helium 
tcmiieratures From the curvature of the saturation curves information 
can be deduced conccrmng the apparent Bohr magneton numbers 
Unlike the case of susceptibilities, such information cannot be deduced 
from the initial slope, as the numerical values of the amplitudes and 
hence the absolute magmtudes of the right sides of Eqs (9) and (10) 
are unknown. It can bo shown that when saturation effects are con- 
sidered, the paramagnetic parts of the rotations m cases (o) and (ft, c) 
become, ns we would expect, proportional to BjJPLHjkT) and 
B jiffjjpHjkT) resjiectivcly instead of bemg linear m HjT as m Eqs (9), 
(10), and (11) Here B{y) denotes the ‘Bnlloum function’ defined m 
(j 61 The elements responsible for the rotation in the mixed crystals 
tysomte and xenotime are cenum and gadolinium respectively, at 
least at the wave-lengths used by Becquerel and de Haas In view of the 
Hund theory of the rare earths (§ 58) one should expect the saturation 

]()) , Bociiuuiol, OiinoB, nnd do Hoan, no 177, nucquond and do Haas, no 19.), 
or Ztitu S Vhysikt 52, 568, 57, 11 (1929), alao farthor roferoiicoB cited m note 40 

J Botqiumil, Ph%l May 16, 151 (1908) The chango in sign is found at ordinary 
i( 4 iiiperaiures, but with very low values of T ho BihIb that tho abnorption hand seems l-o 
Hepnrato into two (oinponents sueli tluvt tlio rotation is positive on. both sidoH of one 
component, and nogativo on Ixith Hides of tho other Tho phonoinonu at low temperatures 
thus HCHim to bo moro < ornpluatod than oontomplatod by tho usual simple tlieor> As tho 
diamagnotic part of t)io lotation is necAiSBaniy i>ositive, at least iti atoms, tlie olisorvation 
of a negative rotation in eortain cases, notably T 1 CI 4 . must moan that 111 those instaiuos 
the influence of the paramagnetic part is quite appreciable 

Bo< quoTol and do Uaa 8 .^cftM / B/iys»X;,S2,678, 57, 11 (1929), or LetdmC'ommwnfca 
iwfui 193, 204 


Bb2 
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ourves for tyaonite and xenotime to be proportionaJ to Bfi^{lspHjlkT) 
and BjfiiTpH/kT) respectively Actually, at the temperatures of 
liquid hehum they are found to be proportional to B^i^(pHjkT) and 
B^^lfiHjkT) respectively As noted by Becquerel and de Haas,^ 
Sohutz,®* and especially Kramers,*® one obtains the empincal curve for 
tysomte if one assumes that the mter-atoimc fields are so powerful as 
to quench the orbital angular momentum and leave only the spm free 
The theory of § 73 shows that sufficiently large unsymmetncal fields 
will do this, but in our opimon any explanation by this mechanism is 
purely spurious Because of the larger multiplet widths, even greater 
fields would be required than m the iron group (cf especially Eq (4), 
Chap XI), whereas the close conformity of the susccptibihties of the 
rare earths to the gaseous theory undemably evidences that the / shells 
in rare earth ions are remarkably free Instead, the olue to the satura- 
tion curves in tysomte is, we behove, to be found m the investigation 
of the distortmg effects of fields, probably not of axial symmetry, which 
are larger than, or at least comparable with, kT at the temperature of 
liquid helium, but still very small compared to the multiplet structure 
This only reqmres fields whose effect is of the order 10 cm and there 
IS then no contradiction with susceptibihty moasumments at higher 
temperatures ** An explanation on this basis is now being attempted 
by Kramers in place of his original theory 

As regards xenotime, Kramers*® has shown that one obtains the 
empirical curve if one assumes that the spm S of the gadolimum 
atom is subject to an inter-atomic axial field sufficiently large to make 
Mf^ = ±5 the only normal st-ite at the temjxirature of liquid helium 
There is the obvious difficulty that such a field, if jiurcly electrostatic, 

“ Sdiul/, Zula f I'hyiil, 54, 731 (192«) 

H A Kminora, Vroc Amatirdam Acad 32, 1176, 33, 05^ (1920-D0), dlno KrainorR 
atul Beoqutirol, xhvl 32, 1190 (1U20), Btxquorcl, de Haas, unci KroirairH, ibid 32, 1200 

SuRCoptibility inetutu Foments just complotod at Toulon {Gommuntcaixon 21()() by 
do Haas and Gortoi ahow that ni the ooho of CoFs the Woibh-Cuhc formula x "" C/(2’+A) 
holdtt quite well do^ ii to alxiut 7it ' K, with A -= 02, and with u value of C wIirIi yiolda 
a magneton number 2 *52 in oxudleiit accord (1 %) with tlio Hund theory (§ 58) The 
value nf A and the t-cm|>uiuturo 70" at which tho cryomaguetic anomalies liegin to appear 
arc, OH 1^0 Hliouhl iixped, conHi(h*rab]y higher tbhn for tho hydratoil eulphatCB uRually 
inoasurod As the ( orujxisitioii of tysoiute is (La, Cu, Nd,+l’r)F, it is more analogous to 
the lluonde of tenum than to the Hulphatc, and so the suHceptibility ineaaureinents 
detiiaiul, lathoi lliun pn'iluilc, an external energy of about 50 cm ^ In short the meaHUit) 
luents of the satuiation lotation in tysouito are made at such low temperatures that 
one would hciiiu exjioct givat < ryoinagnotic ouoinahos, and so one cannot infer any 
coiitiodiction between thcee ineasuroinonta and tlio ordinary Hund theory of sus* 
ceptibiUtiea 
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would have to be very large, as the energy coupling spins to eleotno 
fields IS a second-order effect " Possibly exchange forces between para- 
magnetic atoms and also mter-atomio magnetic forces have some 
•influence, m this event the ultimate theory will be quite mvolved. At 
any rate the rotation measurements show indisputably that the spm 
of the gadolmium atom is much less free m xenotime than m hydrated 
gadolmium sulphate or gadohnium ethyl sulphate, where the suscepti- 
bility measurements confirm the gaseous theory remarkably well even 
at very low temperatures 

Further Faraday measurements on other materials at very low 
temjieratures are m progress at Leiden The saturation curves are 
apparently obtamed more easily m this manner than by direct deter- 
minations of susceptibilities Careful analysis of these curves should 
ultimately yield valuable quantitative information on the mter-atomic 
fields in rare earth crystals 

PolanzaUon of Resonance Radiotton As the Faraday rotation is 
hnear m J9, it is appreciable only at large field strengths On the other 
hand, a small field, 100 gauss or so, often has a tremendous effect on 
the polanzation of resonance radiation An elaborate theory of the 
polarization of scattered radiation was developed by Heisenberg and 
others*’ in the old quantum theory by means of the correspondence 
])nnciple, and the new quantum mechames has justified the method 
The large influence of a small magnetic field (also of the hyper-fine 
structure**) on the polarization of scattered radiation does not contra- 
dict the pnnciple of sxicctroBoopic stabihty, though we have seen the 
latter demands that only exceedmgly large magnetic fields appreciably 
distort the dielectnc constant or index of refraction This difference is 
because the principle in question imposes restraints on the total mten- 
sity but not on the polarization of the secondary radiation, except when 
there is excitation by isotropic rather than directed primary radiation. 

** An cwlHitional la that 8 atatoa are without any paramagnotic rotary powi&i 

if ono neglects the mfluonoo of the inTior quantum number J on tho energy Howovor, 
the excited states of the Gd ion may well have surh largo multiplet widths that one is 
not justihod m replacing v(ny, q;) by v{n\ n) and then tho paramagnetic part can persist 
oven m 8 states It still seems a bit suprising that tho great rotation found m Gd is thus 
aIub entirely to distortion of tho orbital motion by the spm 

« W Hoiseuberg, ZeUs f Phystk, 31, 617 (1025), for furthoi rcforonces and dis- 
cussion sec Ruark and Urey, Atoms, Molecules, and Quanta, pp 353-60, or the writer’s 
Quantum Prtnciples emd Ltne Spectra, pp 171-9. 

** A EUett, Phys Rev 35, 588 (1930) 
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205, 209, diamagnetism, 206-7, disptT- 
Hion, 363, 364 

Hydtogi'n moleeule duiiimgiKUisin, 209, 
278-9, rtioioctnc conwtnnt, bft, 67, 85, 
209, Farailay efTul, 279, 570 
HCl molecule, 47, 48, HI, 107 1 14, 2(K) 
ITvpcrfine stiuiture, 259 OJ, 373 
Hystorosis, 3 15 

Ten, dielettric tjapstaiit of, 56, 60 
Index of rufruition, nn 1*01104 ti\e index 
Tuiiuced polaii^atioii, 29, 60, 68, 78, 83, 86, 
90, 1Mb , ACT alno refi active mdex 
liimt gases, diamagnetism and rcfiuctiv- 
jty, 214, 215, 225 

Difra-iwl vibrations, 45-53, 09, 201, 370 
Intensities absorption, 47, 50, 51, 162 
sum rules fur, 141-2, 170, 194, 195 
Interval rule. Nr e ( osine law 
Ions complex, 29*1, 301, 104, 359, fields 
duo to, 88, 297* parHiriagnottsiii of fioo, 
226-01 , refractivitic^ and diuinagnctisni 
of, 220-5 

Iron pun) nmtal, 333, 136,345, salts, 240, 
282-31 1 

leoiuers, di(*}octiK oonstmit of 74 
Isotiopic and amsotropii iiuxlia, 2, 120, 
309-11 

Korr offoct, 363-4, 03, 86 

I^agian^ian function, 19, 22 
I«aiigeviri-Dobyo fonnula pi oof of, 30-41, 
89-90, 99, 181-97, 220-9, 325 , lumt of 
ac< uraoy of, 1 97-202 , dipole moments 
from, 60-82, genoiaJized form, 40, 104, 
Nee oInd Carie*s law, magneton numbers 
Langevm’s formula for diainognntisni, 90, 

206, 277 

Langevin functaon, 31, 32, 2&7-9, 343, 355 
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Larmor’s theorem, 22-4, 00-2, 109, 277, 
364, 367 

Liquids, dielectnc constant of, 66-6, 69, 

88, crystalline (mesomorphic), 120 

Macroscopic and microscopic viewpoints, 
1, 3, 7ff , 146 

Ma^otic quantum number, 106, 140, 144, 
161, 163, 180, 197 

Magnetization by rotation, 2136-6, 156, 
300. 

Magneto calorir vfTocts, 343-7* 

Magnetons, Dohr and Weiss, 227-0 
Magnctot) numbem, effooiive Bohr, 242, 
243, 285. 104, 312, 335, also 246. 250, 
251, 254, 266, 270, 208>3U1, 371-2 
Magnetostriction, 347 
Manganoufl ion, 286, 301. 30 1-9. 313 
Matnres, 1 24 fT , asymptotic bcluivjour o£ 
nloinonts, 170, (haroftoristic values, 
143, diagonal, 127, 142-3, Hermitioo, 
127, J28, 134, high and low frequency 
elements, 187-9(1, 103, 104, 229, 264, 
276, 302, multiplication law, 126, 128, 
noiaiJOii, 126, 142, relation to wave 
functioiiH, 12^31, spur, 142, trans- 
formation, 138, transpose, 134, unitary, 
H8 

Methane molooule, 62, 71-2, 79 
Mjcroorystal, 326 , 335 

Models dumbbell, 106, 147-62. 183-5. 
100, 108, top. 162 6, 184-6. 32 7, 40. 
108, 198, 280, 2<)0, ‘vector 70-80, 104 
Molar magneton numboi, 228, polariz- 
ability. 51, 68, 60, 22Q, nusc epi ibility, 
27, 02, 226 

Molecular field, ftee field 
MoleculoR diamagnetism of, 276*9 . tbpole 
momciil'S of, 06, 67 , Faioday effect for, 
370, ntudols foi. mic modcla, para- 
mugc'tism of, 2b2-81, polar v non- 
polai, 27, polvalomic, 272-b, s^Kxtrol 
notation for iliutomu, 262-4, stiuctme 
of OJgaiiJi (ompounds from dielerlTir 
(Oiibtant, 272-82 

Moment, nine trie definition, 4, 6, <lt«t<r 
nuiiutioii of numeiical \uluoa, 60-82, j 
ditToreiitiation foiiuuluc foi, 21, 27, 
141-7, ‘pojinuiieiit’, 27, 28, 187, IlH^ 
194, 203 

Moinimt, magnetic dofimtioii, 4, 6, 
diffcK'niiatioii fonnu]a<> for, 21, 25, 
143' 7 , of nticleuH, 26‘l-61 , * pennaucut *, 

89, 95, 226. quenching of orbital, 
273-4, 287-97, .110, 324, relation to 
angular momniiltiin, 4, l.')5, 174, 255, 
256, 300, 8fc (il 80 magneton numbers, 
spin 

Moment-a, generalized, 10, 22, 126. 
Moinontoids, .15 

Multiplots, 166, 176, 236-8, Goudsmit's 
fonnula, 237, 238, interval rule, see 
( oHiiio law , ni iiioiot nles, 202-4, 260, 
269 . paranifignetism for narrow, 229-32, 
264-6, foi wide, 232-5, 242, 243, 266. 


for mtormediate, 235, 248, 271-2, 306, 
regular and inverted, 166, 237, 246, 285 , 
qumchmg m solids, 296, 305^7 

Nickel pure metal, 333. 336, 336, 345, 346, 
salts, 285, 297, 300, 303-4 
Nitno oxide molecule, 269-72, 114, 280, 
281 

NO« molecule, 275 , N,0, 66, 70, 275 
Normal states, 187, 237, 239, 241, 243, 
285. * 

Nuclear vibrations, 45-52, 200-2, 305 
Nucleus . spin of, 259-01 , unimportance m 
magnetiam, 259-01, 277 

Odd number of electrons degonoiacy with, 
296. 348; molecules with, 266, 275 
Operator functions, 123, 125, scif-adjomt. 
124. 128-9 

Orbital magnetic moment, quenching of. 

273-4, 287-97, 314, 324, 334 
Organic moloculoa, 72-85, 207 
Origin, invariance of, 4, 276, rofioetion in, 
203 

Orthogonality. 123, 124. 139. 316 
Oscillator unharmonie. 201 , harmonic, 
m, 41. 42, 46, 86, 119, 186, 201, 362, 
3b5 \ trtual, 362 

Oxides, 244 5. 249-51, 251, 255, 292. 
307-8, 312 

O'tygen molecule, 266-9, 60, 67, 337, 370 

PtUloihum group, 31 1-15 
lUiramngnctmm of free atoms and ions 
226-61, classical theory, 89, 94, above 
Curie point, 333, duunagnotu (oiii'c- 
fiOM, 227, 243, 2.62. .159 feeble. 276, 281, 
302, 339, .147-63, 36‘#-60, of iron salts, 
282-311 , of diatofriu moloriilns, 262-73. 
279 81 , of polvfttomir rnokicules, 372-6 , 
of platinum, ptvlUulium. and urainuiu 
groups, 111-16, of laio eaiths, 239 69, 
uf hoJkJs in gcficial, 282 1, 347 
Partition fiimtion, 25, 36. 116, 120. 14.1, 
H4, 356, 366 

rascheii-Hack effect, 168, U2, 143, 17.6, 
231, 212, 2.16, 260, 267, 281 
Pauli pniK iple, urc oxcluRion principle 
Pormanujjt moment, 27, 38, 95, 187, 190. 
194, 20 1, 226 

Perturbation theory, 131-41. degenerate 
s^tems, 134-7 . nearly degcMierato. 137 
non-dogonerate, 132 4. illustrations, 
147-52, sum-rules, 1 17-4.1, 177 
Perturbations in spectra, 220 
Port uibative potential, 133 
Platinum group, 111 15 
Polar i/ability molar, 63, 68, 59, 236, from 
quantum defect, 216 20, 225 
Polarization, dofltntiou, 3, 146, ‘ntoinic’, 
46, 51, 52, 68. mduced, 29, 60, 68, 78, 
83, 80, 90, 186, of resonance radiation, 
111, 373. wi also momoiit, refractive 
index 
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Fol^afomio molocules, xnagnetio suscepti* 
bihty of» 272-6 

PotaaBiuxn Bohd» 369-60 > vapour, 239 
Potential, ciyBtalline, 289-67 
Preoeamona, 263-4, 164, 171, 188, 166, 230, 
232, 272 

Quadriipole terms, 12, 364 
Quantisation, diagrams, 164, m crystals, 
287-97, 323 , in molecules, 262 fT , 
RuBBell-Saiinders, 163-8, 173, 178, 229, 
288, Bpacial, 106, 108-13, 140, 160-1, 
176-7, 166-7, 262, ‘weak* and ‘strong*, 
108-11, see also, qiuuitum conditions, 
quantum numbers, spectroscopic 
stability 

Quantum conditions, 126, 363 
Quantum defect, 176, 204, polarisability 
from, 216-20, 222 

Quantum num^rs, asimuthal, 159, 166, 
203-4, 238, 364. crysUllino, 323, 
electronic, 164, 189, half, 105, 107, 114, 
1 62, 1 66, 2 1 7 , hjqienRnc, 260 , inner, 1 64, 

105, 230, 246, laigo, 170, 170, magnetic 
(also called axial, equatorial, or spacial) 

106, 140, 144. 161, 163, 186, 167, 292. 
parabolic, 201, 213, ra<lial, 356, spin, 
101, 163-6, 180, 323, vihiatioiial. 189, 
20U, 305, indues donned, 280 

Quantum theory, old, 105-21, 101, 210, 
217 2 )4, 267, 362 

Quendiitig of orbital inognotic mometii, 
287-07, 314, 324, 334, of spin, 147-63, 
31.4-14 

Hfulieals, moments of, 76-80 
Kadii, atomic or moloculnr, 6, 02, 170, 
223 4, 277, 278, 346, 348 
Hainan effect, 61, 304—5 
Ham earths, 240 IT , Faroday effect 
.170-3, susicptibilitioH of pure metal, 
.108 sum eptibilities of snlt-s, 236-60, 
282, /oemaii effect, 202 
li(*fra(tivciiHlex of atoms ond ions, 214 26 
(table, p 226) , dejmndonco on cloimity. 
16-16, in infra re<l, 48-53, at radio 
f requonc ics, 54-6, 60 Kramers formula, 
361 5, of liquids, 56, .60 '00, effod of 
niagiulic field, 121, 307-7), effect of 
clectijc field, 366, relalioii lo dielectric 
coimtaiit, 42-63, 60, rulation to inolocu* 
lai structure, 82 6, toinporaturo in- 
variance, 54, 1 95, 362 
lielativity tlieory of elec troii, 1 66-8, 203-4 
Kelaxation time, 56, 66, 60 
iiesonaiue radiation, 364, polmizntion of, 
in, .37:) 

Hii/ method, 20.6, 215 
notation by magnetization, 166, 25.6 6. 
:)00, Faraday, )67-7.), 279, ‘froo* 
(around cbeniical bonds), 73, 76- 6, 199, 
molecular, 32 If, 48, 66, 147-65, 188, 
192, 277 

Russell Saunders coupling, 163-8, 173, 
178, 226, 288 
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iS-Btates, 230, 266, 301, 305, 310. 311, 313, 
324 

Bidts complex, 301, 304, diamagnetism 
and refractivity, 220-5 , paraiiiagnelitun 
of iron, 282-311 , of Pd, Pt, XJr, 31 1-16 . 
of rare earths, 236-56 
I Samarium, 242-3, 245-53, 266 
' Saturation, 32, electric, 85-8, 185, 200 
paramagnetic, 60, 257-9 , forromag- 
netic, 326, 334-0, 338 , magneto electric, 
115-21 , m Faraday efiec*t, 371-3 
Screening constants for multiplets, 237, 
247, 250-2, for refroctivity and dia 
magnetic caloulations, 206-15, 224 
Secular equation, 136, 142, 176-0, 170, 220, 
338 

Selection pnnciples, 174, 188, 365 
Shells complete and ‘closed*, 211—16, 
225, int4>mplete, 240-3, 284 
Solids delineation of various magiiufcic 
behaviours, 282-3, diamagnetism, 93, 
357—9, feoblo paramagnetism, 347—61, 
ferromagnetism, 322-47, parninagnot* 
ism, see iron, rare earths 
Solutions diamagnetism of, 222 5, 227 , 
dielectric constant of, 66-61, 69, para^ 
magnetism, 240, 243, 268, 284-6, 293, 
3UG 

Spacial quantization, 106, 108-13, J40, 

160 1, 176, 196-7 

‘Spacial separation’ duo to (ivstallino 
fields, 290 n , 296, 352 
Spec ifii lu^at, magnetic, 343 7 
Spectroscopic norneiulaliire, Ac, 162 6 
241, 262, poliiiizabibty dotemiinations, 
215-20, 222 

SjiectroRCopic stability, 111-13, 137-42, 
1.62, 193, 2)0, 232, 368, :f73 
Spin, electron, 156-66, 172, 199, 203-4, 
226 ff, 317, quenching of. 347-6) 
313-14, ‘spin only ’hypodiosH, 286 )l I 
324, of whole crystal, 32) if , sec aim 
coupling (Kpiii oibit ui spin Hpin) 

Spm of nucleus, 269-61 
Spontaneous magnetization, 326, 3)2, 

335 

Spur, invariance of, 142, 177, 212, 342 
Stark effect, 63-4, 164 6, 199, 281, )0), 
atomic liycliogon, 203 6, 209-11, 21), 
second order, JI4, 164, 204, 210'JI 
States, see iioinial stat^is, paitition fuiic 
tiou, ^‘f'Blates 

Statistnal inechniius, 24-6, 96, 102 4, 
181-2, Feimi Dirac, 339, )47, 349 62, 
367-60 

Storn-Ooilach effect, 6), 64, 106, 112, 164, 

161 

Sulphates iron group, 297, 299, 300, 
304 6, :)07, 300, 310, rimi caitbs, 24 )- 6, 
250 -,6. 250 (Cid) 

Sum-rules, 139-40, 142, 193-6, ^ sums, 
177, Y sums, 177, 2)8 
Summation funniilae for scrie<4, 1 62, 236, 
358 

Symmetry of held, relatiofi to magnetic 
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momentp 273-4» 288-97, 309-11 » cubto, | 
201 , rhomboidal, 201-2 , tetragonal, 201 ' 
Symmetry of wave functions, 317-18 | 

Temperature dependence of electric sue- | 
ceptibility, 28, 76, 185, 108 , of magnetic 
susceptibility, 80, 02, 03, 240-55, 266, i 
260-71, 303-0, 314-15, 333, 334, 351, . 
372, of refrootion, 54, 105, 362, see aUo 
cryomagnetic anomalies, Curie’s law 
Thormo-magnetio effects, 343-7 ! 

Thomson formula, 363 
Top asymmetrical, 32-7, 40, 116, 108, ' 
280-00, symmetrical, 162-5, 108, 184, i 
186, 108, 203 , 

Transformation canonical, 138, contact, 
25, 138, matrix iS', 1J8, 134, theory, 143, 
158 

'Turning over* of atom, 193, 249, 254, 295 
Tysonito, 370-d 

Unitary mati ices. 134 , 

Uranium salts, 311-15 i 

Vanofiiutn ion, 285, 200 
Vapours, suscoptibilitiefl of, 238-0 ■ 

Vector model of atom, 162-5, of dipole 
moments ui molecules, 76-80 i 


Verdot constant, 270, 367 ' ^ 

Vibrations, molecular, 46-62, 201, 365, 
370 

Wave equation, SchrOdmger, 122, 316 

Wave functions, 123, 'complex’ needed 
for magnetism, 273-4, 200-1 , normalizS^ 
tion, 124, 134, orthogonality, 123, 124, 
perturbed, 132 ff , 206 , relation to 
matrices, 124-31, spin, 156-8, syin- 
metric and antisymmetric, 317-18 

Water polarity of, 16, 60, 60, 71 , see also 
hydration 

Weiss generalization of Curie’s law, 245, 
263, 288, 300, 303-9, 814-15, 333, 372, 
ma^pieton, 228-0 , molecular ffeld tlieory 
of ferromagnetism, 322, 331, 334, 335, 
344-5 

Xeiiotime, 370-3 

Zooman effect anomalous, 172-7, 165, 
168, 150, 111 crystals, 292, in molecules, 
114, 281, normal, 173. socond*order, 
174-5, 233, 240, 256, 305, diamsgiiotic 
second ordei, 178-80 , sec aim g formula, 
Pascheii-Hailc effect 


VHIMTFO IN tVBFA'l BUtTAIN AT TITO tJUmTOPITY FRKSS, OXFOBD 
DV JUUN JdHNNUN, rKlNTKn 1X> Tllh LtNlVGRSITY 




